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FORMULAS  FOR  REFERENCE 


I.  ARITHMETIC  AND  ALGEBRA 


Proportions 

1.  In  t lie  proportion  a  and  are  1,10  extremes,!)  and  c  are  the 

means.  The  principal  property  of  the  proportion: 

a-d—  b-c 

2.  Interchanging  the  terms: 

,  .  a  c  ...  d  c  a  b  A.  d  b 

w  7  ”7 '  1  7“7;(c)  7”7’<d>  7~7 

3.  Derived  proportions:  if  ~  —~f>  then  the  following  proportions  hold 
true: 


(a) 


b  d 
n±b  c ±d 


;  (b) 


I  ±  C 


b±d  b  "  d 

Involution 

1.  that  is  ari  •  &” •  c*1  =  (a  •6-o)» 


2  (*)’■ 


a" 


4.  :  fl’1  «m~n: 

0. 


(x)  ’  3 .  d»t.fl»  =  (im+n 

5.  1  :  :  a1'  --  a~n 


Evolution  * 

1.  a •  b-c ™  b-”y  c,  that  is  r,|  «•”(  //-”{  c  - 

2.  i/“  Jt4,  i» J-4  ]/ x 

>  6  J  (,  *  »  b 


The  roots  are  supposed  to  be  arithmetic,  cl.  p  9U. 
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n  n 

3.  a  m  — that  is  %  «'<  =  <*  m 

4.  ( *>'  a  '*  )t)  =n  a”p 

m/ — -  rn],  — mp  — w  — - 

5.  y  an-~  y  «»«',  that  is  ^  a»P  =  j  </’» 

Quadratic  Equations 

1.  The  equation  of  the  form  x2-j-px-~  9  =  0  is  solved  by  using  the  for¬ 
mula 


2.  The  equation  of  the  form  ax2 -j- bx c = 0  i>  solved  by  using  the  for¬ 
mula 

__  —  b  ±  V//-  —  4ac 


3.  The  equation  of  the  form  ax1  -f  Ikx  +  c  =  0  is  solved  by  using  the  for 
mula 

—  k  ±  ~\/  k  -  —  ae 


4.  If  xi  and  x2  are  the  roots  of  the  equation  x2  -f  px  -f-  q  -■  0,  then  x,  -f- 
-f  x2  —n  ~i>  and  xjx2  =  q 

5.  x2  px  -f  q  —  (x  —  x,)  (x  —  x2),  where  x,  and  x2  are  the  roots  of  the 
equation  x2  -f-  px  -|-  q  0 

fj.  ax 2  -f  bx  -f-  c  ~~  a  (x  —  xj)  (x  ~  x2),  where  x,  and  x2  are  the  roots  of 
the  equation  ax2  +  bx  -j-  c  ■=  0 

Progressions  (see  page  32) 


Logarithms* 

1.  Symbolically,  loga  A’  =  x  is  equivalent  to  ax  =  :\l  hence  we  have  the 
identity  a°BttN~N 

2.  loga a  —  1;  3.  log„l-0;  4.  loga  (Ar-A/) « logaA'-f  logaM 

5-  logo  —  —  logo-W;  0.  lo£a  (*'»)  ==»>  lo£0A' 

7.  log,  yjf  =  JL  log,* 

8.  For  the  modulus  which  makes  possible  conversion  from  a  system  of  loga¬ 
rithms  to  the  base  b  to  that  of  logarithms  to  the  base  a  see  page  142. 


*  The  numbers  a  (the  logarithmic  base)  and  N  are  assumed  to  be  positive 
e  being  not  equal  to  unity. 
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Formulas  for  Reference 


Combinatorics 


1.  A'i, 
3.  C" 


-  m  (m  —  1)  (m- 
Am  _ m  (m  — 

Pn  ” 


-2)  ...  (m — n-J-1); 

1)  (m  —  2). .  .(m — rt-j-1) 

123.  ..n 


2.  P , 


,  =  1  *2-3  ...  m- 

4.  = 


:J7l! 


Newton's  Binomial 

1 .  -f  C\naxm-\ _}_  C2,a2xm-2_^ . . .  4-C^-2am"2x2 -f 

2.  General  term  of  expansion: 

T*.,  =  c5,a'li>»-k 

3.  1+C!„  +  C|1+  ...;+C”-2  +  CS-1  +  l=2’" 

4.  1  —  Clm  +  C*m  —  C*„+  ...±1=0 


II.  GEOMETRY  AND  TRIGONOMETRY 

The  Circumference  of  a  Circle  and  the  Length  of  Its  Arc 

C  =2 nR;  l  =  =  JRa  (a  is  the  degree  measure  of  the  arc  and  a,  its 

loU 

radian^measure) 

Areas 


Triangle :  s~~2  ( a  is  tJle  *>ase  an^  h'  t^te  altitude); 

=  ~]/ P  (p  —  a){p-~b)  (p—c)  (p  is  the  semiperimeter  and  a,  b  and  c,  the  sides); 
c  a&sinC- 
5  ”  2 

For  an  equilateral  triangle  S  =  a  ( a  is  the  side) 

Parallelogram:  S  —  bh  ( b  is  the  base  and  k,  the  altitude) 

Rhombus :  S  =  (dj  and  d2  are  the  diagonals) 

Trapezoid:  (a  and  b  are  the  bases  and  h ,  tho  altitude);  S  —  mh 

(m  is  the  median). 

Pa 

Regular  polygon :  S  =  (P  is  the  perimeter  and  a,  the  apothem) 

Circle: 

Circular  sector:  S  — -y  —  — y  —  (a  is  the  degree  measure  of  the  sec¬ 

tor  arc;  a,  its  radian  measure  and  lt  the  length  of  the  arc) 


Surfaces 

Prism:  SJat  —  (P  is  the  perimeter  of  a  right  section  and  l,  the  lateral  edge) 
Pa 

Regular  pyramid :  Sia(  —  y  (P  is  the  perimeter  of  the  base  and  a,  the  slant 
height) 
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pip 

Frustum  of  a  regular  pyramid:  S iat  =  — ~ — -  a  (Pi  and  P2  are  the  perime¬ 
ters  of  the  bases  and  a,  the  slant  height) 

Cylinder:  S[at  —  2 nRIf 

Cone :  S(al  —  nRl  (l  is  the  generator) 

Frustum  of  a  cone:  Siat  =  Ji  (/?j  +  R2)  l 
Sphere:  S  =  4ji/?s 


Volumes 

Prism :  V  —  5//  (5  is  the  area  of  the  base  and  If.  the  altitude) 
„  r  SH 

Pyramid:  \  =  ■ 

Frustum  of  a  pyramid:  V  (*^1  *r  ^2+ ^1^2) 


Cylinder:  V  -  nR*II 

r  v  nR2H 
Cone:  l-  ~ — 


Frustum  of  a  cone:  V  =  (R\  -f  tff-f  7?ii?2) 

Sphere:  V~~nR3 


Conversion  of  the  Degree  Measure  of  an  Angle  to  its  Radian  Measure  and  Vice 
Versa 

a  =  -j""-  ;  a'  — a  ***— •  (a  is  the  radian  measure  of  the  angle  and  a,  its 
loO  3t 

degree  measure) 


Addition  Formulas 

1.  sin(azfcP)=sinacosp±cosasin 

2.  cos  (a  ±  P)  =  cos  a  cos  p  sin  a  sin 

o  *  ,  .  fl,  tana  ±  tan  p 

J.  tan  (a  +  p)  —  - - - r-5 

1  1  -+-  tan  a  tan  p 


P 

P 


Double-Angle  and  Half-Angle  Formulas 
1.  sin  2a  =  2  sin  a  cos  a;  2.  cos  2a 

2  tan  a 


=  cos2  a  — sin-  a 


3.  tan  2a  = 


5.  cos  - 


1  —  tan2  a  * 


•  «  ,  /"  1  —  cos  a 

.  sin  j-=±y  —2— 


■^/~t  -f  cos  a 


6.  tan 


7.  tan 


2  1  +  cos  a  ’ 


8.  tan  - 


2 

4  —  cos  a 


1 /"  1  —  cos  a 
V  14-cos  a 


sin  a 
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Reducing  Trigonometric  Expressions  to  Forms  Convenient  for  Taking  Logarithms 

1.  sin  a  4-sin  ft  —  2  sin  cos  a  ^  - 

«  ■  •  Q  o  a-fB  •  cc  —  B 

2.  sin  ct  —  sin  p  =  2  cos — sin — ■— 

3.  cma-}-t‘osP  =  2cos^-i^cos^Y^ 

.  o  o  •  a+P  •  «  — P 

4.  cos  a  —  cos  p—  — 2 sin  — ~  sin  — ^-L 


o. 


tan  a  ±  tan  |5  = 


sin  (a  dr  ft) 
cos  a  cos  ft 


6.  I -f- cos  a  — -  2  cos2 - 


7.  i  —  cosa  =  2sin2- 


Eorne  Important  Relations 

,  .  a  cos  (a  —  ft)  —  cos(a-f  ft) 

1.  sin  a  sin  ft  — - i - - — — 

„  o  cos  (a  —  8) -{-cos  (a-f-ft) 

2.  cos  a  cos  ft  = - 2 - '-El - 1 — L All 

o  •  a  sin  (a  +  6)4-sin  (a  —  ft) 

3.  sin  a  cos  ft  «& - i — L.LL1. - — 


Basic  Relations  Between  the  Elements  of  a  Right-Angled  Triangle 

{a  and  b  are  the  legs;  c,  the  hypotenuse;  A  and  B ,  the  acute  angles;  C,  the 
right  angle) 

i.  a  ~  c  sin  A  --  c  cos  B\  2.  b  =  c  sin  B  ~  c  cos  A 

3.  a  --  h  tan  A  ~  b  cot  B\  4.  b  —  a  tan  B  =  a  cot  A 


Basic  Relations  Between  the  Elements  of  an  Arbitrary  Triangle 
(«,  b  and  c  are  the  sides;  .1 ,  B  and  C\  the  angles) 

i  a  b  c  ,  . 

{  — (UlW  Of  SlnCS) 


dn  A  sin  //  sin  C 
2.  a2 ss=  b2  +  c2  —  2fec  cos  A  (law  of  cosines) 
_  A  +  B 
;  b 


tan 


tan 


ft  (law  of  tangents) 


Relations  Between  the  t  allies  of  Inverse  Trigonometric  Functions 

(a resin  .r,  arccos  x  and  arctan  x  are  the  principal  values  of  the  corresponding 

inverse  trigonometric  functions) 

1.  Arcsin  .r  —  nk  (—1)*  arcsin  x 

2.  Arccos  x  ■■■■■■  2nk  ~t  arccos  .r 

3.  Arctan  j  -  nA  -)-  arctan  x;  k  is  any  integer  (positive  or  negative). 


PROBLEMS 


PART  ONE 

ARITHMETIC  AND  ALGEBRA 


CHAPTER  1 

ARITHMETIC  CALCULATIONS 


^  152 


f-i48l)°-3 


3. 

5. 

7. 

9. 

11. 

13. 

15. 

16 


0.2  ’ 

0.8-0.25 

93  l 

2l5T(S-2tl8T +T  .  ,  / o.oi2  0.04104 

)  -4500-  12  j 

0.0001:0.005  ’  "  V 

5  5.4 

(84o-83f8):2T.  ,. 

(mwrmV2 

):,4 

0.04  ’  * 

0.002 

(95Sr934)'2T  +  w:i7:! 

. »  K- 

/4)'2T  +  Uli 

6.2 

0.2 

()2l-f4-5T)-,3-5+,U1' .  ( 

j  i_4. 0  JLa.  J_  \  .9  . 
12  ‘  “32  1  24/ 

0.02 

* 

0.4 

(4-4)-4.  ... 

8  3  1 

'  (21  — 1.25) :  2.5  ’ 

(si+4.375): 

*•4 

0.134  +  0.05 

):  0.8  +  2 1-0.225 

•  *  24- 

0  14  15  / 

3  3 

4  5 

4)4.5 

0.04 

(2.1  — 1- 905):  (1.2-0.045) 

1  : 0.25 

0.00325  :  0.013 

1.0-0.025 

12 


Problems 


[(40s-38A):10-9+(?~s>)‘‘n]'4-2 

1/*  0.008 

r(-^4)-a  (8.78-1 4). a]  67 

L  4-4  J :  200 

r  (e-«4) :o.«>  (Q.3-1) -4  1  n  , 

U4-2-<*)-4+l  (..«+«4).aJ-“» 

on  or  .  f  3  :  <0.2  —  0.1)  ,  (34.06  —  33.81). 4  1,2  4 
^U*  “U  *  1.2.5- (0.8  + 1.2)  '6.84:  (28.57- 25.15)  J  1  3  1  21 

3  — 0.09  :( 0.15  : 24") 

2f  _ - _ ' _ -  ' 

0.32*6 -{-0.03  —  (5.3  —  3.88)  -{-0.67 

22.  1 1 :  2.7  +  2.7  :  1 .35  +  (0.4  :  2  4-)  •  ( 4.2  -  1  £ ) 

23.  ( 10  :  24^7.5:  10).  (3— 1.0.25  t-*!) 

*«• 

(4.5.14+3.75).^ 

25.  1.7:  - V  l  ^-(0.5  +  l-l) 

H 

26.  l:f.  0.228:  [(  1-5291 -i“-.0.305)  :  0.12] 

27.  f _ _ _ 8-8077 _ l«()\  * 

\  20— I2S.2  :  (13.333-0.3  +  0.0001)|. 2.004  1  ,JJ32 

.,8  [(r,-2:rt-3i~ n"0-9)-°-2  +  0.15]:0.02 

(2+t4.0.22:0.l)4 


29.  (5:  ±  -0.8:-= - ^2 - 

3  S.o.4.-»- 


Chapter  I.  Arithmetic  Calculations 
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(l.75:  4-1.75.1  i):I 

-  /r/ - - :  ((>.79  : 0.7  4-  0.3) 

/il_o.  03251  :400 

4.5  :  |^47 . 375  —  (  26  A-  18.0.75^  -2.4  :  (».8sJ 

17.81: 1.37  -  231:1  A 
3  D 

Find  the  number,  3.6  per  cent  of  which  amount  to 
3  4- 4.2:  0.1 

(  I  :  0.3-2  A)  0.3125 

Compute 

(464:12^1:2001  -«»: 

Compute 

r15.(0.6+o.425  —  n.'a-.MMU-j  (0.G/,5: 0  3_  ,  Jg)  x 

L  30"9+3¥  J 

x  (4: 6.25— l.  +  l.l.<)e) 

Compute 

[(4-cn4):(44-4)+rilx 

•  x  (4-0.75) 

Compute 

2.045-0.033+ 10.518395-0.464774  :  0  0562 
0.003092  :  0.0001—5.188 
.  Compute 

(j-h) 

Compute 

(«1-O{[/*-4(27-1t)]>016} 

,  Compute 

„ 

(4-4)^-r 


14 


Problems 


40.  Compute 

0.8:  (-5-1.25)  (l.08-^):y  4 

- T  (  ,r  +  (1-2-°-5):T 

0.04-4  («9-3t)-2I7 


41.  Compute 

[«Sh(«W)K 

42.  Compute 

(c— 4-|- )  : 0.003  (  0.3-1)-^ 


.[(s»-2-8B)4]!t  (i-88+*I)4. 

43.  Compute  x,  if 

44.  Compute  x.  if 


:  62  ~  +  17.81: 0.013? 


53 


[(4'u25-rM-i):J+<2-5:,-25):U-75]:1ir8 

(■1—0.375)  :  0.125-}-  (-|-^)  :  <0.353-1 .4790  : 13.7) 

45.  Find  x,  if 


17 
1  27 


(2.7 -0.8).  2- 


(5.2  — 1.4) : 


3 


4-8 


0  (1.6+ 154.06  :  70.3)  :  1.9 

11 


(2 *5  t  .s)  :  4.3 


;  2.625 


CHAPTE  R  II 

ALGEBRAIC  TRANSFORMATIONS 


Simplify  the  following  expressions: 

a-\~b  —  c 


46.  («-  —  6-  —  cl  +  2 be) : 


Evaluate  the  result  at  a— 8.6;  6  — j/3;  c  =  3- 


0  +  6+c 


47. 


-- 1 


Chapter  II.  Algebraic  Transformations 
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4o  _£ _ 2  hi  3j+j2\ 

ax  —  2a2  x2-}-* — 2ax —  2a  \  3-}--r  / 

49  2°  .  ■  1  js  • 

a2  —  4x2  1  2x2-4-0.r —  ax  —  'da  \  '  x  —  2  / 

/  2a +  10  ,  130- a  ,30  0\  3a2  +  8a2-3fl 

50*  1-3S3T  +  T=  3T  4‘  7  “  **  T  FT 


51  fl2— 62  q3— fc3.  52  £  </(•»•— y)2 

a—b  a‘i  —  1,2'  *  *  x2-j-y2  C1  — i/1 


•  r  '  '  “1 

1  I  ,  ,/2x  + 1\2 

:  i +l2*-iY 

L  1  V3  ) 

1  V3  1  J 

a-i  2(a 

-1)  4  (0  +  1) 

a2  —  2a  -J-  1  '  a2  x 

t-4  «2-fa  — 2 

3  (x  -f  2) 

2x2- x- 10  -j 

2-3a  +  2  J 


,  36a3 —  144o~30fl2+  144 


i  (x3-}-x2-j-  X-f  1) 


.  r_A_4._j _ L_i 

■  LxH-1  1  2<*+l)  2  (x —  1)  J 

x-  +  K2  4-  u  —  2  \  .  ii,  +  ii'in  +  y-  —  4 

x2—  xi/  —  2j-  /  '  x2  + !/ +  xj  +  x 


56.  (4=i 

\  ly  — x 

57. 


fln+» _ 3a »•  [  4a2— 4  a2-a  J 

2a|„+c),-, 

u„2  —  a3  —  2a2  —  «  '  a2c  —  a(nc  —  c) 

<  4 _ _J _ i _ 1 _ 

«(a— /*)(«  — r)  l>{b~a){b—  c)  c(c— a)(c  —  b) 

l  +  (o+x)-l  f,  |_to2  +  x2)-l 


kh  <  +  i°+xr‘  r i  _JLri£i±ffLl 
DU-  i-lo  +  xl'l'  L  2ox  J 


Evaluate  the  result  at  x  = 


««•  [^^-W-ar']:{2Wb,2a^-^)-' 

62. 

(V«— y*)*+2  y«6 

*  Prior  to  solving  subsequent  problems  read  the  notes  on  pp.  90_to  92. 
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Problems 


63. 

64. 

65. 

66. 

67. 

68. 


h 

a  — b 


y  («2  -  2  ab  +  ft2)  (a3  --  fr)  (a  -f  i>)  •  - 


al-b3 


I  (*  +  !)' 

V8x(7  +  AV%)Y  2  /6i-4/2i 

f  Y(“  +  T )  V-  ~  T )  (1  -T-  2a  +  rf»)  •  (  ) ' ' 


V 


(i+a)v  '1-fa  \/ 

3a  '  1 


V3 


69 


•( 


9+18a-*+9«-* 
a&  a-n6l-n  ^(a— 6)"1 

‘  ’  ‘  ):('+/SS) 


70. 


Va-  Va-4 

1 


'  /'  —  |  f! 

I  /~  1  +  «  ,  /rl  — a 

K  1-Q ;  f  l+a 

■i/T±*  i  /IE® 

V  1  —  fi  )  1  4-  a 


f/a  f"\/ a  -f  6  ' 

u.15^ 

/\/a  /  "  a-2— a-1*-2 


72.  Evaluate  the  expression 
r.V  Vj2—  1  V  ;/2  —  1 

4  V  3-2  —  1  V  i/  “ —  1 

at  •r  =  y(«~7')-  y  =  j(b  ■  -j-)  (a^1.6>l). 

73.  Evaluate  the  expression 


at  .r 


1/ «  4-  kr  4~  a —  bx 

y  a  ~f~  bx  —  ~\/  a  —  bx 


2  am 

b  (1  ~}-  rn~)  ’ 


m  |  <  1 . 


Simplify  l he  following  expressions : 

\  i 

{m  4-  xl“  <m  —  x)- 

4  1.  j  | 

(m  4-  x)J  —  (m  —  x)2 


Cha pter  II.  Algebraic  Transformations 
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if  x  —  m>0,  0  <  n  <  1 . 


75.  [ 


r ft-**)" 5 +n  2  , 

(l-*2)  2-t  1 

1 — 

to 

l _ 

2  J 

if  x  =  2k^(l  +  k)-1  and  ft>l. 
r  1  1  2~2 


76 


77.  (2Vr*‘-«V  ^ 


V (a2—  1)  (a  — 1)  . 
i 

{j2a~2 — 4  +  4a2.r~2)  2 


Vl-A-2 


2az  (*2  —  a2)  2 


78. 


79. 


80. 


/  Va  +  yi  \ 

V  26  Va  ' 

r 

1  a+Yab  1 
\  2  ab  ) 

l 

yz+V* 

V«+»  \-2  ( 

y: -yj 

y«+*  \-2 

y«+i 

ya  +  1/x  I  V 

y « + * 

j 

y;-y;  / 

1  hr~"l  ■  1  \  '  a  y*2+° 

2  \  '  y  x2  -J- a  '  ^  x  -j*  "l/  x2  -+• 


81.  2x  +  fx2-l  (l+j^)- 


t  + 


Vj2-1 

I+yxz_i 


82.  Compute 


83.  Evaluate  the  expression 


(o+ir  +  fb  +  l)-* 

at  c  =  (2  +  j/3 )'*  and  6  =  (2-V'3)'1. 


2-01338 


Simplify  the  following  expressions: 

ar.  x+Vx^—S:  x—  Vx2—  ix 

x—~]/x2—  4x  J  + 

n  +  .  n  +  2— V*2-4 

n- 4-2 — "\/n2 — 4  a  +  2+"\/n2 — 4 

aK  y^+v^5  \ 

8b-  K  ■  v  vi+yir:^  ys_y*_a2/ 
i  3  3  -i 

87.  88.(25  +  27 **):[(|)  '  +  3/] 

z  4*  4"  1 

89.  Prove  the  identity 

\  a —  a-2  ,  i  — a-2  ,  2  _ n 

a2 - T  +  - - T*i T~U 


90.  Compute 

a2  ^  a  — b 

-  ’  a  —  k 
(a2 —  at)3 

3 

at  a  =  1.2  and  b  =  -g-. 


Simplify  the  following  expressions: 

till  till  ti 

91 .  [(flS+  b2)  (fl2  +  5b2)  -  (a*  +  262)  (a*  -  26*)J :  (2a  +  3a2b2) 
Evaluate  the  result  at  a  =  54  and  b  =  6. 

.1  _  1  -i  _  1  _  lri 

hn+fr)  2  +  («  —  b)  2]  +l(°+6)  2—  (a—  b)  2J 

i  l  ~  _  _t  _t  _j 

l(a-rb)  5+(o—  b)  2]  —  [(a+fc)  2— (a— 6)  2] 


93.  a2(l  —  a2)-  2- 


(I_n2)2  +  ,i2(i_a2)  2 

i — a2 
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94 


(*+d  (*2+)> 

i  i 

95.  (R* x°-f  2 +  H- 


2  *2Vi  l  +  i2)-l_Vi  +  x2 

l  +  x2 
t 

(fl2-x2)2  +  x2(K2— j2) 


,»-«*,[!+(  V^L)-2] 


i  1_ 

96.  (p2  +  g2)“2  (p~*  +g_1)  - 


. -£■■■— 1 . (P  2  +  g  2) 

(p2+r)3 


97 


•[ 


(a  -}-  y'  a2x) :  ( x  -f-  V  axZ)  —  l  1 


V^T 


4=-] 

r  X  j 


98. 

100 


(V^+l)2- 


q —  ~\/ai 

yz~yz 


-3 

4a  — 9a-1  , 

a  —  44_3fl-i 

99. 

1  _i  1 

i  _i 

.  2a^  —  3a  2 

a^-— a  ^ 

(Va+l)3-a  Va+2 


+i 

b  ' 


')] 


102.  (a  +  62;1/a)3( 


a  /  ya-ys 


V* 


V» 


103.  - - r  +  -5-J-!'---T-^l 

I  -1  n  lfx-4v  X 

Lx2-4x  2  J 


yz-yb 
-2 


- 1/  x2  4-  8x  -f  1C 


104. 


X3  f  ]5  J/.C  V X 

I-  x  +  Vxk  J 


105.  ( y  +  1±X^ l/i + 2  /i.  h 

\^/a  —  y  x  yax'r  V  x  x 


106. 


(a-62)l/3-»y3F-W3  V2a— V2c 


107 


K2  (a-»2)2  +  (2*y2o>2  /?-/? 

•  1  +  [(a3  -xsf  x  3]2^  —  TzV  (“*  —  *T  +  4a  V 


2* 
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Problems 


108.  l(yx-i/~ay>  +  (i/rx  +  i/a)  M  *:  Ay-+iy- 


i.  r  f+4(i + i)+(VW^+ o* 

L  y  z  -f”  V  a  2  ■* 

-  i1 

x3  /l-2x\-i 

"1  r  1,  3x —  2  / 

xW  J 


S'—, 

V  *+>' 

i 

3x"3 

2 

x3  — 2x 


111.  Tyl  [/a1  +  a  V7F=V  -  Va*  -  a  V a?  -  &2] 

112 


,  |-(^-?^)3  +  2x  +  a  |3  l/ (a3  +  3a^-f  3ai2  +  x3)5:« 

■■  l(rj-ra)3-x-2x  j  r 

3 

r  g/;+yir--(2yt)2  _  |_ (a|  6lr,  i .  w2 
L  rt  — b 

-y-A- 


I  t 
a2  +  ^ 


115. 


a  —  4  b  <7  - 

‘  7 

a  _j_  (ab)‘-  —  Gb  a-f6  {ab)2  -j-  9b  , 

l^4=±-Y+2a\ra+hy-h 

V',  i/n  +  \b  > _ L  yah— a 

3  aB  -i-  3fc  1  ■'  «5  1  ay  a  —  by 

{y2-yb)3  +  2a-:Va  +  l>Vi  ,  3  V«fc— 3 b 

,lb'  a  Ya  +  b  yJ  1  a~b 

r  ,  tVa~V±\-'-\ 

117.  .  >  .  I'  >  ! 

L(«S+fcV»  X  a--b-  1  J 


(«6) 


I 


118. 


119. 


.  {y  a+  y'r-7+l)  (’  °+  V t-’) 

- ;/  *]  [  (/« -  aa + 3  (  + v~* 

f  q2„5  ■y 


1 20 .  [ (  i  «  J/ &  )  :  (a  +  V  0-W)  -V'b\ 
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121. 

122. 

123. 

124. 

125. 

126. 

127. 

128. 

129. 

130. 


f  a2J/rjt  +  i"|/a 
L  a  \  x  \-  \/  ax 


-  V  a2  +  x  +  2a  Y  x  j 


c  *|/x — X 


I3 


Hm-^npr-y=) 

■>/  —  f  a  -f-  j/  a3A2  A  y  ab 

KaL  m +w 

a-f-x 


>'a2-2>  ax  +  >  x2 


1 


f^a  — {/'x 

1 


-*]  +ttt 

a  Hb~  - 

Y~X 


2a4  — 2 


I  I 
_4 


I  i 

a4  +  fl8  +  1  a4_a8  +  1  02_a4  +  2 

K  V2-1  ^3  +  2  V2  +  ^(x+12)  Vx-6z-8 

*~y*-  KVZ+i  {/■3-2V2 

y  x —  1 

V a3A  ~V a 4^3  :  V  a 

(A2  —  aA —  2a2)  "l/aA 

3a2 


a  3  (  3b- 

F  1  jl  ‘^ax  1  bx  —  x2  —  ax  ab 
L  4x2  —  a> 

r_L±i 

I  2x2  _2x 


a~f  A 


rr+: 


x-j-2 


6a-(-2aA— A2  3a  —  aA  o-f-A  , 

(6-x)-2]x 

_  1  1 
<a  +  2x)  2  +  (2x-a)2 
— j—  — 

(4x2  —  a2)  2_|_  t 


jK2 


2(x2-f3x-f  2)  . 

-(/2  +  J^- 

_  1 

a-*2)  2+i  .  yrr 


yfrw):(^-2,)2 


i  1 
J  92v 


-  + 


_i  I‘  x— 2 

(1+x)  2  +  (l-z)2 

+(*+*)  (tft+^= 


4x  x2  ~  3x  —  4  j 
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Problems 


131. 


132. 


133. 


134. 


a2  Vgjr*  Y fc2  Vafr  —  2  Va3fe  V afe5 


(a2  —  a6 — 262)  a66 


a+26 


V  a  ub—  (a&)^  :  "\/ a 

(a2_fe2)  a-1 


g— 3  r _ 

a  +  26  L  a2+a6 — 3 a —  36 
3 

4  /■—  4  /*X 


(a  —  1)  (a2  —  4<z  +  3)"1  J 


f  (y ab2  yb  —  jfab  V a)' 
L  a6  |/  a6 

+  ■ 


•C/t+'/t) 

_i_  A  .  /  3a -H 
‘  a  *  \  a  — 

J*  vs 


2a  +  26 
46 


+ 

a-f-36 


q24-21q6 


2a +  26  2a2  — 6a6  — 862  , 


■  +  4 

62  — 4a2 
4a 


y6-f6  Va 


-V6 

1 


+ 


62  +  3a6  +  2a2  2a2+a6--62  . 


t(2ah)?(c  +  26)-l  .  V2by2ab+\/'2aSb 

ya  —  Y2b  '  yss 

„  /  a  2b  &bz 

^  \  6a  —  486  3a  — 66  a2- 


10a6+1662 
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4 Solve  the  following  equations 

joc  66  + 7a  3 ay  .  ax — &  i  6x  +  a  a2 +  62 

66  262  ~1  62  —  a6  ’  li50*  a +  6  ~r  a  — 6  ~~  a2— 62 


137. 

138. 

139. 

140. 

141. 

142. 


c  +  3z  c — 2  z  _  2c  +  2 

4c2  +  6cd  9  d2 — Qcd  4c2 — 9cf2 

x-i  2a2  (1  —  x)  _  2x  —  1  1— x 

« —  1  '  n*  —  1  —  1  —  n4  1  +  n 

3a6  +  l  _  3a6  .  (2a  +  l)x  a2 

a  X  ~  a+1  a(a+i)2  “r  (a +  1)3 

3a6c  ,  a262  ,  (2a  +  6)62x  «  ,  6x 

a +6  'r  (a  +  6)3  ^  a(a  +  6)2  OC^  -r  a 

x+m  ax  am  62x 

a  +6  (a +  6)2  ~  a2  — 62  “  a2  — a62  +  a26— 6* 
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.  ,o  m  z  ,  m  15  —  ^)  __  z\z-rw;  __  mi  ~ 

4  ‘  z  m  z(z4-m)  m  (z — m)  m2— s2 

...  o2  +  x  a2  —  x  4abx-{-2a2  —  262 

62-~ &2_|-£  6*  —  x2 

an  ,  (a  -f-  n)  {anx  -j-  nx2  4-  x3)  __  ax  ,  «x2 

a—x  '  x3 nx2  —  a2x  — •  a2n  n  +  x  '  x2  — a2 

</.<■  i  <■+'  i  *+•  a.r  a+‘  ...  . —  jl 

i4b.  j.  i|-j  (I+B.1)a  „+1  t  *j  2 

J  t.n  a  +  J _ 11  r  _  _ 

a2  _j_  £2  ax —  x2 — a2  x  (<x^  -j-  o2x2  4~  x^) 

148.  a(Vx-a)- &(/*—' b)  +  a  +  6  =  J^ 


149.  I+-1 — h-^T 

a  a  -f-  x  a-f-Zx 


=  0;  150. 


x — a 

~  a2  4-  ^2  —  2ax  ’  13 

*  + 

2r  5a2  .  , 

x4-a  '  x 

—  a  4  (x2  — a2)  ’ 

a  —  x2 

1  fl  — 1 

(a  —  x)2 

a  fl3  —  ax  (2 a  —  x) ' 

1 

i  2(n  +  3), 

2n  4-n* 

2x  —  x2  x2  —  4x  ’ 

a 

o-t  J. 

t-\-b  b  —  x  4  (x2 — 62) 

*2 _ a~b  , 

aft  — 262  flc2  — 26c2"1  6c 

,  X2-M _ 1  X 

h2x  —  2  n  2  —  «x  n 

.rp  <1  26  a2  —  62 

z_fl  —  a2  +  £2_2flx 

.  iko  fl  +  x  — 2n  a  — 2n  _  ^ 

’  158.  -gi— - T--"1 

/a  —  x\2  /  a  \ 2 


( *-*  r  (  Q 

4[.Q  a  _ _ i.  fAQ  \  x  )  V  a  +  b  I  __  _5_ 

*59»  —  x  x2  —  2»x2  -f-  n2x2  '  *  x2  -f- fl2  —  2ax  9x2 

x4_x2  1- — a2  fl6 

161.  l_x2  \  (1+aI)2_(a  +  :rj2  ~  (b  -0)2 

162.  Factor  the  following  expression  into  linear  factors: 

llz  —  3x2  +  70 

163.  Factor  the  expression  y  — 7  into  tw0  faclors>  whose  sum  is 


164.  Factor  the  following  expression: 

15X3  +  x2  -  2x 

165.  Factor  the  following  expression: 

o?  +  2xJ  +  4x2  +  2  +  x 
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Problems 


165a.  Solve  the  equation 

(i  +  =  4x  (i  -  x *) 

166.  Write  a  quadratic  equation,  whose  roots  are 

—  and  — 
b  a 

167.  Set  up  a  quadratic  equation,  whose  roots  are 

1  j  1 

- =-  and  - 

10—1/72  10+61/2 

168.  Write  a  quadratic  equation,  whose  roots  are 

_ a 

l/a  1 /a — 6 

169.  The  roots  x,  and  x2  of  the  quadratic  equation 

x1  +  px  +  12  =  0 

possess  the  following  property:  xi  —  x2  =  1.  Find  the  coefficient  p. 

170.  In  the  equation 

5x2  —  kx  +  1  =  0 

determine  k  such  that  the  difference  of  the  roots  be  equal  to  unity. 

171.  The  roots  x,  and  X;  of  the  equation 

xs  —  3ox  +  a2  =  0 

are  such  that  x  J+  x|  =  1.75.  Determine  a. 

172.  In  the  quadratic  equation 

x!  +  px  +  q  —  0 

determine  the  coefficients  such  that  the  roots  be  equal  to  p  and  q. 

173.  The  roots  of  the  quadratic  equation 

ax2  +  bx  +  c  =  0 

are  x,  and  x„.  Set  up  a  new  quadratic  equation,  whose  roots  are  — 

x® 

and  —  . 

174.  Given  a  quadratic  equation 

ax2  +  bx  +  c  —  0 

Set  up  a  new  quadratic  equation,  whose  roots  are: 

(1)  twice  as  large  as  the  roots  of  the  given  equation; 

(2)  reciprocal  to  the  roots  of  the  given  equation. 
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175.  Set  up  a  quadratic  equation,  whose  roots  are  equal  to  the 
cubes  of  the  roots  of  the  equation 

ax 2  +  bx  +  c  =  0 

176.  Set  up  a  biquadratic  equation,  the  sum  of  the  squared  roots 
of  which  is  50,  the  product  of  the  roots  being  equal  to  144. 

177.  Find  all  the  roots  of  the  equation 

4x4  _  24x3  +  57x2  +  18*  -  45  =  0 

if  one  of  them  is  3  +  tV&. 

178.  Determine  the  constant  term  of  the  equation 

6x3  —  7x2  —  16x  +  m  =  0 

if  it  is  known  that  one  of  its  roots  is  equal  to  2.  Find  the  remaining 
two  roots. 

179.  Knowing  that  2  and  3  are  the  roots  of  the  equation 

2x3  +  k1  —  13*  +  n  =  0 

determine  m  and  n  and  find  the  third  root  of  the  equation. 

180.  At  what  numerical  values  of  a  does  the  equation 

x1 4-  2  ax  (/  a 2  —  3  +  4  =  0 

have  equal  roots? 

180a.  In  what  interval  must  the  number  m  vary  so  that  both 
roots  of  the  equation 

x2  —  2mx  +  m2  —  1  =  0 
lie  between  —2  and  4? 


Solve  the  following  equations: 

181.  V7+2-Vf=6=2-,  182.  /22^_|/ 10^  =  2 
183.  K35Tl-KF^T  =  2;  184.  K^  +  3  +  (/3^2  =  7 
185.  |/I+l  +  J/2x  +  3=l;  186.  K 3x - 2  =  2 /F+2 - 2 

187.  Y2l+l  +  Vx-3  =  2Vx:  188.  V iTTT^+H  =  x  +  1 


189. 


3  +  x 
3x 


+ 


_2_ 

x2 


i9°-  /  15 

Vz2-16 
y~3 


+/ 

+  l/x  +  3=^Lf 


x-f-  2 
x  4- 


191. 
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Problems 


4 _ 1 

x  4"  ~Y  &  “f“  x  x — Yx*~i~x 

2  1 


195.  l/x-4-l/a:- 


-Viv?— Vx^yw 

x-/S=4]/— j^7= 


196.  VE±.f±,T^Zz^  =  gZ;  197.  x=a~y a?-xVx*  +  cfi 
1/27  +  1- l/27-i  *’  r 


"l/l -}-cr2x2 — xa-i  1 


4fto  Vl  +  «2*®  — ax  4 

H70.  — 7====== - —  *7“  ,  iyy.  — -jsssssssss - —  —5- 

V  i  +  fl”2x2  4.  xa“i  «  y  i-f  a2x2-f-ax  «2 

200  J~i"c+^/:r2~<:2  _  9  (J  +  c) 

X  -f-  c  —  YxZ  —  C2  8c 

201.  ]/'s  +  3-4KT=T  +  ]A -8-6J/T=T=l 


202. 

2  ]/  a  +  ,r  +  J/a  —  x 

=  ]/  <x- 

-4?H 

Y  x  (a  -f  x) 

203. 

]/a2 

—  x  +  Y  b-  —  x 

=  a  +  6 

204. 

-i  +  J /~b  +  x  = 

Y  a-{-  b 

205. 

1/ 1- 

~a-—a  —  Yx\' 

206.  -1 

/o  + 

a 

;+i/“+^  1/; 

207. 

Vx- 

~yx~  12;  208.  (x  — 

1 

if2 

t 

-  6  (x- 1)"5  =  16 

209. 

yi 

rY  10  +  2i  = 

15- 

2x  —  9 

210. 

y  x 

-j~y  2x  — 3  — y 

/■  1 2  (.<■  - 

=7) 

211. 

y~a 

—  x  -f-  y  b  —  x 

b  — 

2x 

212. 

y~x 

2  yic2  =  3; 

213.  2 

ys 

— 3X2=20 

214. 

Va 

j-  x  —  y a- \-x- 

-0*  215  1  /*  2x^2  x  +  2  7 

U,  210.  ^  x  +  2  (/  2x  +  2  12 

216. 

x2 

1 1  +  Vx"  -  1 1 

=  42:  217. 

y'x2 — i  >  x-f-1 

218 

x  — 

i-=r_8-  OIO  i*1  — J 

Va 

—  x  4-  (x  —  6)  "\/x  —  f> 

V  X- 

f2 

Va 

—  i  +  l/i  — 6 
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220, 


2-V* 


2  — x. 
2  ’ 


221.  • 


-l 


i-Vx 


i+y* 

-■  3x  +  7 


222.  Vx2~  3x  +  5+x2 

223.  K3x2  +  5x  —  8  —  K3x-  +  5x  +  l  =  1 


224.  V if  +  4y  +  8  +  Vn'!  +  4y  +  4  =  (y2  +  4y  +  0) 

Soiue  Me  following  systems  of  equations: 

,*2  +  y2  =  2(xy  +  2)  | 

3'  t  x  +  y  =  6  l 

f  *  +  y*  — 

7'  (  xy2  = 


225. 

227. 

229. 


G 
7 

12 

(x2  —  y2)  xy  — 180 
i2  —  xy  —  y-  =  —  1 1 


226 

228. 

230 


x+xy  +  y=  li 
x-y  +  xy1  =  30 
y  =  23 
50 

3x2  —  2xy  +  5y2  —  35  =  0 
5x2-10y2-5  =  0 


|i2— y  =  2 
'  l  x2y  =  E 

■I 


f^  +  y^-S 

231.  {  , 

{  x-ys 


=  TX« 


xy 


x‘  +  xy  -|-y2  =  13 
x  +  y  =  4 


233.  I' 


235. 


2— xy  +  y2  =  7 
x  — y  =  t 

(-r)'-(f)'- 

(T-r-(i-r-j 


■{ 

l  i2  —  y2  = 


Give  positive  solutions  only,  assuming  that  a>0,  6>0,  c>0, 
d> 0  and  m=^=  re. 


\x-  —  xy  +  y2  =  l 
x3  +  y3  =  35 
Give  real  solutions  only. 
|  xy  (x  +  y)  =  30 
l  x3  +  y3  =  35 


236.  | ^ 


238. 


237. 


f  x3  +  y3  =  7 
lxy(x  +  y)=  -2 


{x+y 
x-y 


x+jL+  x-y 


x+y 
xy  —  6 


5  1 

0 
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240. 


242. 


244. 


x  +  y  +  z 
ax  +  by-\-cz 
a?x  +  bay  +  cH 

x+y+z=4 

x  +  2y  +  3z  =  5 

xi  +  y2  +  z2  =  14 
x  -f-  y  -j-z  — 13 

22+02  +  z3  =  6  1 
xy  -f-  xz  =  2j/s 


x  +  2y  +  3z  +  4u = 30 
I  2x-3y-\-5z  —  2u  =  3 
3x-\-iy  —  2z  —  u—  1 
4x  — j/+6z  — 3u  =  8 
=  2 


fa3  +  a-x  +  ay  z  =  0 
246.  |i3  +  6224-6y  +  z  =  0  247.  { 
U*  +  c-x  4-  cy  +  z  =  0 


=  5 


248. 


249. 


Jz  +  y  —  2Yxy  — 4 

I  2  +  ij  =  10 

2  +  j/lS 


3x 


250. 


251 


■{ 


xy  *3+! 

VxT- 
1 /T+i 


252. 


Vx2  +  y- 
V'x-  +  if 


3^  =  ° 
xy  —  54  =  x  +  y 
j-^T7  =  0 

y  +  Yx  —  y*=  6 
-\~Yx  —  y  —  A  Ya 

(j/41_3)a 


-Vxl- 
-Vx-—t/  =  y 


~ 144a4 


253.  | 


x2  +  xy  +  y2  =  84 
x  +  Y  xy  +  y  =  14 


253a.  Fiud  all  the  values  of  m  for  which  the  system  of  equa- 
tions 

f  X— y  =  m(\+xy) 

[2  +  x-\-y  +  xy  =  0 
has  real  solutions. 
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CHAPTER  IV 

LOGARITHMIC  AND  EXPONENTIAL  EQUATIONS 

Determine  x  without  using  logarithmic  tables'. 

254*. x -)- 10’ 100^ lo? 9-108  2;  255.  i-lOO2-108*  4 
1/  2-Hrlogia 

256.  x  =  r  10  2  ;  257.  i  =  491-,”«2  +  5-ll;es4 


Solve  the  following  equations: 


258.  log4  logs  log2  x  =  0 

259.  log„  { 1  +  logs  [  1  +  logc  ( 1  +  log*  x))}  =  0 

260.  log4  {2  log3  [  1  +  log2  (1  +  3  log2  x))}  =  y 

261.  log2  (x  + 14)  +  log2(x  + 2)=  6 


262.  loga  y  +  loga  (y  +  5)  +  loga  0.02  =  0 


rt/*q  log  (35 - I2)  _  q 

263-  log  (5-*) 


264 


.  l+.ogx=ilog[6_i?i^±^]. 


-  -7T  log  ^  —  log  (a3  —  ah *) 


265.  log[x-fl(l-c)-2]-ylog  (l  +  i). 


266.  log*  V 5  +  log*  (5x) -  2.25  =(  log*  K5)’ 

267.  log,,, 1  +  l°gi x  +  l°g2  x  =  7 


-iogy'±tl-.a*=o 


268.  loga x  —  loga2X  +  loga) x  =  -|-;  269.  (I)3'-7  =  (  7  '7l~3 
270.  7-3**1— 5X*'  =  3*“— 5"3;  271.  0.125.42*-3  =  (^l)- 


Throughout  this  book,  the  symbol  log  stands  for  tho  logarithm  to  tbo 
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x+5  x+il 

272.  0.5**-2J*+2  =  64'1;  273.  32*~7  =0.25-128*-3 

274.  (4Hfr‘-gs;  275.  [2(2^)^]^. 
_  i 

276.  2(2^+3)“  *  -/*^45=0 

277.  x'^a?2x~v^ay^a^i=i-,  278.  3  log„,;z  + 1  log  , 

n 

279.  log4  (x  +12).  log*  2  =  1;  280.  log,,  (5xs) •  log7*  =  1 

281 .  1  +  a  +  as  +  a3  + . . .  +  a*”1  +  «*=(!  +  a)  (l+«‘)  (1  + 

282.  5s. 5*. 5*. . . .  .5W  =  0.04“58;  283.  4*-2— i7-2x-*  + 1 
284  .  2-4**  — 17-4*  +  8  =  0;  285. 3 — 10 +  3  = 


log  x+7 

286.  x  4  —  lotoe*+i 


287.  log  (4-> .  2  *'*  - 1)  -  1  =  log  (V  2  »'*-2  +  2)  -  2  log  2 

288.  2  (log  2  —  1)  +  log  (5  +  1)  =  log  ^  +  5) 

289.  slog  *  _  3ll«  *- 1  =  3*°*  *+•  —  51<w  1 

290.  ^-loe3*-1-4  loe*  =  J^IO;  291.  log  (64  y/^2x~~',0x)  =0 

292.  logs  (9  —  2*)  =  3 — * 

293.  log  2  f  log  (4*-*  -f  9)  =  1  +  log  (2*'1  +  i) 

294 .  2  log  2  +  ( 1  +  ~  )  log  3  -  log  (/3  +  27)  =--  0 

293.  log (3 >  77TT _ 2‘ -  •'**) - 2  =  i log  16 -  VT+Ol 


296. 


I  log  2  +  los?  (y  — 3) 


1 


\og\7x  +  i)  +  tog{x- 

297.  log5 120-1 -(*-3) 


-  6)  -1  log  3  2 

-  2  logs  (1  —  5*~3)  =  -  logs  (0-2  - 


Solve  the  following  systems  of  equations: 


giix+i  30 . 24^  ~  1 
.  r^x- n  __  j/opJTl 


logs  X 


logo !/  =  0 

i  +  !/  =  3. 


(3) 


x—  2 

a4)(l+as) 
1  =  0 
0 


5  log  4 

5*-i) 
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300.  | 
302.  | 

304.  | 

305.  | 

307.  | 


logo  x  +  logo !/  =  2  f  log(x2  +  p2)  —  1  =  log  13 

logtx  —  logt+  =  4  '  1  log (x  +  p)  log (x  y)  =  3  log 2 

log«(*-y)  =  l  3Q3  flog,  (l  +  y)  =  2— log0  y 

l°ga:!/  (*  +  !/)  ~  0  \  [0g6  x  4_  |0gt  y  _  4 

log,  X  +  log,  y  +  log,  4  =  2  +  log,  9 
x  +  y  —  5a  =  0 

xy  =  a2  f  3*- 2“  =  576 

log8 x  +  log2 y  =  2.5 log2 (a2)  lloggjlp  — x)  =  i 

log  X  +  log  y  =  log  a  ^  J  log,  x  +  Iog,2i,  =  y 
2  (log  x  —  log  y)  —  log  b  '  \iog6!X  +  iog69  =  4 


309. 


f log, x 
\logn  x 


+  log,>  y  ■ 


2  310. 


311. 


x  —  logos  9=1  I 

x2  +  XIJ  +  y-  =  a2 


log,  u  +  log,  v  =  2 
u2  +  o=  12 


312 


314. 


315. 


■{ 


^ey-^Vx  +  logy^Vb—  yj 

log2x  +  log4i/  +  log4z 


log,.  X  —  log2  y  =  0 
x 2  —  5 1/2  4*  4  =  0 


313.  | 


logs  y  4'  logo 2  +  logo  X  =  2 
log*  2  +  log,,  x  +  log,,  y  =  ‘2 


f  x~\2r  x  +  y—2\f3 
\{x  +  y)  2""  =  3 

1  log  (x  +  y)  =  log  40  —  log  (x — y) 


316. 


(J/V  =  32^8" 
"  1^/3*  =  3  IfW* 


(  9_1  ^9*  —  27  ^27“  =  0 

317.  < 

flog  (x  1)  log  (1  - 


318. 


r  log  x  +  j  log  y  —  log  (4  —  Y x)  =  0 
(25V':)|/J-  125-5  ^  =  0 


319. 


-»)=o 

1  log*  ag=p 

\logs6x=j 
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CHAPTER  V 

PROGRESSIONS 

Notation  and  formulas 

a,  —  first  term  of  arithmetic  progression 
a„  —  nth  term  of  arithmetic  progression 
d  =  common  difference  of  arithmetic  progression 
ut  =  first  term  of  geometric  progression 
u„  —  nth  term  of  geometric  progression 
q  =  common  ratio  of  geometric  progression 
Sn  —  sum  of  the  first  n  terms  of  a  progression 
S  =  sum  of  infinitely  decreasing  geometric  progression 


Formulas  for  arithmetic  progression 

On  =  o  j  -f-  d  (n  —  1) 

5  _  <”1  +  "nl » 

o  _  |2q,  +  d  (>i  —  1)1  w 


(1) 

(2) 

(3) 


Formulas  for  geometric  progression 

ii  „  =  u,q"~l 

S„  =  (?>  1)  or  S„  =  (?<  1) 

S„  (,>  1)  or  =  (,<1> 


(■'*) 


(5) 

(6) 
(7) 


ARITHMETIC  PROGRESSION 

320.  How  many  terms  of  the  arithmetic  progression 

5;  9;  13;  17;  .  .  . 

is  it  necessary  to  take  for  their  sum  to  equal  10,877? 

321.  Find  an  arithmetic  progression,  if  the  sum  of  its  first  four 
terms  is  equal  to  26,  and  the  product  of  the  same  terms  equals  880. 
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322.  In  an  arithmetic  progression  ap  —  q\  aq  —  p.  Express  an 
in  terms  of  n ,  p,  and  q. 

323.  Find  the  sum  of  ail  two-digit  natural  numbers. 

324.  Find  four  successive  odd  numbers,  if  the  sum  of  their  squares 
exceeds  by  48  the  sum  of  the  squares  of  the  even  numbers  contained 
between  them. 

325.  An  arithmetic  progression  consists  of  20  terms.  The  sum  of 
the  terms  occupying  even  places  is  equal  to  250,  and  that  of  the 
terms  occupying  odd  places  equals  220.  Find  the  two  medium  terms 
of  the  progression. 

326.  Given  a  sequence  of  expressions:  (a  +  x)2;  (a2  -f  x2); 
(a  —  x)2;  ....  Prove  that  they  form  an  arithmetic  progression,  and 
find  the  sum  of  its  first  n  terms. 

327.  Denoting  the  sums  of  the  first  first  n2,  and  first  n3  terms 
of  an  arithmetic  progression  by  Su  S2,  and  S3,  respectively,  show 
that 

—  («2  -  n3)  +  —  («a  —  "i)  +  —■  (”i  —  "2)  =  0 

328.  Write  an  arithmetic  progression  whose  first  term  is  1.  the 
sum  of  the  first  five  terms  being  equal  to  ~  of  that  of  the  next  five 
terms. 

329.  Find  an  arithmetic  progression  in  which  the  sum  of  any 
number  of  terms  is  always  three  times  the  squared  number  of  these 
terms. 

330.  Find  the  sum  of  all  two-digit  numbers  which,  when  divided 
by  4,  yield  unity  as  a  remainder. 

GEOMETItlC  PROGRESSION 

331 .  Insert  three  geometric  means  between  the  numbers  1  and  256. 

332.  Find  the  three  numbers  forming  a  geometric  progression, 
if  it  is  known  that  the  sum  of  the  first  and  third  terms  is  equal 
to  52,  and  the  square  of  the  second  term  is  100. 

333.  Write  first  several  terms  of  a  geometric  progression  in  which 
the  difference  between  the  third  and  first  terms  is  equal  to  9,  and 
that  between  the  fifth  and  third  terms  equals  36. 

334.  Find  the  four  numbers  forming  a  geometric  progression  in 
which  the  sum  of  the  extremes  is  equal  to  27,  and  the  product  of  the 
means,  to  72. 

335.  Find  the  four  numbers  forming  a  geometric  progression, 
knowing  that  the  sum  of  the  extremes  is  equal  to  35,  and  the  sum 
of  the  means,  to  30. 


3-01338 
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336.  Determine  a  geometric  progression  in  which 

ul  H"  UZ  4"  U3  "1“  w4  *4“  11 5  —  31 

and 

W 2  ~t"  w3  w4  "h  w5  "T  W6  “  ^2 

337.  A  geometric  progression  consists  of  five  terms;  their  sum  less 
the  first  term  is  equal  to  19 -i,  atul  that  less  the  last  one  equals  13. 

Compute  the  extremes  of  the  progression. 

338.  Find  the  first  term  and  common  ratio  of  a  geometric  progres¬ 
sion  consisting  of  nine  terms,  such  that  the  product  of  its  extremes 
is  equal  to  2304,  and  the  sum  of  the  fourth  and  sixth  terms  equals  120. 

339.  Three  numbers  form  a  geometric  progression.  The  sum  of 
these  numbers  is  equal  to  12G,  and  their  product,  to  13,824.  hind 
these  numbers. 

340.  A  geometric  progression  consists  of  an  even  number  of  terms. 
The  sum  of  ali  the  terms  is  three  times  that  of  the  odd  terms.  Deter¬ 
mine  the  common  ratio  of  tin*  progression. 


INFINITELY  DECREASING  GEOMETRIC  PROGRESSION 

341.  Prove  that  the  numbers 


ya+i  l  .  i  . 
V'2— 1;  -  V-  '  2  "" 


constitute  an  infinitely  decreasing  geometric 
the  limit  of  the  sum  of  its  terms. 

342.  Compute  the  expression 


(4  13  :  8)  1/3(1  3-2) 


y:i 


progression  and  find 


...] 


after  proving  that  the  bracketed  addends  are  the  terms  of  a  decrea¬ 
sing  geometric  progression. 

343.  Find  the  sum  of  the  terms  of  an  infinitely  decreasing  geo¬ 
metric  progression  in  which  all  the  terms  are  positive,  the  first 
term  is  4,  and  the  difference  between  the  third  and  fifth  terms  is 

‘>9 

equal  to  . 

344.  Determine  the  sum  of  an  infinitely  decreasing  geometric 
progression,  if  it  is  known  that  the  sum  of  its  first  and  fourth  terms 
is  equal  to  54,  and  the  sum  of  the  second  and  third  terms,  to  36. 
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345.  In  an  infinitely  decreasing  geometric  progression  the  sum 
of  all  the  terms  occupying  odd  places  is  equal  to  36,  and  that  of  ail 
the  terms  at  even  places  equals  12.  Find  the  progression. 

346.  The  sum  of  the  terms  of  an  infinitely  decreasing  geometric 
progression  is  equal  to  56,  and  the  sum  of  the  squared  terms  of  the 
same  progression  is  448.  Find  the  first  term  and  the  common  ratio. 

347.  The  sum  of  the  terms  of  an  infinitely  decreasing  geometric 
progression  is  equal  to  3,  and  the  sum  of  the  cubes  of  all  its  terms 

108 

equals  .  Write  the  progression. 

348.  Determine  an  infinitely  decreasing  geometric  progression, 
the  second  term  of  which  is  C,  the  sum  of  the  terms  being  equal  to  -i- 
of  that  of  the  squares  of  the  terms. 

ARITHMETIC  AND  GEOMETRIC  PROGRESSIONS 

349.  The  second  term  of  an  arithmetic  progression  is  14,  and  the 
third  one  16.  It  is  required  to  set  up  a  geometric  progression  such 
that  its  common  ratio  would  be  equal  to  the  common  difference  of 
the  arithmetic  progression,  and  the  sum  of  the  first  three  terms 
would  be  the  same  in  both  progressions. 

350.  The  first  and  third  terms  of  an  arithmetic  and  a  geometric 
progressions  are  equal  to  eacli  other,  respectively,  the  first  terms 
being  equal  to  3.  Write  these  progressions,  if  I  lie  second  term  of  the 
arithmetic  progression  exceeds  by  6  the  second  term  of  the  geometric 
progression. 

351.  In  a  geometric  progression  the  first,  third  and  fifth  terms 
may  be  considered  as  the  first,  fourth  and  sixteenth  terms  of  an 
arithmetic  progression.  Determine  the  fourth  term  of  this  arithmetic 
progression,  knowing  that  its  first  term  is  5. 

352.  Three  numbers,  whose  sum  is  equal  to  93,  constitute  a  geo¬ 
metric  progression.  They  may  also  he  considered  as  the  first,  second 
and  seventh  terms  of  an  arithmetic  progression.  Find  these  numbers. 

353.  In  an  arithmetic  progression  the  first,  term  is  1,  and  the  sum 
of  the  first  seven  terms  is  equal  to  2555.  Find  the  medium  term 
of  a  geometric  progression  consisting  of  seven  terms,  if  the  first 
and  the  last  terms  coincide  with  the  respective  terms  of  the  indicated 
arithmetic  progression. 

354.  The  sum  of  the  three  numbers  constituting  an  arithmetic 
progression  is  equal  to  15.  If  1, 4  and  19  are  added  to  them,  respecti¬ 
vely,  wo  will  then  obtain  three  numbers  forming  a  geometric  progres¬ 
sion.  Find  these  numbers. 


3* 
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355.  Find  the  three  numbers  constituting  a  geometric  progression, 
if  it  is  known  that  the  sum  of  these  numbers  is  equal  to  26,  and 
that  when  1,  6  and  3  are  added  to  them,  respectively,  three  new 
numbers  are  obtained  which  form  an  arithmetic  progression. 

356.  Three  numbers  form  a  geometric  progression.  If  the  third 
term  is  decreased  by  64,  then  the  three  numbers  thus  obtained  will 
constitute  an  arithmetic  progression.  If  then  the  second  term  of  this 
arithmetic  progression  is  decreased  by  8,  a  geometric  progression 
will  be  formed  again.  Determine  these  numbers. 

357.  Can  three  numbers  constitute  an  arithmetic  and  a  geometric 
progression  at  the  same  time? 


CHAPTER  VI 

COMBINATORICS  AND  NEWTON  S  BINOMIAL  THEOREM 

358.  The  number  of  permutations  of  n  letters  is  to  the  number 
of  permutations  of  n  -f-  2  letters  as  0.1  to  3.  Find  n. 

359.  The  number  of  combinations  of  n  elements  taken  three  at 
a  time  is  five  times  less  than  the  number  of  combinations  of  n  -f  2 
elements  taken  four  at  a  time.  Find  u. 

360.  Find  the  medium  term  of  the  expansion  of  the  binomial 

(Mr 

361.  Determine  the  serial  number  of  the  term  of  the  expansion 
of  the  binomial  (|- +  f  Vo )  '  -  which  contains  a7. 

362.  Find  the  serial  number  of  the  term  of  the  expansion  of 

the  binomial  (  f  +  V np^-) which  contains  a  and  b  to  one 

and  the  same  power. 

363.  Simplify  the  expression  j 

mine  the  term  of  the  expansion  that  contains  no  a. 

364.  The  exponent  of  one  binomial  exceeds  that  of  the  other  by  3. 
Determine  these  exponents,  if  the  sum  of  the  binomial  coefficients 
in  the  expansions  of  both  binomials  taken  together  is  equal  to  144. 

365.  Find  the  thirteenth  term  of  the  expansion  of  (9-c  —  y=)  • 
if  the  binomial  coefficient  of  the  third  term  of  the  expansion  is  105 . 


and  deter- 
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366.  In  the  expansion  of  +  the  coefficients  at  the  fourth, 
and  thirteenth  terms  are  equal  to  each  other.  Find  the  term  con- 


V*' 


taining  no  x. 

367.  Find  the  medium  term  of  the  expansion  of  ( a  a  - 

if  it  is  known  that  the  coefficient  of  the  fifth  term  is  to  the 
coefficient  of  the  third  term  as  14  to  3. 

368.  The  sum  of  the  coefficients  of  the  first,  second  and  third 

terms  of  the  expansion  of  (**  +  -7)'"  is  e(Iual  t0  46-  Fi,ld  thc  term 


containing  no  z. 

369.  Find  theterm  of  the  expansion  of  the  binomial  (zj/  x  +  y/z)”‘ 
which  contains  zs,  if  the  sum  of  all  the  binomial  coefficients  is 
equal  to  128. 

370.  Find  the  sixth  term  of  a  geometric  progression,  whose  first 


term  is  ^  and  the  common  ratio  is  the  complex  number  (1  +•'/). 

371.  Find  the  seventh  term  of  a  geometric  progression,  whose 
common  ratio  is  ^l-f-4*),  and  the  first  term,  t. 

372.  At  what  value  of  n  do  the  coefficients  of  thc  second,  third 
and  fourth  terms  of  the  expansion  of  the  binomial  (1  +  x)”  form 
an  arithmetic  progression? 

373.  The  coefficients  of  the  fifth,  sixth  and  seventh  terms  of  the 

expansion  of  the  binomial  (1  +  x)"  constitute  an  arithmetic  pro¬ 
gression.  Find  n.  ,  _ 

374.  In  the  expression  (  /=  +  «**/ a*'1)  determine  x  such 
that  the  fourth  term  of  the  expansion  of  the  binomial  be  equal  to 


56a5-5.  _  4  , 

375.  In  the  expression  (2  ^ 2~‘  +  Py=-)  detelmine  *  such  that 

the  third  term  of  the  expansion  of  the  binomial  be  equal  to  240. 

376.  Determine  x  in  the  expression  +  if  in  the 


expansion  of  the  binomial  the  ratio  of  the  seventh  term  from  the 
beginning  to  the  seventh  term  from  the  end  is  equal  to 

377.  Find  the  value  of  x  in  the  expression  (x  -f  xl0«  *)6,  the  third 
term  of  the  expansion  of  which  is  1,000,000. 
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378.  Find  the  value  of  x  in  the  expression  £(j4x)l0£*  + 1  , 

the  fourth  term  of  the  expansion  of  which  is  200. 

-f-*loe  determine  x  such  that 


379.  In  the  expression 


( y# 


the  third  term  of  the  expansion  of  the  binomial  is  equal  to  36,000 . 
380.  The  sixth  term  of  the  expansion  of  the  binomial 
1 


( —s-p==r  -J-  x2  ,og  *  )  is  5600.  Find  x. 

'  X 2  l-  X2  ' 


.  X *■  y  X- 

381.  The  ninth  term  of  the  expansion  of  the  binomial 

r. . VI .  .^..gx/rl10 

is  450.  Find  x. 

382.  Determine  x,  if  the  fourth  term  of  the  expansion  of  the 


binomial 


ial  (l0'°s  -i-tog  is  3,500, 


000. 


mial 


383.  Determine  at  what  value  of  x  in  the  expansion  of  the  bino- 
the  term  containing  x  to  a  power  twice  as 


(X  *4 


l 

1/x 


large  as  that  of  the  succeedent  term  will  be  less  than  the  latter  by  30. 

384.  Determine  at  what  value  of  x  the  fourth  term  in  the 

expansion  of  the  binomial  -f__)ra  js  20  times  greater 

than  the  exponent  of  the  binomial,  if  the  binomial  coefficient  of  the 
fourth  term  is  five  times  greater  than  that  of  the  second  term. 

385.  Find  out  at  what  values  of  x  the  difference  between  the 
fourth  and  sixth  terms  in  the  expansion  of  the  binomial 

/  T/2*  1?/‘32  \  m 

( ~h~=r  +  V/i-  )  is  e(Iuai  t0  56,  if  it  is  known  that  the  exponent 
'  v  8  V  ~  ' 

of  the  binomial  m  is  less  than  the  binomial  coefficient  of  the  third 
term  in  the  expansion  by  20. 

386.  Find  out  at  what  values  of  x  the  sum  of  the  third 

and  fifth  terms  in  the  expansion  of  [\/r2x  is  equal  to  135, 

if  the  sum  of  the  binomial  coefficients  of  the  last  three  terms  is 
equal  to  22. 

387.  Determine  at  what  x  the  sixth  term  in  the  expansion  of 

I  ho  binomial  [ c i o  -  3^,  +  .  ,„s  3]  -  js  equal  tQ  2,  if  it 


Chapter  VII.  Algebraic  ami  Arithmetic  Problems 


39 


third  and 
the  first. 


is  known  that  the  binomial  coefficients  of  the  second 
fourth  terms  in  the  expansion  represent,  respectively, 
third  and  fifth  terms  of  an  arithmetic  progression. 

388.  Determine  at  what  value  of  x  the  fourth  term  in  the  expansion 
of  the  binomial 

[-i  log  (6-  V%x)  6  /  clog  (X-T)Tn 

(/5)  2  +  v 

is  equal  to  16.8,  if  it  is  known  that  y  of  the  binomial  coefficient 
of  the  third  term  and  the  binomial  coefficients  of  the  fourth  and 
fifth  terms  in  the  expansion  constitute  a  geometric  progression. 

389  Determine  at  what  x  the  difference  between  the  nine-fold 
third  term  and  the  fifth  term  in  the  expansion  of  the  binomial 


PrfL+ri'!T 


is  enual  to  240  if  it  is  known  that  Hie  difference  between  the  loga¬ 
rithm  of  the  three-fold  binomial  coefficient  of  the  fourth  term  and 
the  logarithm  of  the  binomial  coefficient  of  the  second  term  in  the 
expansion  is  equal  to  1. 


CHAPTER  VII 

algebraic  and  arithmetic  problems  * 


390.  Find  the  weight  ot  an  artillery  round,  knowing  that  the  charge 
weighs  0.8  kg,  the  weight  of  the  projectile  is  equal  to  y  of  the  total 

weight  of  the  round,  and  the  weight  of  the  shell  isy  of  the  weight 


0*oQ<e  certain  factory  women  make  35%  of  all  the  workers, 

the  rest  of  the  workers  being  men.  The  number  of  men  exceeds  that 
of  women  by  252  persons.  Determine  the  total  amount  of  workers. 


*  We  do  not  divide  the  problems  into  algebraic  and  arithmetic  ones,  since 
arithmetically  solvable  problems  can  always  be  solved  algebraically,  and  vice 
twin  the  problems  which  are  solved  with  the  aid  of  equations  may  often  have 
a  simpler  arithmetic  solution.  Under  “Answers  and  Solutions  we  sometimes  give 
arithmetic,  and  sometimes,  algebraic  solutions,  but  this  should  not  at  all  lay 
any  restraint  on  the  student’s  initiative  as  to  the  choice  of  the  method  of  solution. 
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392.  A  batch  of  goods  was  sold  for  1386  roubles  at  a  10%  profit. 
Determine  the  prime  cost  of  the  goods. 

393.  A  factory  sold  3348  roubles  worth  of  goods  at  a  loss  of  4%. 
What  was  the  prime  cost  of  the  goods? 

394.  If  34.2  kg  of  copper  is  extracted  from  225  kg  of  ore,  what 
percentage  of  copper  does  the  ore  contain? 

395.  Prior  to  a  price  reduction,  a  package  of  cigarettes  cost 
29  kopecks.  After  the  reduction,  it  cost  26  kopecks.  What  was  the 
price  reduction  in  percent? 

396.  One  kilogram  of  a  commodity  cost  6  roubles  and  40  kopecks. 
The  price  was  then  cut  to  5  roubles  and  70  kop.  What  was  the  price 
reduction  in  percent? 

397.  The  raisins  obtained  in  drying  some  grapes  amount  to  32% 
of  the  total  weight  of  the  grapes.  What  quantity  of  grapes  must  we 
take  to  obtain  2  kg  of  raisins? 

398.  A  group  of  tourists  have  to  collect  money  for  an  excursion. 
If  each  pays  in  75  kopecks,  there  will  be  a  deficit  of  4.4  roubles; 
if  each  pays  in  80  kopecks,  there  will  be  an  excess  of  4.4  roubles. 
How  many  persons  take  part  in  the  excursion? 

399.  A  number  of  persons  were  to  pay  equal  amounts  to  a  total 
of  72  roubles.  If  there  were  3  persons  less,  then  each  would 
have  to  contribute  4  roubles  more.  How  many  people  were 
there? 

400.  Sixty  copies  of  the  first  volume  of  a  book  and  75  copies  of  the 
second  volume  cost  a  total  of  405  roubles.  However,  a  15%  discount 
on  the  first  volume  and  a  10%  discount  on  the  second  volume  reduce 
the  overall  price  to  355  roubles  and  50  kopecks.  Determine  the  price 
of  each  volume. 

401.  An  antique  shop  bought  two  items  for  225  roubles  and  then 
sold  them  and  made  a  profit  of  40%.  What  did  the  shop  pay  for 
each  item,  if  the  first  of  them  yielded  a  profit  of  25%  and  the  second, 
a  profit  of  50 %? 

402.  Sea  water  contains  5  %  (by  weight)  of  salt.  How  many  kilo¬ 
grams  of  fresh  water  should  be  added  to  40  kg  of  sea  water  for  the 
latter  to  contain  2%  of  salt? 

403.  The  hypotenuse  of  a  right-angled  triangle  measures  3J/1> 
metres.  Determine  the  legs,  if  it  is  known  that  when  one  of  them 

1  2 

is  increased  by  133 -j  %  and  the  other,  by  16y%,thesum  of  their 
lengths  is  equal  to  14  metres. 

404.  Two  sacks  contain  140  kg  of  flour.  Each  will  contain  one  and 
the  same  amount,  if  we  take  12.5%  of  the  flour  of  the  first  sack 
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and  put  it  into  the  second.  How  many  kilograms  of  flour  does  each 
sack  contain? 

405.  Two  factories,  A  and  B,  undertook  to  fulfil  an  order  in  12  days. 
After  two  days  factory  A  was  closed  down  for  repairs,  while  factory  B 
continued  fulfilment  of  the  order.  Knowing  that  B  has  an  efficiency 
of  66--  %  of  that  of  A,  determine  in  how  many  days  the  order  will 
be  completed. 

406.  In  a  mathematics  test,  12%  of  the  students  of  a  class  did 
not  solve  the  problems  at  ail,  32%  solved  them  with  certain  mista¬ 
kes,  and  the  remaining  14  students  obtained  correct  solutions.  How 
many  students  arc  there  in  the  class? 

407.  A  piece  of  a  rail  making  72%  of  the  rail  length  is  cut  off. 
The  remaining  part  weighs  45.2  kg.  Determine  the  weight  of  the 
cut-off  piece. 

408.  A  piece  of  a  silver-copper  alloy  weighs  2  kg.  The  weight 
of  silver  comes  to  14y%  of  that  of  copper.  How  much  silver  is  there 
in  this  piece? 

409.  Three  workers  received  a  total  of  4080  roubles  for  a  job.  the 
sums  received  by  the  first  and  the  second  workers  stand  in  a  ratio 

of  7  -1  toll.  The  money  received  by  the  third  worker  is  43  i  %  of 

that  of  the  first.  What  was  each  worker  paid? 

410.  Three  boxes  contain  04.2  kg  of  sugar.  The  second  box  con¬ 
tains  y  of  the  contents  of  the  first,  and  the  third  contains  42  -i-  %  of 

what  there  is  in  the  second  box.  How  much  sugar  is  there  in  each  box? 

411.  There  is  scrap  of  two  grades  of  steel  containing  5%  and  40% 
of  nickel.  How  much  of  each  grade  is  required  to  obtain  140  tons 
of  steel  containing  30%  of  nickel? 

412.  A  piece  of  a  copper-tin  alloy  weighing  12  kg  contains  45% 
of  copper.  How  much  pure  tin  must  be  added  to  this  piece  to  obtain 
a  new  alloy  with  40%  of  cupper? 

413.  How  much  pure  alcohol  must  he  added  to  735  grants  of  a  16  % 
alcohol  solution  of  iodine  to  obtain  a  10%  solution? 

414.  A  piece  of  a  copper-zinc  alloy  weighing  24  kg  was  immersed 
in  water  and  lost  2-|  kg  in  weight.  Determine  the  amount  of  copper 

and  zinc  in  the  alloy,  if  it  is  known  that  in  water,  copper  loses  11  y  % 
and  zinc,  14y%  of  its  weight. 
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415.  Rails  are  to  be  laid  in  a  20  km  long  section  of  a  single-track 
railroad  line.  Rails  are  available  in  lengths  of  25  and  12.5  metres. 
If  all  25-metre  lengths  are  used,  then  50%  of  the  12.5-metre  lengths 

2 

■will  have  to  be  added.  If  all  12.5-metre  lengths  are  laid,  then  66-g-  % 
of  the  25-melre  lengths  will  have  to  be  added.  Determine  the  number 
of  rail  lengths  of  each  kind  available. 

416.  After  the  graduation  exercises  at  a  school  the  students  exchan¬ 
ged  photographs.  How  many  students  were  there,  if  a  total  of  870  pho¬ 
tographs  were  exchanged? 

417.  The  geometric  mean  of  two  numbers  is  greater  by  12  than 
the  smaller  number  and  the  arithmetic  mean  of  the  same  numbers 
is  smaller  by  24  than  the  larger  number.  Find  the  two  numbers. 

418.  Find  three  numbers,  the  second  of  which  is  greater  than  the 
first  by  the  amount  the  third  number  is  greater  than  the  second,  if 
wo  know  that  the  product  of  the  two  smaller  numbers  is  equal  to 
85  and  the  product  of  the  two  larger  numbers  equals  115. 

419.  The  number  a  is  the  arithmetic  mean  of  three  numbers,  and  b 
is  the  arithmetic  mean  of  their  squares.  Express  the  arithmetic  mean 
of  their  pairwise  products  in  terms  of  a  and  b. 

420.  A  rectangular  sheet  of  tin  with  a  perimeter  of  96  cm  is  used 
to  make  an  open-top  box  so  that  a  4-cm  square  is  cut  out  of  each 
corner  of  the  sheet  and  the  edges  are  soldered  together.  What  is  the 
sire  of  the  sheet  used,  if  the  box  has  a  volume  of  768  cm3? 

421 .  Find  a  two-digit  number,  if  the  quotient  obtained  by  dividing 

9 

this  number  by  the  product  of  its  digits  is  equal  to  2-^-  and,  besides, 
the  difference  between  the  desired  number  and  the  number  obtained 
by  reversing  the  order  of  the  same  digits  is  18. 

422.  Find  a  two-digit  number,  if  we  know  that  the  number  of 
units  therein  exceeds  by  two  the  number  of  tens  and  that  the  product 
of  the  desired  number  by  the  sum  of  its  digits  is  equal  to  144. 

423.  Determine  a  certain  positive  integer  on  the  basis  of  the  fol¬ 
lowing  data:  if  we  adjoin  the  figure  5  on  the  right  of  it,  the  resulting 
number  is  exactly  divisible  by  a  number  exceeding  the  desired  one 
by  3,  the  quotient  being  equal  to  the  divisor  minus  16. 

424.  Find  two  two-digit  numbers  having  the  following  property: 
if  we  adjoin  0  followed  by  the  smaller  number  on  the  right  of  the 
larger  one,  and  adjoin  the  larger  number  followed  by  0  on  the 
right  of  the  smaller  one,  then  of  the  two  five-digit  numbers  thus 
obtained  the  first  number  divided  by  the  second  yields  a  quotient 
of  2  and  a  remainder  of  590.  It  is  also  known,  that  the  sum  of  the 
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two-fold  larger  desired  number  and  the  three-fold  smaller  desired 
number  is  equal  to  72. 

425.  A  student  was  asked  to  multiply  78  by  a  two-digit  number 
in  which  the  tens  digit  was  three  times  as  large  as  the  units  digit; 
by  mistake,  he  interchanged  the  digits  in  the  second  factor  and 
thus  obtained  a  product  smaller  than  the  true  product  by  2808. 
What  was  the  true  product? 

426.  Two  railway  stations  are  at  a  distance  of  96  km  from  each 
other.  One  train  covers  this  distance  40  minutes  faster  than  does 
the  other.  The  speed  of  the  first  train  is  12  km/h  higher  than  that 
of  the  second.  Determine  the  speed  of  both  trains. 

427.  Two  persons  simultaneously  leave  cities  A  and  B  and  travel 

towards  each  other.  The  first  person  travels  2  km/h  faster  than 
does  the  second  and  arrives  in  B  one  hour  before  the  second  arrives 
in  A.  A  and  B  are  24  km  apart.  How  many  kilometres  does  each 
person  make  in  otto  hour?  .  , 

428.  The  distance  between  .4  and  B  by  railway  is  bb  km  and  by- 

water,  80.5  km.  A  train  leaves  A  four  hours  after  the  departure  of 
a  boat  and  arrives  in  13  15  minutes  before  the  boat.  Determine  the 
mean  speeds  of  the  train  and  the  boat,  if  the  former  runs  30  km/h 
faster  than  does  the  latter.  , 

429.  A  tailor  shop  has  an  order  for  810  sails,  another  shop  has  to 
make  900  suits  in  the  same  period  of  time.  The  first  shop  has  com¬ 
pleted  its  task  3  davs  before  the  target  date,  arid  the  second,  0  days 
ahead  of  time.  How  many  suits  does  each  shop  produce  per  day,  if 
the  second  shop  makes  4  suits  per  day  more  than  the  first? 

430.  Two  ships  meet,  one  going  off  to  the  south  and  the  other, 
to  the* west  Two  hours  after  their  encounter,  they  are  00  km  apart. 
Find  the  speed  of  each  ship,  if  it  is  known  that  the  speed  of  one 
of  them  is  G  km/h  higher  than  that  of  the  other. 

431 .  A  dog  at  point  A  goes  in  pursuit  of  a  fox  30  metres  away.  The 
dog  mokes  2  in  and  the  fox,  1  in  long  leaps.  If  the  dog  makes  two 
leaps  to  the  fox’s  three,  at  what  distance  from  A  will  the  dog  catch 
up  with  the  fox? 

432.  Assuming  that  the  hands  of  a  clock  move  without  jerks,  how 
long  will  it  take  for  the  minute  hand  to  catch  up  with  the  hour  hand 
if  it  was  4  o'clock  at  the  starting  time. 

433.  A  train  left  station  A  for  C  via  B.  The  speed  of  the  train  in 
the  section  from  A  to  B  was  as  required,  but  it  fell  off  by  25%  in  the 
section  between  13  and  C.  On  the  return  trip,  the  required  speed  was 
maintained  between  C  and  B,  but  decreased  25%  between  B  and  A. 
How  long  did  it  take  for  the  train  to  cover  the  distance  from  A  to  C, 
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if  we  know  that  the  same  time  was  spent  on  the  A-B  section  as  on  the 
B-C  section  and  that  on  the  A-to-C  section  the  train  spent  ^  of  an 

hour  less  than  on  the  return  trip  (from  C  to  *4)? 

434.  A  cyclist  has  to  make  a  trip  of  30  km.  He  leaves  3  minutes 
late,  but  travels  1  km/h  faster  and  arrives  in  time.  Determine  the 
speed  of  the  cyclist. 

435.  A  fast  train  was  held  up  by  a  red-light  signal  for  16  minutes 
and  made  up  for  the  lost  time  on  a  80-km  stretch  travelling  10  km/h 
faster  than  called  for  by  schedule.  What  is  the  scheduled  speed  of  the 
train? 

436.  A  train  has  to  cover  840  km  in  a  specified  time.  At  the  half¬ 
distance  point  it  was  held  up  for  half  an  hour  and  so,  in  the  remaining 
section  of  the  route,  it  increased  its  speed  by  2  km/h.  How  much 
time  did  the  train  spend  en  route? 

437.  Two  trains  start  out  towards  each  other  from  points  650  km 
apart.  If  they  start  out  at  the  same  time,  they  will  meet  in  10  hours, 
but  if  one  of  them  starts  out  4  hours  and  20  minutes  before  the  other, 
they  will  pass  each  other  8  hours  following  the  departure  of  the 
latter.  Determine  the  mean  speed  of  each  train. 

438.  Two  trains  start  out  at  the  same  lime  from  stations  A  and  B 
600  km  apart  and  run  towards  each  other.  The  first  train  arrives 
at  B  three  hours  before  the  second  arrives  at  A.  The  first  train  travels 
250  km  in  the  time  required  for  the  second  to  cover  200  km.  Find 
the  speed  of  each  train. 

439.  A  commuter  walking  to  his  train  had  covered  3.5  km  in  one 
hour  and  then  figured  out  that  at  such  a  rate  ho  would  be  one  hour 
late.  Therefore,  over  the  remainder  of  the  distance  he  made  5  km/h 
and  arrived  30  minutes  before  the  train's  leaving  time.  Determine 
the  distance  the  commuter  had  to  walk. 

440.  The  distance  between  A  and  B  is  19  km  by  highway.  A  cyclist 
starts  out  from  A  at  a  constant  speed  in  the  direction  of  B.  A  motor 
car  leaves  A  15  minutes  later  in  the  same  direction.  In  10  minutes 
it  catches  up  with  the  cyclist  and  continues  on  to  B,  then  turns 
around  and  in  50  minutes  after  leaving  A  encounters  the  cyclist 
a  second  time.  Determine  the  speeds  of  the  car  and  cyclist. 

441 .  A  mail  train  leaves  station  A  at  5  a.m.  for  station  B,  1080  km 
away.  At  8  a.m.  a  fast  train  leaves  B  for  A  and  runs  15  km/h  faster 
than  the  mail  train.  When  do  the  trains  pass  each  other  if  this  occurs 
midway  between  A  and  i?? 

442.  .4  is  78  km  distant  from  B.  A  cyclist  leaves  A  in  the  direc¬ 
tion  of  B.  One  hour  later,  another  cyclist  leaves  B  in  the  direction 
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of  A  and  cycles  4  km/h  faster  than  the  first  one.  They  meet  30  km 
from  B.  How  long  is  each  one  en  route  prior  to  the  encounter  and 
what  are  their  speeds? 

443.  Two  hikers  start  out  at  the  same  time  and,  walking  towards 
each  other,  meet  in  3  hours  and  20  minutes.  How  long  will  it  take 
for  each  hiker  to  cover  the  whole  distance,  if  the  first  of  them  arrives 
at  the  starting  point  of  the  second  5  hours  after  the  second  arrives 
at  the  starting  point  of  the  first? 

444.  Two  hikers  start  out  towards  each  other,  one  from  A  and  the 
other,  from  B.  The  first  hiker  starts  from  A  six  hours  after  the  second 
leaves  B  and  when  they  meet  it  turns  out,  that  he  has  covered 
12  km  less  than  the  second  hiker.  After  the  encounter  the  hikers 
continue  walking  at  the  same  rate  as  before  and  the  first  of  them 
arrives  at  B  eight  hours  later,  the  second  arriving  at  A  in  9  hours. 
Determine  the  distance  between  A  and  B  and  the  speed  of  the  two 
hikers. 

445.  A  dirigible  and  an  airplane  are  flying  towards  each  other, 
having  left  their  terminals  at  the  same  time.  When  they  meet,  the 
dirigible  has  made  100  km  less  than  t he  airplane,  and  it  arrives  at  the 
departure  point  of  the  airplane  three  hours  after  they  pass  each 
other.  The  airplane  arrives  at  the  airport  of  the  dirigible  1  hour 
and  20  minutes  after  they  pass  each  other.  Find  the  speeds  of  the 
airplane  and  the  dirigible  and  the  distance  between  the  airports. 

446.  Two  hikers  leave  A  and  B  at  the  same  time  in  the  direction 
towards  each  other.  When  they  meet,  it  turns  out  that  the  first 
hiker  has  covered  a  km  more  than  the  second.  If  they  continue  on 
their  ways  at  the  same  rale  as  before,  the  first  hiker  will  arrive 
at  B  in  m  hours  and  the  second  will  arrive  at  A  in  n  hours  after  they 
meet.  Find  the  speed  of  each  hiker. 

447.  Two  bodies  are  moving  along  the  circumference  of  a  circle. 
The  first  body  makes  the  whole  circle  5  seconds  faslor  than  the 
second.  If  they  both  move  in  one  direction,  they  will  come  together 
every  100  seconds.  What  portion  of  the  circumference  (in  degrees) 
does  each  body  make  in  one  second? 

448.  Two  bodies  moving  along  the  circumference  of  a  circle  in  the 
same  direction  come  together  every  50  minutes.  If  they  were  moving 
with  the  same  speeds  as  before,  but  in  opposite  directions,  they 
would  meet  every  8  minutes.  Also,  when  moving  in  opposite  direc¬ 
tions,  the  distance  (along  the  circumference)  betweon  the  approaching 
bodies  decreases  from  40  metros  to  26  metres  in  24  seconds.  What 
is  the  speod  of  each  body  in  metres  per  minute  and  how  long  is  the 
circumference? 
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449.  Two  points  are  uniformly  moving  in  the  same  direction 
along  the  circumference  of  a  circle  of  length  c  and  come  together 
every  t  seconds.  Find  the  speed  of  each  point,  knowing  that  one  of 
them  makes  the  whole  circle  n  seconds  faster  than  the  other. 

450.  The  distance  between  two  towns  along  a  river  is  80  km. 
A  ship  makes  a  round  trip  between  the  towns  in  8  hours  and  20  minu¬ 
tes.  Find  the  speed  of  the  ship  in  still  water,  if  the  rate  of  the  current 
of  water  is  taken  to  be  4  km/h. 

451 .  A  motor  boat  goes  28  km  downstream  and  then  returns  imme¬ 
diately.  The  round  trip  takes  7  hours.  Find  the  speed  of  the  boat  in 
still  water,  if  the  rate  of  the  current  of  water  is  3  km/h. 

452.  A  person  boats  from  town  A  to  town  B  and  back  in  10  hours. 
The  towns  are  20  km  apart.  Find  the  rate  of  the  current  of  water, 
if  we  know  that  he  boats  2  km  upstream  during  the  same  time  as  he 
does  3  km  downstream. 

453.  A  ship  covers  the  distance  between  A  and  B  in  two  days.  Tiie 
return  trip  takes  3  days.  Determine  the  time  a  raft  will  take  to  float 
down  the  river  from  A  to  B. 

454.  Two  bodies,  Mt  and  il/-,  are  uniformly  moving  towards  each 
other  from  A  and  B  GO  metres  apart.  M,  starts  out  from  A  15  seconds 
before  ,l/2  starts  out  from  B.  At  their  respective  terminals  the  two 
bodies  turn  around  and  immediately  go  back  at  the  same  speeds  os 
before.  Their  first  encounter  takes  place  in  21  seconds  and  the  second, 
in  45  seconds  after  the  start  of  jl/,.  Find  the  speed  of  each  body. 

455.  A  road  leading  from  city  .4  to  city  B  first  runs  uphill  for 
3  km,  then  it  is  level  for  5  km  and  then  runs  downhill  for  6  km. 
A  messenger  sets  out  from  A  in  the  direction  of  B  and  having  covered 
half  the  distance,  finds  out  that  he  must  return  to  pick  up  some 
packages  he  has  forgotten.  In  3  hours  and  3G  minutes  after  leaving 
lie  returns  to  A.  Leaving  A  a  second  time,  he  reaches  B  in  3  hours 
and  27  minutes  and  makes  the  return  trip  to  A  in  3  hours  and  51  minu¬ 
tes.  What  is  the  speed  of  the  messenger  when  going  uphill,  over 
the  level  ground  and  downhill,  assuming  that  within  the  bounds 
of  each  road  section  the  speed  remains  constant? 

456.  A  typist  figures  out  that  if  she  types  2  pages  above  her  work 
quota  daily,  she  will  complete  her  work  3  days  ahead  of  schedule, 
and  if  she  makes  4  pages  extra  per  day,  she  will  finish  5  days  ahead 
of  time.  How  many  pages  does  she  have  to  type  and  in  what  time? 

457.  A  worker  made  a  certain  number  of  identical  parts  in  a  spe¬ 
cified  time.  If  he  had  produced  10  parts  more  every  day,  he  would 

have  completed  the  job  4  -i-  days  ahead  of  schedule,  and  if  he  had 
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produced  5  parts  less  every  day,  he  would  have  been  3  days  behind 
time.  How  many  parts  did  lie  make  and  in  what  time? 

458.  A  typist  had  to  do  a  job  in  a  specified  time  by  typing  a  cer¬ 
tain  number  of  pages  every  day.  She  calculated  that  if  she  had  typed 
2  pages  more  than  required  per  day,  she  would  have  completed 
the  task  2  days  ahead  of  time,  but  if  she  had  turned  out  60%  of  her 
work  quota,  then  she  would  have  finished  the  job  4  days  ahead  of  time 
and  made  8  pages  more  than  required.  What  was  the  daily  work 
quota  and  in  what  time  had  the  job  to  be  completed? 

459.  Two  workers  together  complete  a  certain  task  in  8  hours. 
Working  individually,  the  first  worker  can  do  the  job  12  hours 
faster  than  can  do  the  second.  How  many  hours  would  it  take  each 
worker  to  do  the  job  individually? 

460.  A  swimming  pool  is  filled  by  two  pipes  in  0  hours.  One  pipe 
alone  fills  it  5  hours  faster  than  does  the  other  pipe  alone.  How  long 
will  it  take  for  each  pipe  operating  individually  to  fill  the  pool? 

461.  Two  workers  are  given  a  task  to  make  a  batch  of  identical 
parts.  After  the  first  had  worked  for  7  and  the  second,  for  4  hours, 
they  found  out  that  %  of  the  task  had  been  completed.  Having 
worked  together  for  another  4  hours,  they  figured  out  that  V18  of  the 
job  had  yet  to  be  done.  How  long  would  it  take  each  worker  to  do 
the  whole  job  individually? 

462  Four  identical  hoisting  cranes  were  being  used  to  load  a  ship. 
After  they  had  worked  for  2  hours,  another  two  cranes  of  a  lower 
capacity  were  put  into  operation,  with  the  result  that  the  loading 
operation  was  completed  in  three  hours.  If  all  the  cranes  had  begun 
working  at  the  same  time,  the  loading  would  have  been  completed 
in  4.5  hours.  Determine  the  lime  (in  hours)  required  for  one  high- 
power  and  one  low-power  crane  to  do  the  job. 

463.  A  task  was  set  to  deliver  a  building  material  from  a  railway 
station  to  a  construction  site  in  8  hours.  The  material  had  to  be 
delivered  with  30  three-ton  trucks.  These  trucks  worked  for  two 
hours  and  then  9  five-ton  trucks  were  added  to  help  out.  The  task 
was  completed  in  time.  If  the  five-ton  trucks  had  begun  the  opera¬ 
tion,  and  the  three-ton  trucks  had  been  brought  two  hours  later, 
then  only  13/j5  of  the  material  would  have  been  delivered  in  the  allot¬ 
ted  time.  Determine  how  many  hours  it  would  take  ono  three-ton 
truck  alone,  one  five-ton  truck  alone,  and  30  five-ton  trucks  to  deli¬ 
ver  all  the  material. 

464.  Two  typists  undertake  to  do  a  job.  The  second  typist  begins 
working  one  hour  after  the  first.  Three  hours  after  the  first  typist 
has  begun  working  there  is  still  */2o  of  the  work  to  be  done.  When 
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the  assignment  is  completed,  it  turns  out  that  each  typist  has  done 
half  the  work.  How  many  hours  would  it  take  each  one  to  do  the 
whole  job  individually? 

465.  Two  trains  start  out  from  stations  A  and  B  towards  each 
other,  the  second  train  leaving  half  an  hour  later  than  does  the  first. 
Two  hours  after  the  first  train  had  started,  the  distance  between  the 
trains  came  to  ie/30  of  the  entire  distance  between  A  and  B.  The 
trains  met  midway  between  A  and  B.  How  much  time  would  it 
take  each  train  to  cover  the  distance  between  A  and  B ? 

466.  A  rectangular  bath  20  cm  X  90  cm  x  25  cm  (a  rectangular 
parallelepiped)  is  used  to  wash  photographic  negatives.  Water  flows 
in  through  one  pipe  and,  at  the  same  time,  out  through  another 
pipe  to  ensure  its  constant  agitation  in  the  bath.  It  requires  5  minu¬ 
tes  less  time  to  empty  the  bath  through  the  second  pipe  than  it  does 
tojfill  it  through  the  first  pipe,  the  second  being  closed.  If  both  pipes 
are  open,  a  full  bath  will  be  emptied  in  one  hour.  Find  the  amount 
of  water  each  pipe  lets  pass  through  in  one  minute. 

467.  A  construction  job  required  the  digging  out  of  8000  m3  of 
earth  in  a  specified  time.  The  operation  was  completed  8  days  ahead 
of  time  because  the  team  of  navvies  overfulfilled  their  plan  by  50 
cubic  metres  daily.  Determine  the  original  time  limit  for  the 
assignment  and  daily  overfulfillment  of  the  plan  in  percent. 

468.  A  railway  was  being  repaired  by  two  teams  of  workers. 
Each  repaired  10  km  of  the  track  despite  the  fact  that  the  second 
team  worked  one  day  less  than  did  the  first.  How  many  kilometres 
of  the  track  did  each  team  repair  per  day  if  both  teams  together 
repaired  4.5  km  daily? 

469.  I  wo  workers  together  did  a  job  in  12  hours.  If  at  the  begin¬ 
ning  the  first  worker  had  done  half  the  assignment,  and  then  the 
second  had  completed  the  other  half,  the  whole  job  would  have  been 
done  in  25  hours.  How  long  would  it  take  each  worker  to  do  the 
whole  job  individually? 

4/0.  I  wo  tractors  of  different  performance  characteristics,  working 
together,  ploughed  a  field  in?  days.  If  at  first  one  tractor  had  ploughed 
half  the  field,  and  then  the  other  one  had  completed  the  other 
half,  the  ploughing  operation  would  have  been  completed  in  k  days. 
How  many  days  would  it  take  each  tractor  to  plough  the  field  indi¬ 
vidually? 

471.  Three  different  dredgers  were  at  work,  deepening  the  entrance 
channel  to  a  port.  The  first  dredger,  working  alone,  would  have  taken 
10  days  longer  to  do  the  job;  the  second,  working  alone,  would  have 
required  an  extra  20  days,  and  the  third  dredger,  working  alone. 
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would  have  required  six  times  more  time  tian  needed  for  ail  the  three 
machines  operating  simultaneously.  How  long  would  it  have  taken 
each  dredger  to  do  the  job  individually? 

472.  Two  workers,  the  second  one  beginning  working  1  4*  days 

after  the  first,  can  complete  an  assignment  in  7  days.  If  each  of 
them  had  done  the  job  individually,  the  first  worker  would  have 
required  3  days  more  than  would  have  the  second.  How  many  days 
would  it  take  each  worker  to  do  the  job  individually? 

473.  Two  different  tractors,  working  together,  ploughed  a  field 
in  8  days.  If  at  first  one  tractor  had  ploughed  half  the  field  and  then 
both  tractors  together  had  ploughed  the  other  half,  the  whole  job 
would  have  been  done  in  10  days.  How  many  days  would  it  lake 
each  tractor  to  plough  the  field  individually? 

474.  A  number  of  men  undertook  to  dig  a  ditch  and  could  have 
finished  the  job  in  6  hours,  if  they  had  begun  working  simultaneously, 
but  they  began  one  after  another,  the  intervals  between  their  star¬ 
ting  times  being  equal.  After  the  last  worker  had  begun  working, 
a  time  interval  of  the  same  length  elapsed  and  the  job  was  finished, 
each  one  of  the  participants  working  till  the  completion  of  the  job. 
How  long  did  they  work,  if  the  first  worker  to  begin  worked  5  times 
as  long  as  the  last  one  to  begin? 

475.  Three  workers  together  can  complete  a  task  in  I  hours.  The 
first  of  them,  working  alone,  can  do  the  job  twice  as  fast  as  the  third 
and  one  hour  faster  than  the  second.  How  long  would  it  take  each 
worker  to  do  the  job  individually? 

476.  A  tank  is  filled  with  water  from  two  taps.  At  the  beginning 
the  first  tap  was  open  for  one  third  of  the  time  which  would  have 
been  needed  to  fill  the  tank,  if  the  second  tap  alone  had  been  open. 
Then  the  second  lap  was  open  for  one  third  of  the  time  required  to 
fill  the  lank,  if  the  first  lap  alone  were  open.  This  done,  the  tank 
was  13/18  full.  Compute  the  time  required  to  fill  the  tank  by  each 
tap  separately,  if  both  laps  together  fill  it  in  3  hours  and  36  minutes. 

477.  In  the  construction  of  an  electric  power  station,  a  team  of 
bricklayers  was  assigned  the  task  of  laying  120,000  bricks  in  a  spe¬ 
cified  time.  The  team  completed  the  task  4  days  ahead  of  lime. 
Determine  the  daily  quota  of  bricklaying  and  the  actual  number  of 
bricks  laid,  if  it  is  known  that  in  three  days  the  team  laid  5000  bricks 
more  than  required  by  the  work  quota  for  4  days. 

478.  Three  vessels  contain  water.  If  V3  of  the  water  of  the  first 
vessel  is  poured  into  the  second,  and  then  V.  of  the  water  now  in  the 
second  vessel  is  poured  into  the  third,  and.  finally,  V10  of  the  water 
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now  in  the  third  vessel  is  poured  into  the  first,  then  each  vessel 
will  contain  9  litres.  How  much  water  was  there  originally  in  each 
vessel? 

479.  A  tank  is  filled  with  pure  alcohol.  Some  of  the  alcohol  is 
poured  out  and  replaced  by  an  equal  amount  of  water;  the  same 
amount  of  the  alcohol-water  mixture  thus  obtained  is  then  poured 
out,  leaving  49  litres  of  pure  alcohol  in  the  tank.  The  tank  has  a  capa¬ 
city  of  64  litres.  How  much  alcohol  was  poured  out  for  the  first 
lime  and  how  much  for  the  second  time?  (It  is  assumed  that  the 
volume  of  the  mixture  is  equal  to  the  sum  of  the  volumes  of  the 
alcohol  and  water;  actually  it  is  somewhat  lesser.) 

480.  A  20-litre  vessel  is  filled  with  alcohol.  Some  of  the  alcohol 
is  poured  out  into  another  vessel  of  an  equal  capacity,  which  is 
then  made  full  by  adding  water.  The  mixture  thus  obtained  is  then 
poured  into  the  first  vessel  to  capacity.  Then  62/3  litres  is  poured 
from  the  first  vessel  into  the  second.  Both  vessels  now  contain  equal 
amounts  of  alcohol.  How  much  alcohol  was  originally  poured  from 
I  he  first  vessel  into  the  second? 

481.  An  8-litre  vessel  is  filled  with  air  containing  16°o  of  oxygen. 
Some  of  the  air  is  let  out  and  replaced  by  an  equal  amount  of  nitro¬ 
gen;  then  the  same  amount  of  the  gas  mixture  as  before  is  let  out 
and  again  replaced  by  an  equal  amount  of  nitrogen.  There  is  now  9% 
of  oxygen  in  the  mixture.  Determine  the  amount  of  the  gas  mixture 
released  from  the  vessel  each  time. 

482.  Two  collective  farmers  together  brought  100  eggs  to  market. 
Having  sold  their  eggs  at  different  prices,  both  farmers  made  equal 
sums  of  money.  If  the  first  farmer  had  sold  as  many  eggs  as  the  second, 
she  would  have  received  72  roubles;  if  the  second  farmer  had  sold  as 
many  eggs  as  the  first,  she  would  have  received  32  roubles.  How 
many  eggs  did  each  one  of  them  have  originally? 

483.  Two  collective  farmers  with  a  total  of  a  litres  of  milk,  though 
selling  the  milk  at  different  prices,  made  equal  sums  of  money.  If 
the  first  farmer  had  sold  as  much  milk  as  the  second,  she  would 
have  received  m  roubles,  and  if  the  second  farmer  had  sold  as  much 
milk  as  the  first,  she  would  have  received  n  roubles  (m  >  n).  How 
many  litres  of  milk  did  each  one  of  them  have  originally? 

484.  Two  internal  combustion  engines  of  the  same  power  output 
were  subjected  to  an  efficiency  test  and  it  was  found  that  one  of 
them  consumed  600  grams  of  petrol,  while  the  other,  which  was  in 
operation  2  hours  less,  consumed  384  grams,  li  the  first  engine  had 
consumed  as  much  petrol  per  hour  as  the  second,  and  the  second, 
as  much  as  the  first,  then  both  engines  would  have  consumed  equal 
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amounts  of  petrol  during  the  same  period  of  operation  as  before. 
How  much  petrol  does  each  engine  consume  per  hour? 

485.  There  are  two  grades  of  gold-silver  alloy.  In  one  of  them  the 
metals  are  in  a  ratio  of  2  :  3  and  in  the  other,  in  a  ratio  of  3  :  7. 
How  much  of  each  alloy  need  we  take  to  get  8  kg  of  a  new  alloy  in 
which  the  gold-to-silver  ratio  will  be  5  to  11? 

486.  One  barrel  contains  a  mixture  of  alcohol  and  water  in  a  ratio 
of  2  to  3,  another  barrel,  in  a  ratio  of  3  to  7.  How  many  pails  need  we 
take  from  each  barrel  to  obtain  12  pails  of  a  mixture  in  which  the 
alcohol-to-water  ratio  is  3  to  5? 

487.  A  certain  alloy  consists  of  two  metals  in  a  ratio  of  1  to  2, 
another  alloy  contains  the  same  metals  in  a  ratio  of  2  to  3.  How  many 
parts  of  both  alloys  are  needed  to  produce  a  third  alloy  containing 
the  metals  in  a  ratio  of  17  to  27? 

488.  Two  wheels  are  set  in  rotation  by  an  endless  belt;  the  smaller 
wheel  makes  400  revolutions  per  minute  more  than  does  the  larger 
wheel.  The  larger  wheel  makes  5  revolutions  in  a  time  interval  that 
is  1  second  longer  than  that  required  for  the  smaller  wheel  to  make 
5  revolutions.  How  many  revolutions  per  minute  does  each  wheel 
make? 

489.  Over  a  distance  of  18  metres  the  front  wheel  of  a  vehicle 
makes  10  revolutions  more  than  does  the  rear  wheel.  If  the  circum¬ 
ference  of  the  front  wheel  were  increased  by  6  decimetres,  and  the 
circumference  of  the  rear  wheel,  reduced  by  (i  decimetres,  then  over 
the  same  distance  the  front  wheel  would  complete  4  revolutions 
more  than  would  the  rear  one.  Find  t  he  circumferences  of  both  wheels. 

490.  A  barge  with  600  tons  of  goods  was  unloaded  in  three  days, 
2/3  of  the  goods  being  unloaded  during  the  first  and  third  days.  The 
amount  of  goods  unloaded  during  the  second  day  was  less  than  that 
unloaded  on  the  first  day,  and  the  amount  unloaded  on  the  third 
day  was  less  than  that  unloaded  on  the  second  day.  The  difference 
between  the  percent  reduction  of  the  amount  of  goods  unloaded 
on  the  third  day  with  respect  to  that  unloaded  on  the  second  day 
and  the  percent  reduction  of  the  amount  unloaded  on  the  second 
day  with  respect  to  that  unloaded  on  the  first  day  is  equal  to  5. 
Determine  how  much  w-as  unloaded  each  day. 

491 .  Two  solutions,  the  first  containing  800  grams  and  the  second, 
600  grams  of  anhydrous  sulphuric  acid,  are  mixed  to  produce  10  kg 
of  a  new  solution  of  sulphuric  acid.  Determine  the  weights  of  the 


first  and  second  solutions  in  the  mixture,  if  it  is  known  that  the 
content  of  anhydrous  sulphuric  arid  in  the  first  solution  is  10  percent 
greater  than  that  in  the  second^ pfhtjon. 
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492.  There  were  two  different  copper  alloys,  the  first  containing 
40  per  cent  less  copper  than  the  second.  When  these  were  melted 
together,  the  resulting  alloy  contained  36  per  cent  of  copper.  Deter- 
mfne  the  percentage  of  copper  in  the  first  and  second  alloys,  if  it  is 
known  that  there  were  6  kg  of  copper  in  the  first  alloy  and  1 1  kg 
in  the  second. 

493.  Two  trains-a  freight  train  490  metres  long  and  a  passenger 
train  210  metres  long— were  travelling  along  parallel  tracks  towards 
each  other.  The  driver  of  the  passenger  train  noticed  the  freight 
train  when  it  was  700  metres  away;  28  seconds  later  they  passed 
each  other.  Determine  the  speed  of  each  train,  if  we  know  that  the 
freight  train  takes  35  seconds  longer  to  pass  the  signal  lights  than 
does  the  passenger  train. 

494  A  freight  train  consists  of  four-  and  eight-wheel  tank-cars 
with  oil  The  train  weighs  940  tons.  It  is  required  to  determine  the 
number  of  the  eight-  and  four-wheel  tank-cars  and  also  their  weight, 
if  it  is  given  that  the  number  of  the  four-wheel  cars  is  5  more  than 
that  of  the  eight-wheel  cars;  the  eight-wheel  car  weighs  three  times 
as  much  as  the  four-wheel  car  and  the  net  weight  of  oil  (that  is, 
minus  the  weight  of  the  cars)  in  all  the  eight-wheel  cars  is  100  tons 
more  than  the  weight  of  all  the  loaded  four-wheel  cars.  The  eight- 

wheel  tank-car  carries  40  tons  of  oil  and  the  weight  of  the  oil  in  the 

four-wheel  tank-car  is  0.3  of  that  in  the  eight-wheel  car. 

495.  The  tunnel  boring  machines,  working  at  the  two  ends  of 
a  tunnel  have  to  complete  the  driving  in  60  days.  If  the  first  machine 

does  30 %  of  the  work  assigned  to  it,  and  the  second,  26 -g-  %,  then 
both  will  drive  00  metres  of  the  tunnel.  If  the  first  machine  had  done 
■I,  of  the  work  assigned  to  the  second  one,  and  the  second,  0.3  of 
the  work  assigned  to  the  first  one,  then  the  first  machine  would 
have  needed  6  days  more  than  would  have  the  second.  Determine 
how  many  metres  of  the  tunnel  are  driven  by  each  machine  per  day. 

490.  Two  railway  crews  working  together  completed  a  repair  job 
on  a  track  section  in  6  days.  To  do  40%  of  the  work  tin'  first  crew 
alone  would  require  two  days  more  than  the  second  crew  alone  would 
require  to  complete  13  ~  %  of  the  whole  job.  Determine  how  many 
days  it  would  take  each  crew  to  repair  the  whole  track  section  indi¬ 
vidually.  ,  ,  ,  , 

497.  Six  hundred  and  ninety  tons  of  goods  were  to  be  delivered 

from  a  wharf  to  a  railway  station  by  five  3-ton  trucks  and  ten  1-^-ton 
trucks.  In  a  few  hours,  the  trucks  transported  25/;6  of  the  goods. 
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To  complete  the  delivery  in  time,  the  remaining  goods  had  to  he 
transported  in  a  time  interval  2  hours  less  than  that  already  spent. 
The  transportation  was  completed  in  time  because  the  truck  drneis 
had  begun  making  one  trip  per  hour  more  than  before.  Determine 
how  many  hours  it  took  to  transport  all  the  goods,  and  also  the 
number  of  trips  per  hour  that  were  made  originally,  if  it  is  known 

that  the  1 trucks  mado  one  ,riP  Per  hour  nl<>r<'  ,han  di<1  lhe 
three-ton  trucks. 

Note.  It  is  assumed  that  all  the  trucks  were  fully  loaded  on  each  trip. 

498  4  sports  ground  has  the  shape  of  a  rectangle  with  sides  of  a 
and  b  metres.  It  is  bordered  by  a  running-track  whose  outer  rim  is 
also  a  rectangle  whose  sides  are  parallel  to  and  equally  spaced  from 
the  sides  of  the  ground.  The  area  of  the  track  is  equal  to  that  of  the 
ground.  Find  the  width  of  the  track. 

499  An  auditorium  has  a  chairs  arranged  in  rows,  the  number  ol 
chairs  in  each  row  being  the  same.  If  b  chairs  are  added  to  each  row 
and  the  number  of  rows  is  reduced  by  c,  then  the  total  number  ot 
places  in  the  hall  will  increase  by  one-tenth  of  their  original  number. 
How  many  chairs  are  there  in  each  row? 

500  Two  bodies  spaced  at  d  metres  are  moving  towards  each  other 
and  meet  in  o  seconds.  If  they  move  at  the  same  speeds  as  before, 
but  in  one  direction,  they  will  meet  in  b  seconds.  Determine  the 

speed  of  each  body.  , 

501  A  motorcyclist  and  a  cyclist  simultaneously  start  out  towards 
each  other  from  points  A  and  B  d  kilometres  apart  In  two  hours 
they  pass  each  other  and  continue  on  their  ways.  The  motorcyclist 
arrives  at  B  t  hours  before  the  cyclist  arrives  at  A.  Find  the  speed  of 

the  two  vehicles.  .  . 

502  A  hiker  starts  out  from  point  ,1  in  the  direction  of  B;  a  hours 

later  a  cyclist  starts  out  from  B  to  meet  the  hiker  and  meets  him  b 
hours  after  the  start.  How  long  will  it  take  the  cyclist  and  the  hiker 
to  cover  the  whole  distance  between  A  and  [B,  if  the  cyclist  re¬ 
quires  c  hours  less  than  does  the  hiker?  . 

503  Train  A,  whose  speed  is  v  km/h,  departs  after  train  B,  whose 
speed  is  i>,  km/h.  The  difference  between  the  departure  times  (the 
lag  of  train  A)  is  calculated  so  that  both  trains  simultaneously 
arrivo  at  the  destination.  Train  B  covers  s/3  of  the  distance  and  then 
has  to  reduce  its  speed  to  half.  As  a  result  the  trains  meet  a  km 
from  the  destination.  Determine  the  distance  to  the  terminal 
station. 
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504.  A  man  puts  money  in  a  savings  bank  and  one  year  later 
earns  an  interest  of  15  roubles.  Having  added  another  85  roubles, 
he  deposits  the  money  for  another  year.  After  the  expiry  of  this 
period  the  sum-total  of  the  principal  and  its  interest  is  420  roubles. 
What  sum  of  money  was  originally  deposited  and  what  interest 
does  the  savings  bank  pay? 

505.  The  out  put  of  machine-tool  A  is  m.%  of  the  sum  of  the  outputs 
of  machines  B  and  C,  and  the  output  of  B  is  n%  of  the  sum  of  the 
outputs  of  A  and  C.  What  is  the  percentage  of  the  output  of  C  with 
respect  to  the  overall  output  of  A  and  B7 

506.  An  increase  in  the  output  of  a  factory  as  compared  to  that 
in  the  preceding  year  is  p%  for  the  first  year  and  q%  for  the  second 
year.  What  should  the  percent  increase  of  the  output  be  for  the 
third  year  for  the  average  annual  increase  of  the  output  for  three 
years  to  he  equal  to  r%? 

507.  a%  of  some  quantity  of  goods  is  sold  at  a  profit  of  p%  and  b° 6 
of  the  rest  of  the  goods  is  sold  at  a  profit  of  q%.  What  profit  is  made 
oil  selling  the  remaining  goods,  if  the  total  profit  is  r%? 

508.  Equal  (by  weight)  pieces  are  cut  off  two  chunks  of  alloys  of 
different  copper  content,  the  chunks  weighing  m  kg  and  n  kg.  Each 
of  the  cut-off  pieces  is  melted  together  with  the  remainder  of  the 
other  chunk  and  the  copper  contents  of  both  alloys  then  become 
equal.  Find  the  weight  of  each  of  the  cut-off  pieces. 

509.  A  certain  sum  of  money  was  arranged  in  n  piles.  An  nth 
part  of  the  money  in  the  first  pile  was  taken  from  it  and  put  into 
the  second  pile.  Then  an  nth  part  of  the  money  in  the  enlarged  second 
pile  was  taken  from  it  and  pul  into  the  third  pile.  The  same  opera¬ 
tion  was  continued  from  the  third  to  the  fourth  pile,  and  so  on. 
Finally,  ail  nth  part  of  the  money  in  the  nth  pile  was  taken  from  it 
and  put  into  the  first  pile.  After  this,  final  operation  each  pile 
had  A  roubles.  How  much  money  was  there  in  each  pile  prior  to  the 
shifting  operation  (you  may  confine  yourself  to  n—5)? 
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510.  The  perimeter  of  a  right  triangle  is  equal  to  132,  and  the 
sum  of  the  squares  of  its  sides,  to  6050.  Find  the  sides. 

511  Given  in  a  parallelogram  are:  the  acute  angle  ct  and  the 
distances  m  and  p  between  the  point  of  intersection  of  the  diagonals 
and  the  unequal  sides.  Determine  the  diagonals  and  the  area  of  the 

*'"*512?  The  base  of  an  isosceles  triangle  is  equal  to  30  cm.  and  the 
altitude,  to  20  cm.  Determine  the  altitude  dropped  to  one  of  the 

'  513  The  base  of  a  triangle  is  equal  to  00  cm,  altitude,  to  12  cm 
and  the  median  drawn  to  the  base,  to  13  cm  Determine  he  sides 
514  On  the  sides  of  an  isosceles  right  triangle  with  the  lt„  o 
three  squares  are  constructed  outwards.  The  centres  of  these  squares 
IrTJZd Through  Straight  Hues.  Find  the  area  of  the  triangle  thus 

obtained.  f  a  square  arc  divided  in  the  ratio  m  to  n.  a  large 

and  a ‘small' segments  being  adjacent  to  each  vertex  The  successive 
points  of  division  are  joined  by  straight,  lines.  Find  the  area  o  the 
quadrilateral  obtained,  if  the  side  of  the  given  square  is  equal  to  a. 

516.  Inscribed  in  a  square  is  another  square,  whose  vertices  He 
on  the  sides  of  the  former  square  and  the  sides  form  30-degree  angles 
with  those  of  the  former  square.  What  portion  of  the  area  of  the 
given  square  is  the  area  of  the  inscribed  square  equal  to? 

517  ’  Inscribed  in  a  square  with  side  a  is  another  square,  whose 
vertices  lie  on  the  sides  of  the  former.  Determine  the  segments  into 
which  the  sides  of  the  first  square  are  divided  by  the  vertices  ol  the 


25 

second  square,  if  the  area  of  the  latter  is  equal  to  s 
former. 


of  that  of  the 
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518.  Inscribed  in  a  rectangle  with  sides  3  m  and  4  m  long  is  another 
rectangle,  whose  sides  are  in  the  ratio  1  :  3.  Find  the  sides  of  this 
rectangle. 

519.  Inscribed  in  an  equilateral  triangle  ABC  with  side  a  is  another 
equilateral  triangle  LMN ,  whose  vertices  lie  on  the  sides  of  the 
first  triangle  and  divide  each  of  them  in  the  ratio  1  :  2.  Find  the 
area  of  the  triangle  LMN. 

520.  Find  the  sides  of  a  right-angled  triangle,  given  its  perime¬ 
ter  2 p  and  altitude  h. 

521 .  Two  equal  segments  CM  and  CN  are  marked  on  the  sides  CA 
and  CB  of  an  isosceles  triangle  ABC.  Determine  the  length  of  the 
segments,  knowing  the  perimeter  2 P  of  the  triangle  ABC ,  its  base 
AB  =  2 a  and  the  perimeter  2 p  of  the  rectangle  AMNB  cut  off 
by  the  straight  line  MN. 

522.  Given  a  right-angled  trapezoid  with  bases  a,  b  and  shorter 
side  c.  Determine  the  distance  between  the  point  of  intersection 
of  the  diagonals  of  the  trapezoid  and  the  base  a,  and  between  the 
point  of  intersection  and  the  shorter  side. 

523.  Find  the  area  of  an  isosceles  triangle,  if  its  base  is  12  cm, 
and  the  altitude  is  equal  to  the  line-segment  joining  the  mid-points 
of  the  base  and  of  one  of  the  sides. 

524.  The  perimeter  of  a  rhombus  is  equal  to  2 p  cm,  and  the  sum 
of  its  diagonals,  to  m  cm.  Find  the  area  of  the  rhombus. 

525.  The  longer  base  of  a  trapezoid  is  equal  to  a,  and  the  shorter, 
to  b;  the  angles  at  the  longer  base  are  30°  and  45°.  Find  the  area 
of  the  trapezoid. 

526.  Compute  the  area  of  a  trapezoid,  whose  parallel  sides  are 
equal  to  16  cm  and  44  cm,  and  nonparallel  ones,  to  17  cm  and  25  cm. 

527.  Find  the  area  of  a  square  inscribed  in  a  regular  triangle  with 
side  a. 

528.  The  base  of  a  triangle  is  divided  by  the  altitude  into  two  parts 
equal  to  36  cm  and  14  cm.  A  straight  line  drawn  perpendicular 
to  the  base  divides  the  area  of  the  given  triangle  into  Iw'o  equal 
parts.  Into  what  parts  is  the  base  of  the  triangle  divided  by  this 
line? 

529.  The  altitude  of  a  triangle  is  equal  to  4;  it  divides  the  base 
into  two  parts  in  the  ratio  1  :  8.  Find  the  length  of  the  line-segment 
which  is  parallel  to  the  altitude  and  divides  the  triangle  into  equal 
parts. 

530.  A  triangle  ABC  is  divided  into  three  equal  figures  by  straight 
lines  which  are  parallel  to  the  side  .-1C.  Compute  the  parts  into 
which  the  side  AB,  equal  to  a,  is  divided  by  the  parallel  lines. 
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531.  A  straight  line  parallel  to  the  base  of  a  triangle,  whose  area 
is  equal  to  S,  cuts  off  it  a  triangle  with  an  area  equal  to  q.  Determine 
the  area  of  a  quadrilateral,  whose  three  vertices  coincide  with  those 
of  the  smaller  triangle  and  the  fourth  one  lies  on  the  base  of  the 

^532.  Parallel  sides  of  a  trapezoid  are  equal  to  a  and  b.  Find  the 
length  of  the  line-segment  which  is  parallel  to  them  and  divides 
the  area  of  the  trapezoid  into  two  equal  parts. 

533.  Perpendiculars  are  drawn  from  the  vertex  of  the  obtuse 

angle  of  a  rhombus  to  its  sides.  The  length  of  each  perpendicular 
is  equal  to  a,  the  distance  between  their  feet  being  equal  to  b.  Deter¬ 
mine  the  area  of  the  rhombus.  . 

534.  Find  the  area  of  a  triangle,  if  two  of  its  sides  are  equal  to  27  cm 

and  29  cm,  respectively,  and  the  median  drawn  to  the  third  side  is 
equal  to  26  cm.  2 

535.  Given  two  sides  b  and  c  of  a  triangle  and  its  area  S  —  j  be. 

Find  the  third  side  a  of  the  triangle. 

536.  Given  the  bases  a  and  b  and  sides  c  and  d  of  a  trapezoid. 
Determine  its  diagonals  m  and  n. 

537.  Given  a  parallelogram,  whose  acute  angle  is  equal  to  60  . 
Determine  the  ratio  of  the  lengths  of  its  sides,  if  the  ratio  of  the 

squared  lengths  of  its  diagonals  is  equal  to  -j  ■ 

eqo  From  an  arbitrary  point  taken  inside  an  isosceles  triangle 
peSendkuUrs  are  drawn\oPall  the  sides.  Prove  that  the  sum  of  the 
three  perpendiculars  is  equal  to  the  altitude  of  the  triangle. 

539  Two  secant  lines  are  drawn  from  a  point  outside  a  circle. 
The  internal  segment  (the  chord)  of  the  first  secant  is  equal  to  47|m, 
and  the  external  one,  to  9  m;  the  internal  segment  of  the  second 
secant  exceeds  its  external  segment  by  (2  m.  Determine  the  length 

of  the  second  secant  line.  ,  .  , 

540  From  a  point  m  cm  distant  from  the  centre  of  a  circle  two 
lines  are  drawn  tangent  to  the  circle  The  distance  between  the 
points  of  tangency  is  equal  to  a  cm.  Determine  the  radius  of  the 
circle 

541  Given  inside  a  circle,  whose  radius  is  equal  to  13  cm,  is 
a  point  M  5  cm  distant  from  the  centre  of  the  circle. 
A  chord  AB  =  25  cm  is  drawn  through]  the  point  M.  Find  the  length 
of  the  segments  into  which  the  chord  AB  is  divided  by  the  point  M. 

542  In  an  isosceles  triangle  the  vertex  angle  is  equal  to  a.  Deter¬ 
mine  the  ratio  of  the  radii  of  the  inscribed  and  circumscribed  circles. 
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543.  The  sides  of  a  triangle  are:  a  =  13,  b  —  14,  c  —  15.  Two 
of  them  (a  and  b)  are  tangent  to  a  circle,  whose  centre  lies  on  the 
third  side.  Determine  the  radius  of  the  circle. 

544.  An  isosceles  triangle  with  a  vertex  angle  of  120°  is  circum¬ 
scribed  about  a  circle  of  radius  H.  Find  its  sides. 

545.  On  the  larger  leg  of  a  right  triangle,  as  on  the  diameter, 
a  semicircle  is  described.  Find  the  semicircumference  if  the  smaller 
leg  is  equal  to  30  cm,  and  the  chord  joining  the  vertex  of  the  right 
angle  with  the  point  of  intersection  of  the  hypotenuse  and  the  semi¬ 
circle  is  equal  to  24  cm. 

546.  In  a  right-angled  triangle  a  semicircle  is  inscribed  so  that 
its  diameter  lies  on  the  hypotenuse  and  its  centre  divides  the  latter 
into  two  segments  equal  to  15  cm  and  20  cm.  Determine  the  length 
of  the  arc  of  the  semicircle  between  the  points  at  which  the  legs 
touch  the  semicircle. 

547.  In  an  isosceles  triangle  with  the  base  equal  to  4  cm  and 
altitude  equal  to  6  cm  a  semicircle  is  constructed  on  one  of  the 
sides  as  on  the  diameter.  The  points  at  which  the  semicircle  inter¬ 
sects  lie  base  and  the  other  side  are  joined  by  a  straight  line.  Deter¬ 
mine  the  area  of  the  quadrilateral  thus  obtained,  which  is  inscribed 
in  the  semicircle. 

548.  Given  an  isosceles  triangle  with  the  base  2 a  and  altitude  h. 
Inscribed  in  it  is  a  circle,  and  a  line  tangent  to  the  circle  and  parallel 
to  the  base  of  the  triangle.  Find  the  radius  of  the  circle  and  the  length 
of  the  segment  of  the  tangent  line  contained  between  the  sides  of  the 
triangle. 

549.  From  a  point  lying  without  a  circle  two  secant  lines  arc  drawn, 
whose  external  portions  are  2  m  long.  Determine  the  area  of  the 
quadrilateral,  whose  vertices  are  the  points  of  intersection  of  the 
secants  and  the  circle,  if  the  lengths  of  its  two  opposite  sides  are 
equal  to  6  m  and  2.4  m. 

550.  The  sides  of  a  triangle  are  equal  to  6  cm,  7  cm,  and  9  cm. 
From  its  vertices,  as  from  centres,  three  mutually  tangent  circles 
are  described:  the  circle,  whose  centre  lies  at  the  vertex  of  the  least 
angle  of  the  triangle,  is  internally  tangent  to  the  remaining  two 
circles,  the  latter  being  externally  tangent  to  each  other.  Find 
the  radii  of  the  three  circles. 

551.  An  exterior  tangent  to  two  circles  of  radii  5  cm  and  2  cm 
is  1.5  times  longer  than  their  interior  tangent.  Determine  the  distan¬ 
ce  between  the  centres  of  the  circles. 

552.  The  distance  between  the  centres  of  two  circles,  whose  radii 
are  equal  to  17  cm  and  10  cm,  is  21  cm.  Determine  the  distances 
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between  the  centres  and  the  point  at  which  the  centre  line  inter¬ 
sects  a  common  tangent  to  the  circles. 

553.  To  two  externally  tangent  circles  of  radii  R  and  r  common 
tangent  lines  are  drawn:"  one  interior  and  two  exterior  ones.  Deter¬ 
mine  the  length  of  the  segment  of  the  interior  tangent  line  conta¬ 
ined  between  the  exterior  tangents. 

554.  To  two  externally  tangent  circles  of  radii  R  and  r  common 
exterior  tangent  lines  are  drawn.  Find  the  area  of  the  trapezoid 
bounded  by  the  tangent  lines  and  chords  joining  the  points  of  tan- 
gency. 

555  Two  circles  of  radii  R  and  r  are  externally  tangent.  A  common 
exterior  tangent  is  drawn  to  these  circles,  thus  forming  a  curvilinear 
triangle.  Find  the  radius  of  the  circle  inscribed  in  this  triangle. 

556  Through  one  and  the  same  point  of  a  circle  two  chords  (equal 
to  a  and  b)  are  drawn.  The  area  of  the  triangle  formed  by  joining 
their  ends  is  equal  to  S.  Determine  the  radius  of  the  circle. 

557  In  a  circle  of  radius  R  three  parallel  chords  are  drawn  on  one 
side  of  its  centre,  whose  lengths  are  respectively  equal  to  those  of  the 
sides  of  a  regular  hexagon,  quadrilateral  and  triangle  inscribed 
in  the  circle.  Determine  the  ratio  of  the  area  of  the  portion  of  the 
circle  contained  between  the  second  and  third  chords  to  that  con¬ 
tained  between  the  first  and  second  ones. 

558  Determine  the  area  of  a  circle  inscribed  in  a  right-angled 
triangle,  if  the  altitude  drawn  to  (he  hypotenuse  divides  the  latter 
into  two  segments  equal  to  25.6  cm  and  14.4  cm. 

559  A  circle  is  inscribed  in  a  rhombus  with  side  a  and  acute  angle 
equal  to  60°  Determine  the  area  of  the  rectangle,  whose  vertices  lie 
at  the  points  of  tangency  of  the  circle  and  the  sides  of  the  rhombus. 

560  Drawn  to  a  circle  of  radius  R  are  four  tangent  lines  which 
form  a  rhombus,  whose  larger  diagonal  is  equal  to  4 R.  Determine 
the  area  of  eacli  of  the  figures  bounded  by  two  tangents  drawn  from 
a  common  point  and  the  smaller  arc  of  the  circle  contained  between 
the  points  of  tangency. 

561  The  area  of  an  isosceles  trapezoid  circumscribed  about  a  circle 

is  equal  to  S.  Determine  the  side  of  the  trapezoid,  if  the  acute 
angle  at  its  base  is  equal  to  it/6.  . 

562  An  isosceles  trapezoid  with  an  area  of  20  cm2  is  circumscribed 
about'a  circle  of  a  radius  of  2  cm.  Find  the  sides  of  the  trapezoid. 

563  About  a  circle  a  trapezoid  is  circumscribed,  whose  nonparallel 
sides  form  acute  angles  a  and  p  with  the  larger  of  the  parallel  sides. 
Determine  the  radius  of  the  circle,  if  the  area  of  the  trapezoid  is 
equal  to  Q. 
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564.  About  a  circle  of  radius  r  a  right-angled  trapezoid  is  circum¬ 
scribed,  whose  least  side  is  equal  to  3r/2.  Find  the  area  of  the  tra- 

P  565  The  centre  of  a  circle  inscribed  in  a  right-angled  trapezoid 
is  2  cm  and  4  cm  distant  from  the  end  points  of  the  larger  of  the 
nonparallel  sides.  Find  the  area  of  the  trapezoid. 

566.  A  circle  is  inscribed  in  an  equilateral  triangle  with  side  a. 
Then  three  more  circles  are  inscribed  in  the  same  triangle  so  that 
they  are  tangent  to  the  first  one  and  to  the  sides  of  the  triangle,  and 
then  another  three  circles  tangent  to  the  above  three  circles  and  to 
the  sides  of  the  triangle,  and  so  forth.  Find  the  total  area  of  all  the 
inscribed  circles  (that  is  the  limit  of  the  sum  of  the  areas  of  the 

inscribed  circles).  .  ,  ...  ,  , 

567.  A  triangle  ABC  is  inscribed  in  a  circle;  through  the  vertex  A 
a  tangent  line  is  drawn  to  intersect  the  extension  of  the  side  BC 
at  the  point  D.  From  the  vertices  B  and  C  perpendiculars  are  dropped 
to  the  tangent  line,  the  shorter  of  these  perpendiculars  being  equal 
to  6  cin.  Determine  the  area  of  the  trapezoid  formed  by  the  perpen¬ 
diculars,  side  BC  and  the  segment  of  the  tangent  line,  if  BC  =  5  cm, 

AD  =  5/6  cm.  .  . 

568.  Three  equal  circles  tangent  to  one  another  are  inscribed  in 
a  regular  triangle,  whose  side  is  equal  to  a.  Each  of  them  is  in  con¬ 
tact  with  two  sides  of  the  given  triangle.  Determine  the  radii  of  the 


circles.  , 

569.  Inside  an  equilateral  triangle  with  side  a  there  are  three  equal 
circles  tangent  to  the  sides  of  the  triangle  and  mutually  tangent 
to  one  another.  Find  the  area  of  the  curvilinear  triangle  formed  by 
the  arcs  of  the  mutually  tangont  circles  (its  vertices  being  the  points 
of  tangency). 

570.  Inside  a  square  with  side  a  four  equal  circles  are  situated, 
each  of  them  touching  two  adjacent  sides  of  the  square  and  two 
circles  (out  of  the  remaining  three).  Find  the  area  of  the  curvilinear 
quadrangle  formed  by  the  arcs  oi  the  tangent  circles  (its  vertices 
being  the  points  of  tangency  of  the  circles). 

571.  Find  the  area  of  a  segment,  if  its  perimeter  is  equal  to  p, 
and  the  arc,  to  120°. 

572.  A  circle  of  a  radius  of  4  cm  is  inscribed  in  a  triangle.  One 
of  its  sides  is  divided  by  the  point  of  tangency  into  two  portions 
equal  to  6  cm  and  8  cm.  Find  the  lengths  of  the  other  two  sides. 

573.  In  an  isosceles  triangle  a  perpendicular  dropped  from  the 
vertex  of  an  angle  at  the  base  to  the  opposite  side  divides  the  latter 
in  the  ratio  m  :  n.  Find  the  angles  of  the  triangle. 
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574.  A  chord  perpendicular  to  the  diameter  divides  it  in  the  ratio 
m  :  n.  Determine  each  of  the  arcs  (arc  measure)  into  which  the  circle 
is  divided  bv  the  chord  and  diameter.  ,  . 

575  Determine  the  angle  of  a  parallelogram,  given  its  altitudes 

fe,576d  In%adghPte"rS2ff«d  the  ratio  of  the  legs,  if  the  altitude 
and  median  emanating  from  the  vertex  of  the  right  angle  are  m  the 

rat'“7  4j  '  3  jjght  triangle  the  hypotenuse  is  equal  to  c,  and  one  of 
the  acute  angles,  to  a.  Determine  the  radius  of  the  inscribed  circle. 
578  The  deles  of  a  triangle  are  equal  to  25  cm,  24  cm  and  /  cm. 
5/8.  in  -  *  jnscrjbed  and  circumscribed  circles. 

D  sirDete  min  tie  a  U  oHwo  externally  tangent  circles,  if  the 
distance  beueen  their  centres  is  equal  to  rf,  and  the  angle  between 

Siven  its  area  Q  and  the 

ar581°f  A  regXr2n-gouTsCinfcribcd  in  a  circle  and  a  regular  n-gon 
581.  A  regular  &  g  difference  between  the 

is  circumscribed  about  .*h^sa“^jnrcl^  ^  ^  ^ 

ar582  The  midpoints  of  the  sides  of  a  regular  n-gon  are  joined  by 
straight  Hne“toPform  a  new  regular  n-gon  inscribed  in  the  given  one. 

Fi583tHA  drdc°is ^rcii inscribed  about  a  regular  n-gon  with  side  a. 
ano^r  circle  is  inscribed  in  it.  Determine  the  area  of  the  annulus 

b°584°  A  circle ^is^nsmibed  in^a  scctn^of  radius  R  with  a  central 

an5885aFromrfpeo!nt  twol^  dr'vi,  tangent  to  a  circle  of 

-»  Zsrst  ssa  am  s  s  asr* "" 

ar586  A  rhombus  with  the  acute  angle  a  and  side  a  is  divided  into 
586.  A  .  straight  lines  emanating  from  the  vertex  of 

thifanrie  Determine  the  lengths  of  the  line-segments. 
h587  A  point  is  situated  inside  an  angle  of  00  at  distances  a  and  b 
from  its  sides  Find  the  distance  of  this  point  from  the  vertex  of  the 

gi588  Determine  the  area  of  a  triangle,  given  the  lengths  of  its 
sides f;  ?„d  b.  and  the  length  t  of  the  bisector  of  the  angle  between 

th589  Sildneat.  isosceles  triangle  the  length  of  the  side  is  equal  lo  a 
and  tile  length  of  the  line-segment,  drawn  from  the  vertex  of  the 
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triangle  to  its  base  and  dividing  the  vertex  angle  in  the  ratio  1  :  2, 
is  t.  Find  the  area  of  the  triangle. 

590.  Given  the  angles  of  a  triangle,  determine  the  angle  between 
the  median  and  altitude  drawn  from  the  vertex  of  any  angle. 

591 .  The  side  of  a  regular  triangle  is  equal  to  a.  A  circle  of  radius  y 
is  drawn  from  its  centre.  Determine  the  area  of  the  portion  of  the 
triangle  outside  this  circle. 

592.  In  a  right-angled  trapezoid,  whose  altitude  is  h,  on  the  side, 
which  is  not  perpendicular  to  the  base,  as  on  the  diameter,  a  circle 
is  drawn  touching  the  opposite  side  of  the  trapezoid.  Find  the  area 
of  the  right-angled  triangle,  whose  legs  are  the  bases  of  the  trapezoid. 

593.  Prove  that  in  a  right-angled  triangle  the  bisector  of  the  right 
angle  bisects  the  angle  between  the  median  and  altitude  dropped 
to  the  hypotenuse. 

594.  Prove  that  in  a  right-angled  triangle  the  sum  of  the  legs 
is  equal  to  the  sum  of  the  diameters  of  the  inscribed  and  circumscribed 
circles. 

595.  Determine  the  angles  of  a  right-angled  triangle  if  the  ratio 
of  the  radii  of  the  circumscribed  and  inscribed  circles  is  5  :  2. 

596.  Prove  that  the  straight  lines  successively  joining  the  centres 
of  the  squares  constructed  on  the  sides  of  a  parallelogram  and  adjdi- 
nirig  it  from  outside  also  form  a  square. 


CHAPTER  IX 

POLYHEDRONS 

597.  The  sides  of  the  base  of  a  rectangular  parallelepiped  are  a  aud 
b.  The  diagonal  of  the  parallelepiped  is  inclined  to  the  plane  of  the 
base  at  an  angle  a.  Determine  the  lateral  area  of  the  parallelepiped. 

598.  In  a  regular  hexagonal  prism  the  longest  diagonal  having 
length  d  forms  an  angle  a  with  the  lateral  edge  of  the  prism.  Deter¬ 
mine  the  volume  of  the  prism. 

599.  in  a  regular  quadrangular  pyramid  the  lateral  edge  of  length  m 
is  inclined  to  the  plane  of  the  base  at  an  angle  a.  Find  the  volume 
of  the  pyramid. 

600.  The  volume  of  a  regular  quadrangular  pyramid  is  equal  to  V. 
The  angle  of  inclination  of  its  lateral  edge  to  the  plane  of  the  base 
is  equal  to  a.  Find  the  lateral  edge  of  the  pyramid. 

601.  The  lateral  area  of  a  regular  quadrangular  pyramid  is  equal 
to  S  cm2,  its  altitude,  to  H  cm.  Find  the  side  of  its  base. 
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602.  Find  the  volume  and  lateral  area  of  a  regular  hexagonal 
pyramid,  given  the  lateral  edge  l  and  diameter  d  of  the  circle  inscri¬ 
bed  in  the  base  of  the  pyramid. 

603.  Find  the  altitude  of  a  regular  tetrahedron,  whose  volume  is 
equal  to  V. 

604.  In  a  right  parallelepiped  the  sides  of  the  base  are  equal  to  a 
and  b,  and  the  acute  angle,  to  a.  The  larger  diagonal  of  the  base 
is  equal  to  the  smaller  diagonal  of  the  parallelepiped.  Find  the 
volume  of  the  parallelepiped. 

605.  The  diagonals  of  a  right  parallelepiped  are  equal  to  9  cm 
and  J  33  cm.  The  perimeter  of  its  base  is  equal  to  18  cm.  The  lateral 
edge  is  equal  to  4  cm.  Determine  the  total  surface  area  and  volume 
of  the  parallelepiped. 

606.  The  lateral  edge  of  a  regular  triangular  pyramid  is  equal  to  /, 
its  altitude,  to  h.  Determine  the  dihedral  angle  at  the  base. 

607.  Determine  the  volume  of  a  regular  quadrangular  pyramid, 
given  the  angle  a  between  its  lateral  edge  and  the  plane  of  the  base, 
and  the  area  S  of  its  diagonal  section.  Find  also  the  angle  formed  by 
the  lateral  face  and  the  plane  containing  the  base. 

608.  The  base  of  a  regular  pyramid  is  a  polygon,  the  sum  of  inte¬ 
rior  angles  of  which  is  equal  to  540°.  Determine  the  volume  of  the 
pyramid  if  its  lateral  edge,  equal  to  l.  is  inclined  to  the  plane  of  the 
base  at  an  angle  a. 

609.  Determine  the  angles  between  t ho  base  and  lateral  edge,  and 
between  the  base  and  lateral  face  in  a  regular  pentagonal  pyramid, 
whose  lateral  faces  are  equilateral  triangles. 

610.  Given  the  volume  V  of  a  regular  n-gonal  pyramid  in  which 
the  side  of  the  base  is  equal  to  «,  determine  the  angle  of  inclination 
of  the  lateral  edge  of  the  pyramid  to  the  plane  containing  the 
base. 

611.  The  base  of  a  quadrangular  pyramid  is  a  rectangle  with  the 
diagonal  equal  to  b  and  the  angle  a  between  the  diagonals.  Each 
of  the  lateral  edges  forms  an  angle  ji  with  the  base.  Find  the  volume 
of  the  pyramid. 

612.  The  base  of  a  pyramid  is  an  isosceles  triangle  with  the  equal 
sides  of  a  and  the  angle  between  them  equal  to  a.  All  lateral  edges 
are  inclined  to  the  base  at  an  angle  (1.  Determine  the  volume  of  the 
pyramid. 

613.  The  base  of  a  rectangular  parallelepiped  is  a  rectangle  inscri¬ 
bed  in  a  circle  of  radius  /?,  the  smaller  side  of  this  rectangle'subten- 
ding  a  circular  arc  equal  to  (2<z)“.  Find  the  volume  of  the'parallele- 
piped,  given  its  lateral  area  S. 
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614.  The  base  of  a  right  prism  is  an  isosceles  triangle,  whose  base 
is  equal  to  a  and  the  angle  at  the  base,  to  a.  Determine  the  volume 
of  the  prism  if  its  lateral  area  is  equal  to  the  sum  of  the  areas  of  its 
bases. 

615.  The  slant  height  of  a  regular  hexagonal  pyramid  is  equal 
to  m.  The  dihedral  angle  at  the  base  is  equal  to  a.  Find  the  total 
surface  area  of  the  pyramid. 

616.  Through  the  hypotenuse  of  a  right-angled  isosceles  triangle 

a  plane  P  is  drawn  at  an  angle  a  to  the  plane  of  the  triangle.  Deter¬ 
mine  the  perimeter  and  area  of  the  figure  obtained  by  projecting 
the  triangle  on  the  plane  P.  The  hypotenuse  of  the  triangle  is 
equal  to  c.  .  , 

617.  In  a  regular  n-gonal  pyramid  the  area  of  the  base  is  equal 
to  Q,  and  the  altitude  forms  an  angle  q>  with  each  of  the  lateral 
faces.  Determine  the  lateral  and  total  surface  areas  of  the  pyramid. 

618.  The  side  of  the  base  of  a  regular  triangular  pyramid  is  equal 
to  a,  the  lateral  face  is  inclined  to  the  plane  of  the  base  at  an  angle 
of  <p.  Find  the  volume  and  total  surface  area  of  the  pyramid. 

619.  The  total  surface  area  of  a  regular  triangular  pyramid  is 
equal  to  S.  Find  the  side  of  its  base,  if  the  angle  between  the  lateral 
face  and  the  base  of  the  pyramid  is  equal  to  a. 

620.  The  base  of  a  pyramid  is  a  rhombus  with  the  acute  angle  a. 
The  lateral  faces  are  inclined  to  the  plane  of  the  base  at  an  angle  p. 
Determine  the  volume  and  total  surface  area  of  the  pyramid,  if  the 
radius  of  the  circle  inscribed  in  the  rhombus  is  equal  to  r. 

621.  Determine  the  angle  of  inclination  of  the  lateral  face  of 
a  regular  pentagonal  pyramid  to  the  plane  of  the  base,  if  the  area 
uf  the  base  of  the  pyramid  is  equal  to  S,  and  its  lateral  area,  to  a. 

622.  The  base  of  a  right  parallelepiped  is  a  rhombus.  A  plane 
drawn  through  one  of  the  sides  of  the  lower  base  and  the  opposite 
side  of  the  upper  base  forms  an  angle  fl  with  the  plane  containing 
l  he  base.  The  area  of  the  section  thus  obtained  is  equal  to  Q.  Deter¬ 
mine  the  lateral  area  of  the  parallelepiped. 

623.  The  base  of  a  pyramid  is  an  isosceles  triangle  with  the  base 
angle  a.  Each  of  the  dihedral  angles  at  the  base  is  equal  to  <p.  The 
distance  between  the  centre  of  the  circle  inscribed  in  the  base  of  the 
pyramid  and  the  midpoint  of  the  height  of  the  lateral  face  is  equal 
to  d.  Determine  the  total  surface  area  of  the  pyramid. 

624.  The  base  of  a  pyramid  is  a  polygon  circumscribed  about 
a  circle  of  radius  r;  the  perimeter  of  the  polygon  is  equal  to  2 p, 
the  lateral  faces  of  the  pyramid  are  inclined  to  the  base  at  an  angle  q>. 
Find  the  volume  of  the  pyramid. 
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625.  Tho  lateral  edges  of  a  frustum  of  a  regular  triangular  pyra¬ 
mid  are  inclined  to  the  base  at  an  angle  a. The  side  of  the  lower  base 
is  equal  to  a ,  and  that  of  the  upper  one,  to  b  (a  >■  b).  Find  the  volume 
of  the  frustum. 

626.  The  bases  of  a  frustum  of  a  regular  pyramid  are  squares  with 
sides  a  and  b  ( a  >  b).  The  lateral  edges  are  inclined  to  the  base  at  an 
angle  a.  Determine  the  volume  of  the  frustum  and  the  dihedral  angles 
at  the  sides  of  the  bases. 

627.  The  base  of  a  pyramid  is  a  right-angled  triangle,  whose 
hypotenuse  is  equal  to  c.  and  acute  angle,  to  a.  All  the  lateral  edges 
are  inclined  to  the  base  at  an  angle  (5.  Find  the  volume  of  the  pyra¬ 
mid  and  the  face  angles  at  its  vertex. 

628.  The  base  of  an  oblique  prism  is  a  right-angled  triangle  ABC 
the  sum  of  tin*  legs  of  which  is  equal  to  m ,  and  the  angle  at  the 
vertex  A ,  to  a.  The  lateral  face  of  the  prism  passing  through  the 
leg  AC  is  inclined  to  the  base  at  an  angle  {T  A  plane  is  drawn  through 
t  he  hypotenuse  AB  and  the  vertex  C\  of  the  opposite  trihedral  angle. 
Determine  the  volume  of  the  cut-off  triangular  pyramid,  if  it  is 
known  that  it  has  equal  edges. 

629.  The  base  of  a  pyramid  is  an  isosceles  triangle  with  the  base 
angle  a.  All  the  lateral  edges  are  inclined  to  the  plane  containing 
the  base  at  equal  angles  ip  —  90°  —  a.  The  area  of  the  section  pas¬ 
sing  through  the  altitude  of  the  pyramid  and  the  vertex  of  the  base 
(isosceles  triangle)  is  equal  to  Q.  Determine  the  volume  of  the  pyra¬ 
mid. 

630.  The  base  of  a  pyramid  is  a  rectangle.  Two  of  the  lateral  faces 
are  perpendicular  to  the  base,  the  other  two  forming  angles  a  and  P 
with  it.  The  altitude  of  the  pyramid  is  equal  to  //.  Determine  the 
volume  of  the  pyramid. 

631.  The  base  of  a  pyramid  is  a  square.  Out  of  two  opposite 
edges  one  is  perpendicular  to  the  base,  the  other  is  inclined  to  it  at 
an  angle  p  and  has  a  length  l.  Determine  the  lengths  of  the  remaining 
lateral  edges  and  the  angles  of  their  inclination  to  the  base  of 
the  pyramid. 

632.  The  base  of  a  pyramid  is  a  regular  triangle  with  side  a.  One 
of  the  lateral  edges  is  perpendicular  to  the  base,  the  other  two  being 
inclined  to  the  base  at  equal  angles  (1.  Find  the  surface  area  of  the 
largest  lateral  face  of  the  pyramid  and  tho  angle  of  its  inclination 
to  the  base. 

633.  The  base  of  a  pyramid  is  an  isosceles  triangle;  the  equal 
sides  of  the  base  are  of  length  a  and  form  ail  angle  of  120°.  The 
lateral  edge  of  the  pyramid,  passing  through  the  vertex  of  the  oh- 
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tuse  angle,  is  perpendicular  to  the  plane  of  the  base,  the  other  two 
being  inclined  to  it  at  an  angle  a.  Determine  the  area  of  the  section 
of  the  pyramid  by  a  cutting  plane  which  passes  through  “>e  argest 
side  of  the  base  of  the  pyramid  and  bisects  the  edge  perpendicular 

t0634.  A  regular  triangular  pyramid  is  cut  by  a  plane  perpendicular 
to  the  base  and  bisecting  two  sides  of  the  base.  Determine  the  volume 
of  the  cut-off  pyramid,  given  the  side  a  of  the  base  of  the  original 
pyramid  and  dihedral  angle  a  at  the  base. 

' '  635  Through  the  vertex  of  a  regular  quadrangular  pyramid  a  cut¬ 
ting  plane  is  drawn  parallel  to  a  side  of  the  base  and  at  an  angle  <p 
to  Oil  base  of  the  pyramid.  The  side  of  the  base  of  the  pyramid  is 
equal  to  «,  and  the  face  angle  at  the  vertex  of  the  pyramid,  to  a. 

Find  the  area  of  tho  section.  . _ 

636.  A  plane  is  drawn  through  the  vertex  of  a  regular  triangular 
pyramid  and  the  midpoints  of  two  sides  of  the  base.  Determine  the 
area  of  the  section  figure  and  volumes  of  the  portions  of  the  gnen 
pyramid  into  which  it  is  divided  by  the  cutting  plane,  given  the  side 
i/of  the  base  and  angle  a  formed  by  the  cutting  plane  with  the  base. 

1137  ,\  regular  tetrahedron,  whose  edge  is  equal  to  a,  is  cut  b>  a 
plane  containing  one  of  its  edges  and  dividing  the  opposite  edge  in 
Ihe  ratio  2:  1.  Determine  the  area  of  the  section  figure  and  its 

"  638.  Determine  the  volume  of  a  frustum  of  a  regular  quadrangular 
pyramid,  if  the  side  of  the  larger  base  is  equal  to  a.  the  side  of  the 
smaller  base,  to  b,  and  the  acute  angle  of  the  lateral  face,  to  a. 

'  639.  Determine  the  volume  of  a  regular  quadrangular  prism 
if  ils  diagonal  forms  an  angle  a  with  the  lateral  face,  and  tilt  side  of 

’h6W.  The  baUMof°a  right  prism  is  a  right-angled  triangle  with  hypo¬ 
tenuse  c  and  acute  angle  a.  Through  the  hypotenuse  of  the  lower 
base  and  the  vertex  of  the  right  angle  of  the  upper  base  a  plane  is 
drawn  to  form  an  angle  p  with  the  base.  Determine  the  volume  of  the 

triangular  pyramid  cut  off  the  prism  by  the  plane. 

(Ml  The  base  of  a  right  prism  is  a  right-angled  triangle  in  which 
the  sum  of  a  leg  and  the  hypotenuse  is  equal  to  m.  and  the  angle  be¬ 
tween  them,  to  a.  Through  'be  other  leg  and  the  vertex  of  the  opposite 
trihedral  angle  of  the  prism  a  plane  is  drawn  at  an  angle  P  to  the 
base.  Determine  the  volume  of  the  portions  into  which  the  prism  is 
divided  by  the  cutting  plane. 

642.  The  base  of  a  pyramid  is  an  isosceles  t  riangle  with  the  base 
angle  ct  Each  dihedral  angle  at  the  base  is  equal  to  <p  —  JO  —a. 
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The  lateral  area  of  the  pyramid  is  S.  Determine  the  volume  of  the  py¬ 
ramid  and  its  total  surface  area. 

643.  The  base  of  a  pyramid  is  an  isosceles  triangle  with  the  side  a 
and  the  base  angle  a  (a  >  45°).  The  lateral  edges  are  inclined  to  the 
base  at  an  angle  p.  A  cutting  plane  is  drawn  through  the  altitude  of 
the  pyramid  and  the  vertex  of  one  of  the  angles  a.  Find  the  area  of 
the  section  figure. 

644.  The  base  of  a  right  prism  is  a  quadrilateral  in  which  two 
opposite  angles  are  right  ones.  Its  diagonal  joining  the  vertices  of 
oblique  angles  has  a  length  l  and  divides  one  of  them  into  portions 
a  and  p.  The  area  of  the  section  figure  contained  in  a  cutting  plane 
passing  through  the  other  diagonal  of  the  base  and  perpendicular 
to  it  is  equal  to  S.  Find  the  volume  of  the  prism. 

645.  The  base  of  a  pyramid  is  a  square.  Two  opposite  faces  are 
isosceles  triangles;  one  of  them  forms  an  interior  angle  p  with  the 
base,  the  other,  an  exterior  acute  angle  a.  The  altitude  of  the  pyra¬ 
mid  is  equal  to  II.  Find  the  volume  of  the  pyramid  and  the  angles 
formed  by  the  other  two  lateral  faces  with  the  plane  containing  the 
base. 

646.  The  base  of  a  pyramid  is  a  rectangle.  One  of  the  lateral  faces 
is  inclined  to  the  base  at  an  angle  p  —  90  —  a  and  the  face  opposite 
it  is  perpendicular  to  the  base  and  represents  a  right-angled  triangle 
with  the  right  angle  at  the  vertex  of  the  pyramid  and  an  acute  angle 
equal  to  a  The  sum  of  the  heights  of  these  two  faces  is  equal  to  m. 
Determine  the  volume  of  the  pyramid  and  the  sum  of  the  areas  of  the 
other  two  lateral  faces. 

647.  The  base  of  a  pyramid  is  a  rectangle.  One  of  the  lateral  faces 
is  an  isosceles  triangle  perpendicular  to  the  base;  in  the  other  face, 
which  is  opposite  the  first  one,  the  lateral  edges,  equal  to  b.  form  an 
angle  2a  and  are  inclined  to  the  first  face  at  an  angle  a.  Determine 
the  volume  of  the  pyramid  and  the  angle  between  the  above  two  faces. 

648.  In  a  regular  triangular  pyramid,  with  the  side  of  the  base 
equal  to  a,  the  angles  between  the  edges  at  its  vertex  are  equal  to  one 
another,  each  being  equal  to  a  (a  <  90°).  Determine  the  angles  bet¬ 
ween  the  lateral  faces  of  the  pyramid  and  the  area  of  a  section  drawn 
through  one  of  the  sides  of  the  base  and  perpendicular  to  the  opposite 
lateral  edge. 

649.  Determine  the  volume  of  a  regular  octahedron  with  edge 
a  and  also  the  dihedral  angles  at  its  edges. 

650.  The  dihedral  angle  at  a  lateral  edge  of  a  regular  hexagonal 
pyramid  is  equal  to  <p.  Determine  the  face  angle  at  the  vertex  of  the 
pyramid. 
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651.  The  base  o£  a  pyramid  is  a  regular  hexagon  ABCDEF.  The 
lateral  edge  MA  is  perpendicular  to  the  base,  and  the  opposite  edge 
AID  is  inclined  to  the  base  at  an  angle  a.  Determine  tbe  angle  of 

inclination  of  the  lateral  faces  to  the  base. 

652  Tbe  base  of  a  pyramid  is  an  isosceles  triangle  ABC  m  which 
AB  ='  AC-  The  altitude  of  the  pyramid  SO  passes  through  the  mid¬ 
point  of  the  altitude  AD  of  the  base.  Through  the  side  BC  a  plane  is 
drawn  perpendicular  to  the  lateral  edge  and  at  an  angle  a  to  the 
base.  Determine  the  volume  of  the  pyramid  cut  off  the  given  one  and 
having  vortex  S  in  common  with  it,  if  the  volume  of  the  other  cut-off 
portion  is  equal  to  V. 

653.  The  side  of  the  base  of  a  regular  triangular  pyramid  is  equal 
to  a  A  section  bisecting  an  angle  between  the  lateral  faces  repre¬ 
sents  a  right-angled  triangle.  Determine  the  volume  of  the  pyramid 
and  the  angle  between  its  lateral  face  and  the  plane  containing  the 

bd(j54.  Through  a  side  of  the  base  of  a  regular  triangular  pyramid 
a  plane  is  drawn  perpendicular  to  the  opposite  lateral  edge.  Deter¬ 
mine  the  total  surface  area  of  the  pyramid,  if  the  plane  divides  the 
lateral  edge  in  the  ratio  m:n.  and  the  side  of  the  base  is  equal 

655.  The  diagonal  of  a  rectangular  parallelepiped  is  equal  to  d 
and  forms  equal  angles  a  with  two  adjacent  lateral  faces.  Determine 
the  volume  of  the  parallelepiped  and  the  angle  between  the  base 
a, „1  a  plane  passing  through  the  end  points  of  three  edges  emanating 
from  one  vertex. 

656.  In  a  rectangular  parallelepiped  the  point  of  intersection  of  the 
diagonals  of  the  lower  base  is  joined  with  the  midpoint  of  one  of  the 
lateral  edges  bv  a  straight  line,  whose  length  is  equal  to  m.  This  line 
fonns  an  angle' a  with  the  base  and  angle  P  =  2a  with  one  of  the  la¬ 
teral  faces.  Taking  the  other  adjacent  lateral  face  for  the  base  of  the 
parallelepiped,  find  its  lateral  area  and  volume.  (Prove  that  a  <30°. ) 

657.  The  base  of  a  right  prism  is  a  trapezoid  inscribed  in  a  semicir¬ 
cle  of 'radius  H  so  that  its  larger  base  coincides  with  the  diameter, 
ami  t  lie  smaller  one  subtends  an  arc  equal  to  2a.  Determine  the  volume 
of  the  prism,  if  the  diagonal  of  a  face  passing  through  one  of  the 
noiinarallel  sides  of  the  base  is  inclined  to  the  latter  at  an  angle  a. 

658.  The  diagonal  of  a  rectangular  parallelepiped,  equal  to  d. 
forms 'an  aie-le  p  <10°  —  a  with  the  lateral  face.  The  plane  drawn 
l  it  roue'll  Ibis'  diagonal  and  the  lateral  edge  intersecting  with  it  forms 
an  angle  a  with  the  same  lateral  face  (prove  that  a  >  45°).  Determine 
the  volume  uf  the  parallelepiped. 
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659.  In  a  regular  triangular  prism  two  vertices  of  the  upper  base 
are  joined  with  the  midpoints  of  the  opposite  sides  of  the  lower  base 
by  straight  lines.  The  angle  between  these  lines  which  faces  the  base 
isequal  to  a.  The  side  of  the  base  is  equal  to  b.  Determine  the  volume 
of  the  prism. 

660.  In  a  regular  triangular  prism  the  angle  between  a  diagonal 
of  a  lateral  face  and  another  lateral  face  is  equal  to  a.  Determine  the 
lateral  area  of  the  prism,  if  the  edge  of  the  base  is  equal  to  a. 

661.  The  base  of  a  right  prism  is  a  right-angled  triangle  ABC 
in  which  /_  C  -  90°.  £A  -=  a  and  the  leg  AC  <=  b.  The  diagonal  of 
the  lateral  face  of  the  prism  which  passes  through  the  hypotenuse 

AB,  forms  an  angle  fi  with  the  lateral  face  passing  through  the  leg 

AC.  Find  the  volume  of  t ho  prism. 

662.  The  total  surface  area  of  a  regular  quadrangular  pyramid  is 
equal  toS,  and  the  face  angle  at  the  vertex,  to  a.  Find  the  altitude  of 
the  pyramid. 

663.  In  a  regular  n-gonal  pyramid  the  face  angle  at  the  vertex  is 
equal  too.  and  the  side  of  the  base,  Ion.  Determine  the  volume  of  the 

pyramid.  ,  ,  ,  . 

664.  In  a  regular  quadrangular  prism  a  plane  is  drawn  through 
a  diagonal  of  the  lower  base  and  one  of  the  vertices  of  the  upper  base, 
which  cuts  off  a  pyramid  with  a  total  surface  area  5.  Find  the  total 
surface  area  of  the  prism,  if  the  angle  at  the  vertex  of  the  triangle 
obtained  in  the  section  is  equal  to  a. 

665.  The  lateral  edges  of  a  triangular  pyramid  are  ot  equal  length 
l.  Out  of  the  three  face  angles  formed  by  these  edges  at  the  vertex  of 
the  pyramid  two  are  equal  toot,  and  the  third,  to  p.  Find  the  volume 
of  the  pyramid. 

666.  The  base  of  a  pyramid  is  a  right-angled  triangle,  which  is 
a  projection  of  the  lateral  face  passing  through  a  leg.  The  angle  oppo¬ 
site  this  leg  in  the  base  of  the  pyramid  isequal  to  a,  and  the  one  lying 
iri  the  lateral  lace  is  equal  to  p.  The  area  of  this  lateral  face  exceeds 
that  of  the  base  by  S.  Determine  the  difference  between  the  areas 
of  the  other  two  faces  and  the  angles  formed  by  the  lateral  faces  with 
tile  base. 

667.  In  a  triangular  pyramid  two  lateral  faces  arc  isosceles  right- 
angled  triangles,  whose  hypotenuses  are  equal  to  b  ami  form  an 
angle  a.  Determine  the  volume  of  the  pyramid. 

668.  In  a  pyramid  with  a  rectangular  base  eacli  of  the  lateral  edges 
is  equal  to  /;  one  of  the  face  angles  at  the  vertex  is  equal  to  a,  the 
other,  to  p.  Determine  the  area  of  the  section  passing  through  the 
bisectors  of  the  angles  equal  to  p. 
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669.  In  a  parallelepiped  the  lengths  of  three  edges  emanating  from 
a  common  vertex  are  respectively  equal  to  a,  b  and  c.  The  edges 
a  and  b  are  mutually  perpendicular,  and  the  edge  c  forms  an  angle 
a  with  each  of  them.  Determine  the  volume  of  the  parallelepiped,  its 
lateral  area  and  the  angle  between  the  edge  c  and  the  plane  containing 
the  base.  (For  what  values  of  the  angle  a  is  the  problem  solvable?) 

670.  All  the  faces  of  a  parallelepiped  are  equal  rhombuses  with  si¬ 
des  a  and  acute  angles  a.  Determine  the  volume  of  the  paralle- 

le  67P l .  The  base  of  an  oblique  parallelepiped  is  a  rhombus  A  BCD 
with  the  side  a  and  acute  angle  a.  The  edge  A  A,  is  equal  to  b  and 
forms  an  angle  <p  with  the  edges  AB  and  AD.  Determine  the  volume  of 
the  parallelepiped.  ....  ,,  , 

672.  In  a  rectangular  parallelepiped  a  plane  is  drawn  through 
a  diagonal  of  the  base  and  a  diagonal  of  the  larger  lateral  face,  both 
emanating  from  one  vertex.  The  angle  between  these  diagonals  is 
equal  to  p.  Determine  the  lateral  area  of  the  parallelepiped,  the  area 
of  the  section  figure  and  the  angle  of  inclination  of  the  cutting  plane 
to  the  base,  if  it  is  known  that  the  radius  of  the  circle  circumscribed 
about  the  base  of  the  parallelepiped  is  equal  to  R  and  the  smaller 

angle  between  the  diagonals  of  the  base,  to  2a. 

673.  The  base  of  a  right  prism  is  a  right-angled  triangle  ABC. 

The  radius  of  the  circle  circumscribed  about  it  is  equal  to  ft,  the 
leg  AC  subtends  an  arc  equal  to  2p.  Through  a  diagonal  of  the  late¬ 
ral  face  passing  through  the  other  leg  BC  a  plane  is  drawn  perpendi¬ 
cular  to  this  face  and  inclined  to  the  base  at  an  angle  p.  Determine 
the  lateral  area  of  the  prism  and  the  volume  of  the  cut-off  quadrangu¬ 
lar  pyramid.  . ,  ,  „  .  .  , 

674.  The  base  of  a  pyramid  is  a  trapezoid,  whose  nonparauel  sides 
and  smaller  base  are  of  equal  length.  The  larger  base  of  the  trapezoid 
is  equal  to  a.  and  the  obtuse  angle,  to  a.  All  the  lateral  edges  of  the 
pyramid  are  inclined  to  the  base  at  an  angle  p.  Determine  the  volume 
of  the  pyramid. 

675.  The  base  of  a  pyramid  is  a  trapezoid,  whose  diagonal  is  per¬ 
pendicular  to  one  of  the  nonparallel  sides  and  forms  an  angle  a  with 
the  base.  All  the  lateral  edges  are  of  equal  length.  The  lateral  face 
passing  through  the  larger  base  of  the  trapezoid  has  an  angle  cp  =  2a 
at  the  vertex  of  the  pyramid  and  its  area  is  equal  to  S.  Determine 
t|u,  volume  of  the  pyramid  and  the  angles  at  which  the  lateral  faces 
are  inclined  to  the  base. 

676.  The  base  of  a  pyramid  is  a  regular  triangle,  whose  side  is  equal 
to  a.  The  altitude,  dropped  from  the  vertex  of  the  pyramid,  passes 
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through  one  of  the  vertices  of  the  base.  I'he  lateral  lace  passing 
through  the  side  of  the  base  opposite  this  vertex  is  at  an  angle  <p  to 
the  base.  Determine  the  lateral  area  of  the  pyramid,  if  one  of  the 

equal  lateral  faces  is  taken  as  the  base.  . 

677.  The  base  of  a  right  prism  is  an  isosceles  triangle  with  the  equal 
sides  of  length  a  and  the  base  angle  a.  Through  the  base  of  the  trian¬ 
gle,  which  is  the  upper  base  of  the  prism,  and  the  opposite  vertex  of 
the  lower  base  a  cutting  plane  is  drawn  at  an  angle  fl  to  the  base 
Determine  the  lateral  area  of  the  prism  and  the  volume  of  the  cut-off 

qU67d8aTtl'e'ofna  pyramid  is  a  square.  Its  two  lateral  faces  are 
perpendicular  to  the  base,  and  the  remaining  two  are  me  mod  to 
it  at  an  an<de  a.  The  radius  of  the  circle  circumscribed  about  t  he  late¬ 
ral  face  perpendicular  to  the  base  is  equal  to  R.  Determine  the  total 

SU 679^ ThoVase  'of  is  a  right-angled  triangle  with  a  leg 

a  and  angle  a  opposite  it.  Through  the  vertex  of  the  right  angle  ot 
the  lower  base  a  plane  is  drawn  which  is  parallel  to  the  hypotenuse 
and  intersects  the  opposite  lateral  face  at  an  an0le  p  —  du  a* 
Determine  the  volume  of  the  portion  of  the  prism  contained  between 
itshase  and  the  cutting  plane  and  the  lateral  area  of  the  prism  if 
the  area  of  the  lateral  face  passing  through  the  leg  a  is  equal  to 
the  area  of  the  section  figure.  Determine  the  value  of  the  angle  a  at 
which  the  cutting  plane  intersects  the  lateral  face  passing  through 

is  a  rectangle.  One  lateral  edge  is  per¬ 
pendicular  to  the  base,  and  two  lateral  faces  are  inclined  to  it  at 
angles  a  and  p,  respectively.  Determine  the  lateral  area  of  the  pyra¬ 
mid,  if  its  altitude  is  equal  to  H. 

681  The  base  of  a  pyramid  is  a  right-angled  triangle  with  an  acute 
angle  ’«•  the  radius  of  the  inscribed  circle  is  equal  to  r.  bach  iatera 
face  is  inclined  to  the  base  at  an  angle  a.  Determine  the  volume  and 
the  lateral  and  total  surface  areas  of  the  pyramid. 

682  The  base  of  a  prism  ABC  A  J1  \L  \  is  an  isosceles  triangle  AB( 
(AB  JL  AC  and  "  ABC  a).  The  vertex  Bl  of  the  upper  base  of  the 
prism  is  projected  into  the  centre  of  the  circle  of  radius  r  inscribed 
in  the  lower  base.  Through  the  side  AC  of  the  base  and  the  vertex  B, 
a  cutting  plane  is  drawn  at  an  angle  a  to  the  base.  Find  the  total 
surface  area  of  the  cut-off  triangular  pyramid  ABCBS  and  the  volume 

°  683  The  base  of  a  pyramid  is  a  right-angled  triangle.  The  altitude 
of  the  pyramid  passes  through  the  point  of  intersection  of  the  hypotc. 
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nuse  and  the  bisector  o!  the  right  angle  of  the  base.  The  lateral  edge 
passing  through  the  vertex  of  the  right  angle  is  inclined  to  the  base  at 
an  angle  a.  Determine  the  volume  of  the  pyramid  and  the  angles  of 
inclination  of  the  lateral  faces  to  the  base,  if  the  bisector  of  the  right 
angle  of  the  base  is  equal  to  m  and  forms  an  angle  of  45°  +  a  with 
the  hypotenuse. 

684.  The  base  of  a  pyramid  is  a  rhombus  with  the  side  a.  Two  adja¬ 
cent  faces  are  inclined  to  the  plane  of  the  base  at  an  angle  a,  the  third 
one,  at  an  angle  p  (prove  that  the  fourth  lateral  face  is  inclined  to  the 
base  at  the  same  angle).  The  altitude  of  the  pyramid  is  H.  Find  its 
volume  and  total  surface  area. 

685.  The  base  of  a  quadrangular  pyramid  is  a  rhombus,  whose  side 
is  equal  to  a  and  acute  angle,  to  a.  The  planes  passing  through  the 
vertex  of  the  pyramid  and  diagonals  of  the  base  are  inclined  to  the 
base  at  angles  q>  and  i]>.  Determine  the  volume  of  the  pyramid,  if  its 
altitude  intersects  a  side  of  the  base. 

686.  The  base  of  an  oblique  prism  is  a  right-angled  triangle  ABC 
with  the  leg  BC  =  a.  The  vertex  B,  of  the  upper  base  is  projected  into 
the  midpoint  of  the  leg  BC.  The  dihedral  angle  formed  by  the  lateral 
faces  passing  through  the  leg  BC  and  hypotenuse  AB  is  equal  to  a. 
The  lateral  edges  are  inclined  to  the  base  at  an  angle  p.  Determine 
the  lateral  area  of  the  prism. 

687.  The  base  of  a  prism  ABCA,B,C,  is  an  isosceles  triangle  ABC 
(AB  —  AC  and  BAC  =  2a).  The  vertex  At  of  the  upper  base  is 
projected  into  the  centre  of  the  circle  of  radius  B  circumscribed  about 
the  lower  base.  The  lateral  edge  AA,  forms  with  the  side  AB  of  the 
base  an  angle  equal  to  2a.  Determine  the  volume  and  the  lateral 
area  of  the  prism. 

688.  Determine  the  volume  of  a  regular  quadrangular  pyramid, 
whose  lateral  edge  is  equal  to  /  and  the  dihedral  angle  between  two 
adjacent  lateral  faces  is  equal  to  p. 

689.  C.iven  in  a  frustum  of  a  regular  quadrangular  pyramid:  diago¬ 
nal  d,  dihedral  angle  a  at  the  lower  base  and  altitude  II.  Find  the 
volume  of  tile  frustum. 

690.  The  lateral  edge  of  a  frustum  of  a  regular  quadrangular  pyra¬ 
mid  is  equal  to  l  and  inclined  to  the  base  at  an  angle  p.  The  diagonal 
of  the  pyramid  is  perpendicular  to  its  lateral  edge.  Determine  the 
volume  of  the  pyramid. 

691.  The  altitude  of  a  frustum  of  a  regular  quadrangular  pyramid 
is  equal  to  II,  the  lateral  edge  and  diagonal  of  the  pyramid  are 
inclined  to  the  base  at  angles  a  and  p,  respectively.  Find  the  lateral 
area  of  the  frustum. 
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692.  The  sides  of  the  bases  of  a  frustum  of  a  regular  quadrangular 
pyramid  are  equal  to  a  and  a  I  3,  respectively;  the  latetal  face  is  in¬ 
clined  to  the  base  at  an  angle  y.  Determine  the  volume  and  total  sur¬ 
face  area  of  the  frustum. 

693.  A  cube  is  inscribed  in  a  regular  quadrangular  pyramid  so 
that  its  four  vertices  are  found  on  the  lateral  edges,  and  the  remaining 
four,  in  the  plane  of  its  base.  Determine  the  edge  of  the  cube,  if  the 
altitude  of  the  pyramid  is  equal  to  //,  and  the  lateral  edge,  to  I. 

694.  A  cube  is  inscribed  in  a  regular  quadrangular  pyramid  so  I  hat 
its  vertices  lie  on  the  slant  heights  of  the  pyramid.  Find  the  ratio  of 
the  volume  of  the  pyramid  to  the  volume  of  (lie  cube,  if  the  angle  bet¬ 
ween  the  altitude  of  the  pyramid  and  its  lateral  face  is  equal  to  a. 

695.  The  base  of  a  pyramid  is  a  right-angled  triangle  with  legs  equ¬ 

al  to  6  and  8,  respectively.  The  vertex  of  the  pyramid  is  at  a  distance 
of  24  from  the  base  and  is  projected  onto  its  plane  at  a  point  lying 
inside  the  base.  Find  the  edge  of  the  cube,  whose  four  vertices  lie  in 
the  plane  of  the  base  of  the  given  pyramid,  and  the  edges  joining  these 
vertices  are  parallel  to  the  corresponding  legs  of  the  base  triangle 
of  the  pyramid.  The  other  four  vertices  of  the  cube  lie  on  the  lateral 
faces  of  the  given  pyramid.  . 

696.  In  a  regular  quadrangular  pyramid  the  dihedral  angle  at  the 

base  is  equal  to  a.  Through  its  edge  a  cutting  plane  is  drawn  at  an 
angle  p  to  the  base.  The  side  of  the  base  is  equal  to  a.  Determine  the 
area  of  the  section  figure.  .  ... 

697  In  a  regular  quadrangular  pyramid  the  side  of  the  base  is  equal 
to  a,  and  the  dihedral  angle  at  the  base,  to  a.  Through  two  opposite 
sides  of  the  base  of  the  pyramid  two  planes  are  drawn  at  right  angles 
to  each  other.  Determine  the  length  of  the  line  of  intersection  of  the 
planes  contained  inside  the  pyramid,  if  it  is  known  that  it  intersects 
the  axis  of  the  pyramid. 

698.  In  a  regular  quadrangular  pyramid  a  plane  is  drawn  through 
a  vertex  of  the  base  perpendicular  lo  l lie  opposite  lateral  edge. 
Determine  the  area  of  the  section  figure  thus  obtained,  if  the  side  of 
the  base  of  the  pyramid  is  equal  to  a,  and  the  lateral  edge  is  inclined 
to  the  plane  containing  the  base  at  an  angle  <p  (<|>>45°;  prove  this). 

699.  It  is  required  to  cut.  a  regular  quadrangular  prism  with  a  plane 
to  obtain  a  section  yielding  a  rhombus  with  the  acute  angle  cc. 
Find  the  angle  of  inclination  of  the  cutting  plane  to  the  base. 

700.  The  base  of  a  right  parallelepiped  is  a  rhombus  with  the  acute 
angle  a.  At  what  angle  to  the  base  must  a  cutting  plane  be  drawn  to 
obtain  a  section  yielding  a  square  with  its  vertices  lying  on  the  late¬ 
ral  edges  of  the  parallelepiped? 
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701.  A  right  parallelepiped,  whose  base  is  a  rhombus  with  the  side 
a  and  acute  angle  a  is  cut  with  a  plane  passing  through  the  vertex 

of  the  angle  a,  the  section  yielding  a  rhombus  with  the  acute  angle  -y-  . 

Determine  the  area  of  this  section. 

702.  The  edge  of  a  tetrahedron  is  equal  to  b.  Through  the  midpoint 
of  one  of  the  edges  a  plane  is  drawn  parallel  to  two  non-intersecting 
edges.  Determine  the  area  of  the  section  thus  obtained. 

703.  The  base  of  a  pyramid  is  a  right-angled  triangle  with  a  leg  a. 
One  of  the  lateral  edges  of  the  pyramid  is  perpendicular  to  the  base, 
the  other  two  being  inclined  to  it  at  one  and  the  same  angle  a. 
A  plane  perpendicular  to  the  base  cuts  the  pyramid,  yielding  a  square. 
Determine  the  area  of  this  square. 

704.  In  a  frustum  of  a  regular  quadrangular  pyramid  the  sides  ol 
the  upper  and  lower  bases  are  respectively  equal  to  a  and  3a  and  the 
lateral  faces  are  inclined  to  the  plane  containing  the  lower  base  at 
an  angle  a.  Through  a  side  of  the  upper  base  a  plane  is  drawn  paral¬ 
lel  to  the  opposite  lateral  face.  Determine  the  volume  of  the  quadran- 
gular  prism  cut  off  the  given  frustum  and  the  total  surface  area  of 
the  remaining  portion  of  the  frustum. 

705.  Two  planes  are  drawn  through  a  point  taken  on  a  lateral  edge 
of  a  regular  triangular  prism  with  the  side  of  the  base  a.  One  of  them 
passes  through  a  side  of  the  lower  base  of  the  prism  at  an  angle  a 
to  the  base,  the  other,  through  the  parallel  side  of  the  upper  base  and 
at  an  angle  p  to  it.  Determine  the  volume  of  the  prism  and  the  sum  ot 
the  areas  of  the  sections  thus  obtained. 

706.  In  a  regular  quadrangular  prism  a  plane  is  drawn  through 
the  midpoints  of  two  adjacent  sides  of  the  base  at  an  angle  a  to  the 
latter  to  intersect  three  lateral  edges.  Determine  the  area  of  the  sec¬ 
tion  figure  obtained  and  its  acute  angle,  if  the  side  of  the  prism  s 
base  is  equal  to  b. 

707.  The  base  of  a  right  prism  is  an  isosceles  trapezoid  (with  the 
acute  angle  a)  circumscribed  about  a  circle  of  radius  r.  Through  one 
of  the  iionparallel  sides  of  the  base  and  the  opposite  vertex  of  the 
acute  angle  of  the  upper  base  a  plane  is  drawn  at  an  angle  a  to  the 
base.  Determine  the  lateral  area  of  the  prism  and  the  area  of  the  sec¬ 
tion  figure  thus  obtained. 

708. yrhe  base  of  a  right  prism  ABC  A  is  an  isosceles  triangle 

ABC  w-ith'angiect  at  the  base  BC.  The  lateral  area  of  the  prism  is  equ¬ 
al  to  6’  Find  the  area  of  the  section  by  a  plane  passing  through  a  dia¬ 
gonal  of  the  face  BC’C.B,  parallel  to  the  altitude  AD  of  the  base  of 
the  prism  and  at  an  angle  p  to  the  base. 
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709.  The  base  of  a  right  prism  ABCA,B,C,  is  a  right-angled  Irian 
gle  ylBC  with  an  angle  P  at  the  vertex  B  (p  <45°).  The  difference 
between  the  areas  of  its  lateral  faces  passing  through  the  legs  BC 
and  AC  is  equal  to  S.  Find  the  area  of  the  section  by  a  plane  forming 
an  angle  9  with  the  base  and  passing  through  three  points:  the  vertex 
B.  of  the  angle  P  of  the  upper  base,  midpoint  of  the  lateral  edge  .4.4, 
and  point  D  situated  on  the  base  and  symmetrical  to  the  vertex  B 
with  respect  to  the  leg  AC. 

710.  Non-intersecting  diagonals  of  two  adjacent  lateral  face.-  of 
a  rectangular  parallelepiped  are  inclined  to  its  base  at  angles  a  and  p. 

Find  the  angle  between  these  diagonals. 

711.  Given  three  plane  angles  of  the  trihedral  angle  SABC. 
BSC  =  a:  CSA  =  P;  <  ASB  =  y.  Find  the  dihedral  angles  of 

this  trihedral  angle. 

712.  One  of  the  dihedral  angles  of  a  trihedral  angle  is  equal  to  .4, 
the  plane  angles  adjacent  to  the  given  dihedral  angle  are  equal  to  a 
and  p.  Find  the  third  plane  angle. 

713.  Given  in  a  trihedral  angle  are  three  plane  angles. -io  ,60  and 
45“  Determine  the  dihedral  angle  contained  between  the  two  faces 

with  plane  angles  of  45°.  , 

714.  A  line-segment  AB  is  given  on  the  edge  ot  a  dihedral  angle. 
In  one  of  the  faces  a  point  .17  is  given,  at  which  a  straight  line  drawn 

A  at  ar,  angle  a  to  AB  intersects  a  line  drawn  from  B  perpendicu¬ 
lar  to  AB.  Determine  the  dihedral  angle,  if  the  straight  line  A.17  is 
inclined  to  the  second  face  of  the  dihedral  angle  at  an  angle  p. 

715  Given  two  skew  lines  inclined  at  an  angle  9  to  each  other  and 
having  a  common  perpendicular  PQ  =  h  which  intersects  both  of 
them  Given  on  these  lines  are  two  points  A  and  B,  from  which  the 
line-segment  PQ  is  seen  at  angles  a  and  p,  respectively.  Determine 
the  length  of  the  line-segment  AB. 

716.  Given  on  two  mutually  perpendicular  skew  lines,  the  perpen¬ 
dicular  distance  between  which  PQ  =  h,  are  two  points  A  and  B, 
from  which  the  line-segment  PQ  is  seen  at  angles  a  and  p,  respecti¬ 
vely.  Determine  the  angle  of  inclination  of  the  segment  AB  to  l  Q. 

717.  A  cutting  plane  divides  the  lateral  edges  of  a  triangular  pyra- 


mid  in  the  ratios  (as  measured  from  the  vertex):  -A- ,  .  —  • 

In  what  ratio  is  the  volume  of  the  pyramid  divided  by  this  plane? 

718  From  the  midpoint  of  the  altitude  of  a  regular  quadrangular 
pyramid  a  perpendicular,  equal  to  h,  is  dropped  to  a  lateral  edge,  and 
another  perpendicular,  equal  toh,  to  a  lateral  face.  Find  the  volume 
0!  the  'pyramid. 
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CHAPTER  X 

SOLIDS  OF  REVOLUTION 

719.  The  generator  of  a  cone  is  equal  to  l  and  forms  an  angle  of  80° 
with  the  plane  of  the  base.  Determine  the  volume  of  the  cone. 

720.  The  length  of  the  generator  of  a  cone  is  equal  to  /,  and  the 
circumference  of  the  base,  to  c.  Determine  the  volume. 

721.  The  lateral  surface  of  a  cylinder  is  developed  into  a  square 
with  the  side  a.  Find  the  volume  of  the  cylinder. 

722.  When  developed,  the  curved  surface  of  a  cylinder  represents 
a  rectangle,  whose  diagonal  is  equal  to  d  and  forms  an  angle  a  with 
the  base.  Determine  the  volume  of  the  cylinder. 

723.  The  angle  at  the  vertex  of  an  axial  section  of  a  cone  is  equal 
to  2a,  and  the  sum  of  the  lengths  of  its  altitude  and  the  generator,  to 
m.  Find  the  volume  and  surface  of  the  cone. 

724.  The  volume  of  a  cone  is  V.  its  altitude  is  trisected  and  through 
the  points  of  division  two  planes  are  drawn  parallel  to  the  base.  Find 
the  volume  of  the  medium  portion. 

725.  Determine  the  volume  of  a  cone,  if  a  chord,  equal  to  a,  drawn 
in  its  base  circle  subtends  an  arc  a,  and  the  altitude  of  the  cone 
forms  an  angle  [)  with  the  generator. 

728.  Two  cones  (one  inside  the  other)  are  constructed  on  one  and 
the  same  base;  the  angle  between  the  altitude  and  the  generator  of 
the  smaller  cone  is  equal  to  a,  and  that  of  the  larger  cone,  to  p.  The 
difference  between  the  altitudes  is  equal  to  h.  Find  the  volume  of 
the  solid  bounded  by  the  curved  surfaces  of  the  cones. 

727.  The  curved  surface  of  a  cone  is  equal  to  .V.  and  the  total  one, 
to  P.  Determine  the  angle  between  the  altitude  and  the  gene¬ 
rator. 

723.  When  developed  on  a  plane,  the  curved  surface  of  a  cone 
represents  a  circular  sector  with  the  angle  a  and  chord  a.  Determine 
tile  volume  of  the  cone. 

729.  A  plane,  drawn  through  the  vertex  of  a  cone  aud  at  an  angle 
q  to  the  base,  cuts  off  thecircleof  the  base  an  area;  the  distance  bet¬ 
ween  the  plane  and  the  centre  of  the  base  is  equal  to  a.  Find  the  volu¬ 
me  of  the  cone. 

730.  A  square,  whose  side  is  equal  to  a,  is  inscribed  in  the  base  of 
a  cone.  A  plane  drawn  through  the  vertex  of  the  cone  and  a  side  of 
the  square  intersects  the  surface  of  the  cone  along  a  triangle,  the  angle 
at  the  vertex  of  which  is  a.  Determine  the  volume  aud  surface  of  the 


cone. 
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731.  The  element.  I  of  a  frustum  of  a  cone  forms  an  angle  a.  with 
the  plane  of  the  lower  base  and  is  perpendicular  to  the  straight  line 
joining  its  upper  end  point  with  the  lower  end  point  of  the  opposite 
element.  Find  the  curved  surface  of  the  frustum. 

732.  Given  a  cone  of  volume  V,  whose  generator  is  inclined  to  the 
base  at  an  angle  a.  At  what  height  should  a  cutting  plane  be  drawn 
perpendicular  to  the  axis  of  the  cone  to  divide  the  curved  surface  of 
the  cone  into  two  equal  parts?  The  same  question  for  the  total  surface. 

733.  Determine  the  volume  and  surface  of  a  spherical  sector  cut 
off  a  sphere  of  radius  R  and  having  an  angle  a  in  the  axial  section. 

734.  The  surface  of  a  spherical  segment  of  radius  R  is  S.  Find  its 
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735.  The  area  of  a  triangle  ABC  is  equal  to  5,  the  side  AC  —  b 
and  /_  CAD  —  a.  Find  the  volume  of  the  solid  formed  by  rotating 
the  triangle  ABC  about  the  side  AB. 

738.  Given  in  a  triangle  ABC:  the  side  a.  angle  B  and  angle  t. 
Determine  the  volume  of  a  solid  obtained  by  rotating  the  triangle 

about  the  given  side.  ,  ,  .  , 

737  A  rhombus  with  the  larger  diagonal  d  and  acute  angle  y  ro¬ 
tates  about  an  axis  passing  outside  it  through  its  vertex  and  perpen¬ 
dicular  to  its  larger  diagonal.  Determine  the  volume  of  the  solid  thus 


738.  Given  in  a  triangle:  sides b  and  c  and  the  angle  a  between  thorn. 
The  triangle  rotates  about  an  axis  which  passes  outside  it  through 
the  vertex  of  the  angle  a  and  is  inclined  to  the  sides  b  and  c  at  equal 
angles  Determine  the  volume  of  the  solid  thus  generated. 

739  In  an  iso'celes  trapezoid  a  diagonal  is  perpendicular  to  one  of 
the  nonparallel  sides.  The  side  is  equal  to  b  and  forms  an  angle  a 
with  the  larger  base.  Determine  the  surface  of  the  solid  generated  In- 
rotating  the  trapezoid  about  the  larger  base. 

740  Two  planes  are  drawn  through  the  vertex  of  a  cone.  One  of 
them  is  inclined  to  the  base  of  the  cone  at  an  angle  a  and  intersects 
it  along  a  chord  of  length  a,  the  other  is  inclined  to  the  base  at  an 
angle  (i  and  intersects  it  along  a  chord  of  length  b.  Determine  the 


volume  of  the  cone. 

741 .  A  sphere  is  inscribed  in  a  cone,  hind  the  volume  of  the  sphere, 
if  the  generator  of  the  cone  is  equal  to  l  and  is  inclined  to  the  base  at 


an  angle  a.  ,  . 

742.  A  straight  line,  tangent  to  the  curved  surface  of  a  cone,  forms 
an  angle  9  with  the  element  passing  through  the  point  of  langency. 
What  angle  (<p)  does  this  line  form  with  the  plane  of  the  base  P  of 
the  cone,  if  its  generator  is  inclined  to  the  plane  P  at  an  angle  a? 
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743.  An  obtuse  triangle  with  acute  angles  a  and  fi  and  the  smaller 
altitude  h  rotates  about  the  side  opposite  the  angle  p.  Find  the  sur¬ 
face  of  the  solid  thus  generated. 

744.  In  a  cone  (whose  axial  section  represents  an  equilateral  tri¬ 
angle)  installed  with  its  base  up  and  filled  with  water  a  ball  of  radius 
r  is  placed  flush  with  the  water  level.  Determine  the  height  of  the 
water  level  in  the  cone  after  the  ball  is  removed. 

745.  In  a  cone,  the  radius  of  the  base  circle  of  which  is  equal  to  R 

and  whose  generator  is  inclined  to  the  base  at  an  angle  -2-,  a  right 

triangular  prism  is  inscribed  so  that  its  lower  base  lies  on  the  base  of 
the  cone,  and  the  vertices  of  the  upper  base  are  on  the  curved  surface 
of  the  cone.  Determine  the  lateral  area  of  the  prism,  if  the  base  of  the 
prism  is  a  right-angled  triangle  with  an  acute  angle  a,  and  its  altitu¬ 
de  is  equal  to  the  radius  of  the  circle  along  which  the  plane  passing 
through  the  upper  base  of  the  prism  intersects  the  cone. 

746.  In  a  triangular  pyramid,  whose  base  is  a  regular  triangle  with 
the  side  a,  a  cylinder  is  inscribed  so  that  its  lower  base  is  found  on  the 
base  of  the  pyramid,  its  upper  base  touching  all  the  lateral  faces. 
Find  the  volumes  of  the  cylinder  and  the  pyramid  cut-off  by  the  plane 
passing  through  the  upper  base  of  the  cylinder,  if  the  altitude  of  the 

cylinder  is  equal  to  4  ,  one  of  the  lateral  edges  of  the  pyramid  is  per¬ 
pendicular  to  the  base,  and  one  of  its  lateral  faces  is  inclined  to  the 
base  at  an  angle  a  (define  the  values  of  a  for  which  the  problem  is  sol¬ 
vable). 

747.  A  right  triangular  prism  is  inscribed  in  a  sphere  of  radius  R. 
The  base  of  the  prism  is  a  right-angled  triangle  with  an  acute  angle  a 
and  its  largest  lateral  face  is  a  square.  Find  the  volume  of  the  prism. 

748.  The  base  of  a  pyramid  is  a  rectangle  with  an  acute  angle  a  bet¬ 
ween  the  diagonals,  and  its  lateral  edges  form  an  angle  cp  with  the 
base.  Determine  the  volume  of  the  pyramid,  if  the  radius  of  the  cir¬ 
cumscribed  sphere  is  equal  to  R. 

749.  The  radius  of  the  base  circle  of  a  cone  is  equal  to  R  and  the 
angle  at  the  vertex  of  its  axial  section  is  a.  Find  the  volume  of  a  re- 
quiar  triangular  pyramid  circumscribed  about  the  cone. 

750.  A  sphere  of  radius  r  is  inscribed  in  a  frustum  of  a  cone.  The 
generator  of  the  cone  is  inclined  to  the  base  at  an  angle  a.  Find  the 
curved  surface  of  the  frustum. 

751.  Circumscribed  about  a  sphere  is  a  frustum  of  a  cone,  whose 
elements  are  inclined  to  the  base  at  an  angle  a.  Determine  the  sur¬ 
face  of  the  frustum,  if  the  radius  of  the  sphere  is  equal  to  r. 
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752.  A  sphere  of  radius  r  is  inscribed  in  a  frustum  of  a  cone,  whose 
generator  is  inclined  to  the  plane  of  the  base  at  an  angle  a.  Find  the 
volume  of  the  frustum. 

753.  From  a  point  on  the  surface  of  a  sphere  of  radius  ft  three  equal 
chords  are  drawn  at  an  angle  a  to  one  another.  Determine  their 
lengths. 

754.  A  frustum  of  a  cone  is  inscribed  in  a  sphere  of  radius  R.  I  he 
bases  of  the  frustum  cut  off  the  sphere  two  segments  with  arcs  in  the 
axial  section  equal  to  a  and  p,  respectively.  Find  the  curved  surface 
of  the  frustum. 

755.  The  lateral  faces  of  a  regular  quadrangular  pyramid  are  incli- 
ned  to  the  base  at  an  angle  a.  Tbe  slant  height  of  the  pyramid  is  equal 
to  m.  Find  the  surface  of  a  cone  inscribed  in  the  pyramid  and  the  an¬ 
gle  of  inclination  of  the  lateral  edge  to  the  base. 

756.  A  cone  is  circumscribed  about  a  regular  hexagonal  pyramid. 
Find  its  volume,  if  the  lateral  edge  of  the  pyramid  is  equal  to  / 
and  the  face  angle  between  two  adjacent  lateral  edges  is  equal  to  cc. 

757.  A  cone  is  inscribed  in  a  regular  triangular  pyramid.  Find  tbe 
volume  of  the  cone  if  the  lateral  edge  of  the  pyramid  is  equal  to  / 
and  the  face  angle  between  two  adjacent  lateral  edges  is  equal 

t0758.  A  cone  is  inscribed  in  a  sphere  and  its  volume  is  equal  to  one 
fourth  of  that  of  the  sphere.  Find  the  volume  of  the  sphere,  if  the  al¬ 
titude  of  the  cone  is  equal  to  H. 

759.  A  sphere  is  inscribed  in  a  regular  triangular  prism.  It  touches 
the  three  lateral  faces  and  both  bases  of  the  prism.  Find  the  ratio  of 
the  surface  of  the  sphere  to  the  total  surface  area  of  the  prism. 

760.  A  sphere  of  radius  R  is  inscribed  in  a  pyramid,  whose  base  is 
a  rhombus  with  the  acute  angle  a.  The  lateral  faces  of  the  pyramid  are 
inclined  to  the  base  at  an  angle  <p.  Find  the  volume  of  the  pyramid. 

761.  A  hemisphere  is  inscribed  in  a  regular  quadrangular  pyramid 
so  that  its  base  is  parallel  to  the  base  of  the  pyramid  and  the  spheri¬ 
cal  surface  is  in  contact  with  it.  Determine  the  total  surface  area  of 
the  pyramid,  if  its  lateral  faces  are  inclined  to  the  base  at  an  angle 
a  and'  the  radius  of  the  sphere  is  equal  to  r. 

762  A  hemisphere  is  inscribed  in  a  regular  quadrangular  pyramid 
so  that  its  base  lies  on  the  base  of  the  pyramid  and  the  spherical  sur¬ 
face  touches  the  lateral  faces  of  the  pyramid.  Find  the  ratio  of  the 
surface  of  the  hemisphere  to  t lie  total  surface  area  of  the  pyramid  and 
the  volume  of  the  hemisphere,  if  the  lateral  faces  are  inclined  to  the 
base  at  an  angle  of  a  and  the  difference  between  the  lengths  of  the 
side  of  the  base  and  the  diameter  of  the  sphere  is  equal  to  m. 
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763.  In  a  cone,  with  the  radius  of  the  base  circle  R  and  an  angle  a 
between  the  altitude  and  generator,  a  sphere  is  inscribed  which  tou¬ 
ches  the  base  and  the  curved  surface  of  the  cone.  Determine  the  volu¬ 
me  of  the  portion  of  the  cone  situated  above  the  sphere. 

764.  The  surface  of  a  right  circular  cone  is  n  times  as  large  as  the 
surface  of  the  sphere  inscribed  in  it.  At  what  angle  is  the  generator 
of  the  cone  inclined  to  the  base? 

765.  A  sphere  is  inscribed  in  a  cone.  The  ratio  of  their  volumes  is 
equal  to  n.  Find  the  angle  of  inclination  of  the  generator  to  the  base 
(calculate  for  n  —  4). 

766.  Determine  the  angle  between  the  axis  and  generator  of  a  cone, 
whose  surface  is  n  times  as  large  as  the  area  of  its  axial  section. 

767.  Inscribed  in  a  cone  is  a  hemisphere,  whose  great  circle  lies  on 
the  base  of  the  cone.  Determine  the  angle  at  the  vertex  of  the  cone, 
if  the  ratio  of  the  surface  area  of  the  cone  to  the  curved  surface  area 
of  the  hemisphere  is  18:  5. 

768.  Determine  the  angle  between  the  altitude  and  generator  of  a 

.j 

cone,  if  the  volume  of  the  cone  is  ly  times  as  large  as  that  of  the 

hemisphere  inscribed  in  the  cone  so  that  the  base  of  the  hemisphere 
lies  on  the  base  of  the  cone  and  the  spherical  surface  touches  the  cur¬ 
ved  surface  of  the  cone. 

769.  Determine  the  angle  between  the  altitude  and  generator  of 
a  cone,  whose  curved  surface  is  divided  into  two  equal  parts  by  the 
line  of  its  intersection  with  a  spherical  surface,  whose  centre  is  loca¬ 
ted  at  the  vertex  of  the  cone  and  the  radius  is  equal  to  the  altitude  of 
the  cone. 

770.  A  cone  with  the  altitude  //  and  the  angle  between  the  genera¬ 
tor  and  altitude  equal  to  a  is  cut  by  a  spherical  surface  with  the  centre 
at  the  vertex  of  the  cone  to  divide  the  volume  of  the  cone  into  two 
equal  portions.  Find  the  radius  of  the  sphere. 

771.  On  the  altitude  of  a  cone,  equal  to  //,  as  on  the  diameter,  a 
sphere  of  radius  y  is  constructed.  Determine  the  volume  of  the  portion 

of  the  sphere  situated  outside  the  cone,  if  the  angle  between  the 
generator  and  altitude  is  equal  to  a. 

772.  Given  two  externally  tangent  spheres  O  and  Oi,  and  a  cone 
circumscribed  about  them.  Compute  the  area  of  the  curved  surface  of 
the  frustum,  whose  bases  are  the  circles  along  which  the  spheres  con¬ 
tact  the  surface  of  the  cone,  if  the  radii  of  the  spheres  are  equal  to  R 
and  Ri. 

773.  Four  balls  of  one  and  the  same  radius  r  lie  on  a  table  so  that 
they  touch  one  another.  A  fifth  ball  of  the  same  radius  is  placed  on 
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them  at  the  centre.  Find  the  distance  between  the  top  point  of  the 
fifth  ball  and  the  plane  of  the  table. 

774.  Determine  the  angle  at  the  vertex  of  the  axial  section  of  a  cone 
circumscribed  about  four  equal  balls  arranged  so  that  each  of  them 
is  in  contact  with  the  three  remaining  ones. 

775.  The  faces  of  a  frustum  of  a  regular  triangular  pyramid  touch 
a  sphere.  Determine  the  ratio  of  the  surface  of  the  sphere  to  the  total 
surface  area  of  the  pyramid,  if  the  lateral  faces  of  the  pyramid  are 
inclined  to  the  base  at.  an  angle  a. 

776.  Inscribed  in  a  cone  is  a  cylinder,  whose  altitude  is  equal  to 
the  radius  of  the  base  circle  of  the  cone.  Find  the  angle  between  the 
axis  of  the  cone  and  its  generator,  if  the  ratio  of  the  surface  of  the 
cylinder  to  the  area  of  the  base  of  the  cone  is  3:  2. 

777.  The  radius  of  a  sphere  inscribed  in  a  regular  quadrangular 
pyramid  is  equal  to  r.  The  dihedral  angle  formed  by  two  adjacent 
lateral  faces  of  the  pyramid  is  equal  to  a.  Determine  the  volume  of 
the  pyramid,  whose  vertex  is  at  the  centre  of  the  sphere  and  the  ver¬ 
tices  of  the  base  lie  at  the  four  points  of  tangency  of  the  sphere  and 
the  lateral  faces  of  the  pyramid. 

778.  A  sphere  of  radius  r  is  inscribed  in  a  cone.  Find  the  volume 
ot  the  cone,  if  it  is  known  that  a  plane  tangent  to  the  sphere  and  per¬ 
pendicular  to  the  generator  of  the  cone  is  drawn  at  a  distance  d 
from  the  vertex  of  the  cone. 

779.  The  edge  of  a  cube  is  a,  A  B  being  its  diagonal.  Find  the  radius 
of  a  sphere  tangent  to  the  three  faces  converging  at  the  vertex  A  and 
to  the  three  edges  emanating  from  tho  vertex  B.  Also  find  the  area 
of  the  portion  of  the  spherical  surface  outside  the  cube. 

780.  In  a  regular  tetrahedron,  whose  edge  is  equal  to  a,  a  sphere  is 
inscribed  so  that  it  is  in  contact  with  all  the  edges.  Determine  the 
radius  of  the  sphere  and  the  volume  of  its  portion  outside  the  tetra¬ 
hedron. 


CHAPTER  XI 

TRIGONOMETRIC  TRANSFORMATIONS 
Prone  the  following  identities'. 

781.  sec  a) sec  — a^  =  2sec2a 

782.  itSJgliJi — 2  cos  (a +  0)  =  4^- 

sin  a  v  1  sin  a 

783.  2  (esc  2a -f  cot  2a)  —  cot — tan 
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Problems 


784. 

786. 

787. 

788. 

789. 

790. 

791. 

792. 

793. 

794. 

795. 

796. 

797. 

798. 

799. 

800. 

801. 

802. 


cos  g-j-sin 


cosa~sma 


=  tan  (45°+ct);  785.  =  tan  2a  +  sec  2a 

in  n.  '  1  n  r.nsn. —  sin  rt  1 


sin*(-2-  +  a)-sinS(-f~ a) 
2  cos2  a—  1 


coso-sma 
sin  2a 


V2 


2  tan 


tan2 


(.i_K).sm*(i+a) 
/  31  \  1  — sin  2a 

(t -°)-r 


=  i 


cos  2a 


cot2  a — tan2  a 


i-f-sin  2a 
-  sin2  2a 


sin  a-t-cos  (2fl  —  a) 
cos  a— sin  (2p  — a) 
1  +  s»n  2a  _ 


cos  2a 


cot  (t~p) 

1±taJLa_tan(«.  +  a) 


1  —  tan  a 


sin  x  -j-  cos  (2  tj  —  -r) 
cos  x— sin  (2 y  —  x) 


1-|- sin  2 y 
cos  2 y 


tan2  a  —  tan2  p  =  sin  (a  -f  p)  sin  (a  —  p)  sec2  a  sec2  p 


'(t— r)-(1+sia 


a) 


•  =  cot  a 


tail 


(t+t) 


.  =  1 


cos  a 

2  (sin  2a  +  2  cos2  a  —  1)  _ 


cos  a  —  sin  a — cos  3a-f-sin  3a 

sin  a  — sin  3a  +  sin  5a  .  0 

- tj — - r—  =  tan  oa 

cos  a  —  cos  3a  cos  5a 

sin  (a  —  b)4-sin  (a  — c)+sin(h  — c)  = 

2  (sin6  a:  +  cos®  x)  —  3  (sin4  a:  -{-  cos4  a:)  +  1  =  0 


/  0 
■  4  cos  - 


4ji  1 
3  , 


■  0 


sin  a -  p  sin  ^ a  +  ^  4- sin 

sin2  (45°  +  a)  —  sin3  (30°  —  a)  —  sin  15°  cos  (15°+  2a)  —  sin  2a 
Show  that 

1—2  cos2  9  .  „  . 

— : - -  —  tan  tp  —  cot  (p 

«inm  rn  T  1 
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803.  Show  that 

tan2  —  —  2s^ncc~sin  2ct 
2  2  sin  a  +  sin  2a 

804.  Prove  the  identity 

cos2  <p  -j-  cos2  (a  -f*  tp)  —  2  cos  a  cos  <p  cos  (a  +  fp)  —  sin2  a 

805.  Simplify  the  expression 

sin2  a  -f-  sin2  £  -f  2  sin  a  sin  p  cos  (a  +  p) 

806.  Prove  that 

sin2  a  -j-  sin2  p  -j-  sin2  y  —  2  cos  a  cos  p  cos  y  =  2, 
if  a~f  p-fy  =  Ji. 

807.  Prove  that 

cot  A  cot  B  cot  A  cot  C  -j-  cot  B  cot  C  =  1, 
if  A  -t-B  +  C-  n. 


808. 

Prove  that 

71 

2  n  1 

cos  -=- 
0 

cos  -r-  =  -r 

5  4 

809. 

Prove  that 

n 

.  3«  1 

c°sT- 

ic°s  —  =2- 

Reduce 

to  a  form  convenient  for  taking  logarithms: 

810. 

1  ~f-  cos  a  -f-  cos  ;  811. 

.  l—]/r2  cos  a  +  cos  2a 

812. 

1  —  sin2  (a  -f  P)  —  sin2  (a 

-P) 

813. 

i  -j-  sin  a  -f-  cos  a  -J-  tan  a; 

'  814  t+sina  —  cosa 

si"y 

815. 

1  — tana  +  sec  a;  816. 

cos  a  -|-  sin  2a  —  cos  3a 

817. 

tan  (a  +  -f  tan  (a  — 

t) 

818. 

2sinfl  —  sin  2p  „  Q4ft  1/2  —  cos  a  —  sin  a 

2  sin  p-f-sin  2p  ’ 

sin  a  —  cos  a 

820. 

cot  a  -f-  cot  2a  +  esc  2a; 

821.  cos  2a -j- sin  2a  tan 

822. 

2  sin2 a -f  1/^3 sin  2a— 1; 

823  *  "Ptan  2a  tan  a 

cota-|-tana 

6* 
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Problems 


824. 

825. 

826. 
828. 
829. 


2  +  tan  2a  +  cot  2a 

tan  X  —  1  +  sin  x  ( 1  —  tan  x)  + 

l+cosa+cos2g+cos3cc .  i  _ 4- sin2  2a— sin2  B— cos* a 

cosa  +  2cos2a  —  i  4 

sin  (i  +  y  +  s) 

tan  x  tan  y  -f*  tan  z  gos  g  cos  y  — 
sin  a  4- sin  p  -f  sin  y  if  a  +  P  +  Y  —  ^O 


CHAPTER  XII 

TRIGONOMETRIC  EQUATIONS 

Solve  the  following  equations: 

_  /  3x  3x  \2 

830.  1— sin5x=  ^cos  "2 — slnT/ 

831.  sinx  +  sin2x  +  sin3x  +  sin4x  =  0 

832.  sin  (x  +  30°)  +  cos  (x  +  60°)  =  1  +  cos  2x 

833.  sin  x  4- sin  2x  -f  sin  3x  =  cos  x  4~  cos  2x  +  cos  3x 

834.  cos2x  — cos8x  +  cos6x  =  l;  835.  cos  x  — cos  2x  =  sin3x 
836.  sin  (x  —  60°)  =  cos  (x  -f  30°);  837.  sin  5x  +  sin  x  -f  2  sin2  x  =  1 

838.  sin2  x  (tan  x  +  1)  =  3  sin  x  (cos x  —  sin x)  +  3 

839.  cos  4x  =  —  2  cos2  x;  840.  sin  x  +  cos  x  = 

841.  sin  3x  =  cos  2x;  842.  sin*-g--t-cos4-j  =  g- 

843.  3  tan2x  — sec2x=  1;  844.  (1  -f  cos 4x) sin 4x  =  cos2 2x 

840.  sin*  x  4- cos*  x  =  cos  4x;  846.  3cos2x  — sin2x— sin2x  =  0 

847.  cos2x  +  3sin2x  +  2K3sinxcosx  =  l 

848.  6  sin2  x  -f  3  sin  x  cos  x  —  5  cos2  x  =  2 

849.  sin2  x +  -|  cos2  x  =  sin  x  cosx 

850.  sin x  4- 1^3 cos x  =  1 ;  851.  sinx  +  cosx  =  l 

852.  sin  x  4-  cos  x  =  1  4~  sin  2x;  853.  sin  3x  r  cos  3x  —  !''  2 
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854.  sin  x  sin  7x  =  sin  3x  sin  5x;  855.  cos  x  sin  lx  —  cos  3x  sin  5x 
856.  sin  x  sin  2xsin  3x  =  y  sin  4x;  857.  2cos3x  +  4  cos  x  =  3  sin2  x 

858.  5  cos  2x  =  4  sin  x;  859.  tan  |y-}~  4  -r  inn  x —  2  =  0 

cos(^-—x\ 

860.  8  tan2-|-=  1  +  secx;  861.  — t  +"os  - — =--sec2y— 1 

862.  1— cos(n  — i)  +  sin  =  0 

863.  2^1— sin  — x )  J  =  V3  tan  —j” 

864.  sin  i  —  cos  x  —  4  COS" x  sin  x  —  4  sin3x 

865.  cot  x-i-  ■  —2 

866.  2  cot  (x  —  n)~ (cosx  +  sin  x)  (esc  x  —  sec  x)  =  4 

0„_  •  ,  ,  ,  .  (  a  \  see  x  —  cos  x 

867.  sin (n  —  x)  +  cot  —  x  J  = — — 

1-UnT  X 

868.  - -  =  2  sin  4 

1  — MtT 

869.  sin  (n  —  x)  +  cot  (-y-  +  x)  =  see  (— x)— cos(2ji  — x) 

870.  sec2x— tan2x  +  cot(-y +  x)  =  cos2xsec2x 

871.  sin3  x  (1  +  cot  x)  +  cos3  x  (1  +  lan  x)  =  cos  2x 

872.  sin3  x  cos  3x  +  sin  3x  cos3  x  =  0.375 

873.  tan  x  +  tan  2x  =  tan  3x 

874.  l  +  sinx  +  cosx=2cos  (y  — 45°) 

875.  1  — cos2  2x  —  sin  3x  —  cos  (  ~  4  * ) 

876.  1  -  3  cos  x  +  cos  2x  = 

877.  [cos  x  —  sin  (x — n)f  +  3  =  ^  x  _  j 
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878,  (sin  x -j- cos  x)z  =  2  sin  (-£•  +  #)  sin^~  —  xj 

879.  2  —  sin  x  cos  2x  —  sin  2x  cos  x  — 


r  ( n 

3x  \ 

*  (  n 

3x  \n! 

[cos  (T- 

2  ) 

-stn(T- 

~  2  )] 

880.  (1  —  tana:) (1 -f-sin  2*)— 1  +  tan x 

881.  cos  x  4-  sin  x  =  rco9;2^>  - 

1  1— sm  2x 

882.  (1  -f  sin  2x)  (cos  x  —  sin  x)  =  1  —  2  sin2  x 

883.  —  sin  (x  30°)  gin  (a;  30°) 

DO/,  sin(60'’4-x)-j-sin(60o  — x)  tan  z  cot  x 

2  ~  (1  +  tan2  xjs  +  (1  +  cot2  x)2 

885.  sec2  x  —  ( cos  x  sin  x  tan  i  — s.  (60  ~.f). 

\  2  /  cos  X 


tan^+cot^- 


88G.  sin  {^- +  x)  -  sin  -  x)  - - 

887.  2  ]/~2  sin  (45°  +  x)  = 

r  v  1  ’  1-fsmx 

ooo  a  2  (sin  2x  — cos2x  tanx)  .  .  , 

888.  1 - ^ - -  =  cos4  x  —  sin4  x 

V  3  sec2  x 

sin  3x  =  4  sin  x  cos  2x 

sec  x  +  i  =  sin  (n  —  x)  —  cos  x  tan  " ~^x 

tan  2x  tan  x  •  z  #  r^o  i  \  •  /  /  ro  \  a 

t — ^ - r - 2  sm  (45  4-  x)  sm  (45  —  x)  —  0 

tan  2x  —  tan  x  v  1  ’  '  7 

tan  (x  —  45°)  tan  x  tan  (x  45°)  = - . — 

tan  | -cot  | 

tan  (x  +  45°)+tan  (*-45°)  =  tan  (x  _  450)  ,an  (x 


888.  1-Z(sm^ 

889.  sin  3x  =  4  s 

890.  sec  x  +  1  = 

tan  2x  tan  x 


tan  2x  —  tan  x 


tan  (x  —  45°)  tan  (x  +  45°)  tan  x 


tan  (x  4-  a)  +  tan  (x  —  a)  =  2  cot  x 
1  .  X  X  \2  2 

sin__cosT  -  , . ; . 7+7 

tan  y~  tan — 4 — 
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896‘  j  1  tan(f  +  45“)-tan(45=-f) 

897.  sin4x  +  sin4  (x  +  =  -|- 

897a.  sin4 x-f  sin1  (x  +  -f-)  +  sin4  (x  —  =  -| 

Solve  the  following  systems  of  equations: 

898.  cos  'j-- cos  1  "2y  =  i ;  cos x cos y  =  — 

899.  x -|-  y  =  a;  sin x sin y  =  i»:  900.  x  +  y  =  a;  tan x  +  tan y  =  m 

901.  x  +  y  =  ;  tanx-j- tany=  1 

902  28iD  *'^cos  v  =  1  •  i6sin2  x+cos2  y  —  4 

903.  sin  x  sin  y  = ;  tanxtany  =  y 

904.  sinx  =  2siny;  cos  x~ —cos y 
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905.  Compute 

2  arcsin  (  -  ^ )  +  arcco t  ( - 1 )  +  arccos  + 1  arccos  ( - 1 ) 

906.  Prove  that 

,  .  yt-x2 

tan  (arccos  x)  = - - - 


907.  Prove  that 


tan  (arcsin  x)  = 


X 


V  l-:r2 


Compute: 

908.  sin[iarccot(--|)];  909.  sin  [|- arcsin  ( 

910.  cot[-^-arccos(—  y)];9!i.  tan  (.5  arctan  3^  —  j  arcsin 
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912.  sin  ^  3  arctan  y"3  -f-  2  arccos  -i-  j 

913.  cos  ^3arcsin^4-arccos  (  —  -i-jj 

Prove  the  following  identities: 

914.  arctan  (3  +  2]^2)—  arctan^5  =  -|- 

915.  arccos  l/? — arccos  —  JL 

y  3  2V3  6 

916.  arcsin4  +  arcsin^  +  arcsinii  =  i 

°  l  o  bo  2 

917.  arccos  1  + arccos  (  — i)  =  arccos  (  -  j|) 

918.  2  arctan  -f  arctan  -i  =  arctan  ~ 

o  4  43 

919.  arctan  -j-  arctan  ~  -f-  arctan  4*  4-  arctan  4-  —  ^r* 

Solve  the  following  equations: 

920.  4 arctan (x2  — 3x  — 3)  — n  =0 

921.  6  arcsin(x2  — 6x  +  8.5)  =  rc 

922.  arctan  (x  -f-  2)  —  arctan  (x  -f  1)  —  -J- 

923.  2  arctan  —  —  arctan  x=-£- 

2  4 

924.  arcsin  -  2  —  arcsin  J/  1  —  x  —  arcsin  4- 

3yi  3 

925.  arctan  ^-—arctan  —  arctan  x 

o  a-\~b 

926.  arcsin  3x  =  arccos  4x;  927.  2  arcsin  x  —  arcsin*  ^ 
928.  Solve  the  system  of  equations 

z  +  y  =  arctan-j-^-,  tanztany=a3  (|a|<l) 


ANSWERS  AND  SOLUTIONS 


PART  ONE 

ARITHMETIC  AND  ALGEBRA 


1. 

6.5625 

2. 

29  — 

3. 

365 1 

4. 

3A 

5. 

18 1 

6. 

50 

7. 

23.865 

8. 

25 

36  ?2 

9. 

599.3 

10. 

84.075 

11. 

2.5 

12. 

2 11 

13. 

0.0115 

14. 

157 

280 

27.  1 

28.  1320 

29.  11 

30.  250 


43.  -20.384 

44.  2.25 

45.  li 
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Answers  and  Solutions 


CHAPTER  II 

ALGEBRAIC  TRANSFORMATIONS 


Preliminaries 


In  solving  problems  of  the  present  chapter  (beginning  with  Problem  62) 
the  following  should  be  taken  into  consideration. 

1.  The  radical  y^a  is  called  principal,  or  arithmetical,  if  the  radicand  a  is 
positive  (or  equal  to  zero)  and  if,  furthermore,  the  root  itself  is  taken  positive. 

Examples.  The  expression  y  —27  cannot  represent  an  arithmetical  root, 
since  the  radicand  is  negative.  The  expression  \  16  is  an  arithmetical  root,  if 
we  consider  only  its  positive  value  (i.e.  2).  The  expression  27  represents  an 
arithmetical  root  (i.e.  3),  if  we  consider  only  its  real  value  ^  it  also  has  two 

.  3  ,  3 1/3  .  ,  3  3  V 3  .  \  /— 

imaginary  values  — y  -j - ~ —  i  and  —  - ~ —  i  J  .  The  expression  y  —16 

cannot  represent  an  arithmetical  root,  since  the  radicand  is  a  negative  number. 

2.  The  rules  for  transformation  of  radicals  set  forth  in  algebra  are  true  only 
for  arithmetical  roots. 


For  instance,  the  equality  y'lc  =  y  V-  is  not  true  for  negative  values  of  x. 
Thus,  at  x  ~  —8  the  left  member  of  the  equality  has  only  one  real  value  y  —8  = 
=®  —2,  while  the  right  member  has  two  real  values  yST  =  ±2  (if  imaginary 
values  are  also  considered,  then  y  —8  has  three  values,  and  y  64—  six  values). 

In  view  of  this,  in  the  present  section  dedicated  to  the  identity  transformations 
of  irrational  expressions  we  assume  that  all  radicands  may  have  only  positive 
(and  zero)  values*,  which  means  that  literal  quantities  entering  the  expressions 
to  be  simplified  should  meet  some  additional  conditions.  In  a  number  of  cases 
(see,  for  instance,  notes  to  Problems  65  to  71)  we  indicate  such  conditions. 

Sometimes  the  conditions  to  be  satisfied  by  literal  quantities  are  given  in 
the  problem  itself.  Then  in  solving  such  a  problem  one  is  to  prove  that  under 

these  conditions  all  radicands  are  positive.  _ 

3.  It  should  lie  particularly  noted  that  the  equality  ~\/ x2 ~ x  (where  l/s2 
is  an  arithmetical  root)  holds  true  only^for  x>0.  For  a  negative  x  it  is  inva¬ 
lid;  instead  we  have  the  equality  yx2  —  — x.  Both  cases  may  be  covered  by 
t  he  equal  tty  ’\Zx^  —  \x\.  Thus,  if  x  =  —  3,  then  ~\/ (— 3)2  =  y9  —  —  (  —  3) 
(and  \/(  —  3)2  is  an  arithmetical  root,  since  the  radicand  (  — 3)2  is  positive 
and  the  root  is  taken  in  its  positive  value).  We  may  also  write  ~\/ ( —  3)2  = 
-  (3|.  The  importance  of  this  note  is  seen  from  the  following  examples. 
Example  1.  Simplify  the  expression  ym2  —  2 wtn-f-n2.  The  solution 


y  m-  —  2 mn  -f-  n2  =  ~\-  (m  —  n)2  —  m —  n 


is  true  only  for  m>  n.  For  m<n  it  should  be  written  instead 


y  m2  —  2 mn  nl  —  —  (m  —  n),  i.  e.  \  m2  —  2m n  -f -  n2  =  n —  m 

*  With  the  exception  of  Problem  64,  where  the  radicand  of  the  cube  radical 
can  never  be  positive  (see  the  solution  of  this  problem  on  pages  96-97). 
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Thus,  if  m  =  2  and  n- 3,  then  m  —  n=~l,  whereas 

ym»-2mn+^  =  V4-12  +  9  =  V 1  =  1 
A  genera!  formula  has  the  form 

ym2-2mn  +  <•*  =  I  —  »  I  »r  y«~  2mn  +  n2  =  |n—  w  |. 

Example  2.  Simplify  the  expression 

y4+4p  +  p;—  y4-4p+p8 
y  4  +  4P  +  P5  +  y  4  -  4p  +  P2 

Denoting  (for  the  sake  of  brevity)  the  given  expression  by  A,  we  have 
(for  p=p  —  2): 

.  |2  +  p|-|2-p|  I -  +  P ! 

|2  +  p|  +  |2-pl  ,4.2 -P 

'  2+p 


If  the  fraction  |q-j-  is  positive,  then 


2  +  p 


f  + 


anil  if  it  is  negative,  then 


1  + 


2  +  p 
2 —  P 

2  +  p 


*--T 


2  — p 


+  P 


Let  us  analyse  what  values  of  p  yield  the  first  or/and  the  second  cases.  The 
£  is  positive  when  2  -  p  and  2  +  p  are  of  the  same  sign.  Let  us 


fraction 


first  require  that  both  quantities  2  -  p  and  2  +  p  he  positive,  ine  quanuiy 
2  _  T?s  posit  ve  tor  p  <  2,  the  quantity  2  +  p  is  positive  for  p  >  -2.  Con- 
scquifntlv  both  quantities  are  positive  for  -2  <  p  <  2.  Now  we  require  that 
hoth  mVsn’tities  2  -  v  and  2  +  p  he  negative,  but  soon  find  nut  that  this  requ  - 
rement  cannot  he  fulfflTed,  XL  2  -p  is  negative  for  p  >2,  and  2  +  p  is 
negative  for  p  <  -2,  but  these  conditions  are  incompatible.  Hence,  the  fraction 

is  positive  only  for  -2  <  p  <  2.  For  p  >  2  and  p  <  -2  this  fraction 

24*  P 

is  negative. 

Thus,  A  =  %  for  |  p  |  <  2  anil  A=j  for  |  p  |  >  2.  At  |  p  |  =  2  both  expres- 

sions  are  valid.  _  ,  ,  ^  .  ,, 

Example  3.  The  equality  Ya'^a*  is  true  only  for  a>0.  I- or  negative 
values  of  a  we  have  instead  of  it  the  equality  ;/<»•=— «*•  Thus,  al  «=-l 
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we  have  “\/ { —  i )®  =  Here  ~)/{ —  l)e  is  an  arithmetical  root, 

since  the  radicand  ( — l)*  =  i  is  positive  and  we  take  the  positive  value  of 
the  root. 

Example  4.  Take  the  factors  outside  the  radical  sign  in  the  expression 
V(fl  —  5)«(«— 3)*. 

The  given  root  may  be  arithmetical  only  for  a  >3,  since  for  a  <3  the 
factor  («  —  3)3,  and,  hence,  the  whole  radicand  are  negative.  The  equality 

V (a —  h)8  (a  —  3)3=(a  — 5)3  (a — 3)  ~\/a—-3 
holds  true  for  a  >5.  For  a  <5  the  following  should  be  written  instead 
y  {a  —  5)«  {a  — 3)3  =  —  {a  —  5)3  (a  —  3)  Va  —  3 

A  general  formula  is 

—  5)®(a —  3)3  =  |a —  5  |3  {a  —  3  —  3  (for  *>3). 

4.  In  general,  the  equality  ”  =  x  (where  the  left  member  denotes  an 

arithmetical  root)  holds  true  only  for  positive  values  of  x  (and  at  x  —  0).  If  n 
is  anjayen  number,  then  at  a  negative  x  instead  of  ”/x»*  =  x  we  have  the  equali¬ 
ty  .r”  —  —x.  If  n  is  an  odd  number,  then  at  negative  values  of  x  there  exists 
no  arithmetical  root  at  all. 

46.  Grouping  the  last  three  terms  of  the  expression  in  parentheses,  factor  it 

o2  —  /,2  —  c2  -f-  2 be  —  a2  —  (b  —  c)2  —  (a  +  b  —  c)  (a  —  b  -f  c) 


The  given  expression  lakes  the  form 

(a  -f-  c  -}-  b)  (a  -f-  c  —  b)  —  {a  -f  c)2  —  b2 
Ot 

Answer:  (a  -f  c)2  —  62;  139  . 

22o 

47.  The  expression  in  parentheses  is  equal  to  -----  .  It  is  convenient  to  rever¬ 
se  all  the  signs  both  in  the  numerator  and  denominator  of  the  last  fraction,  and 
then  to  factor  the  numerator;  the  fractiou  takes  the  form 

(fl-M)  (w  — l)(n~-}-w-H) 

a2 — l 


48.  The  denominator  of  the  second  fraction  is  equal  to  (1  4-  .r)  (x  —  2a). 
The  parenthesized  expression  is  equal  to  1  -f-  x.  The  given  expression  is  equal  to 


_1 

a 


49.  Answer: - — -  , 

a- f-2x 
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50.  Represent  the  second  addend  in  the  form  •  Reduce  the  paten- 

-  3  (2a2  +  9a-f  10) . 

- -  a  (3a  —  1) 

equating  the  trinomial  2o2  +  9o  +  10  to  zero  and  finding  the  roots  «,  =  -2; 
5 

a2  ,  factor  it 


thesized  fractions  to  a  common  denominator;  this  yields 


2o2  +  9a  +  10=2(0  +  2)  (a  +  |-) 


Now  the  expression  in  parentheses  takes  the  form 
-31o  +  2)(2o  +  5) 
a  (3d  —  1) 

Multiplying  it  by 

3a3  +  8a2  —  3a  4 a  (a  +  3)  (3a— 1) 

— ]  FT"”  (2  +  «)(2-a) 

t__a- 

12  (2a  4-  5)  (a  +  3> 

Answer:  - ~a  —  2 - — * 

51.  Reduce  each  fraction,  factoring  both  the  numerator  and  denominator. 
Answer:  — * 

52.  Factor  the  denominator  of  the  second  fraction  and  reduce  the  latter 


y  (x—y) 


1 


zHyy  (*2+y2)(*+y)  x+y 


Answer:  * — -p —  • 

53.  After  “simplification  the  denominators  of  the  fractions  take  the  form 


4  (a2 +£+11 


and 


4(*2— J-H) 


3  3 

The  given  expression  is  transformed  in  the  following  way 


_2_  3 
3  * 

Answer: 


i 


3  *  4  (  *2  +  z  +  l 
Z2  +  l 


t 


-x  +  1 


t)’ 


*2  +  l 


X2+l 


(x2  +  l)2-x2  X*  +  X2+1 


- -  .  4  1  3.24-1  " 

5«  Factor  the  denominators  of  the  first  four  fractions,  reduce  the  first 
fraction  by  a  —  1.  The  expression  in  paronthesos  takes  the  form 


1  2(o-l)  4<°  +  1>  i  _ _ _ _ 

o—l  +  (a  +  2)  (a  —  2)  (0—1)  (a +  2)  (a  — l)(o— 2) 


2  (a  +  3) 


(a-1)  (a  +  2)  (0-2) 
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This  should  be  multiplied  by  tbe  fraction  .36^3  -f44a-36a2  + 144  _  Factor 

the  numerator  of  the  last  fraction  by  grouping  the  terms,  and  the  denomi¬ 
nator,  as  the  sum  of  cubes  a3+33;  then  this  fraction  takes  the  form 
36  (a  —  1)  (o  +  2)  (a— 2) 

(a  +  3)  (a2 — 3a  +  9) 

A nswer:  •?-”+»  • 

55.  Let  us  denote  the  dividend  (the  sum  of  fractions)  by  A  and  the  divi¬ 
sor,  by  B.  Factoring  the  polynomials  which  enter  A,  we  find 

*  3(x  +  2)  ,  (x  +  2)(2x-5) 


2(*2  +  i) 
a  x+2 
2  (0=2  +  1) 

Then  we  find 


2(x  +  l)(*2+l)  '  2  (x — 1)  (x2+l) 
outside  parentheses,  we  have 


.+i£zlL_ 

^  x-l  )  (*2 


(*2  +  l)  (*  +  l)(x  — 1) 


n  2(x2  — 4) 

(*»+l)  (*  +  !)(* 

Dividing  d  by  B ,  we  get  -  ^ 2...  . 


56.  Let  A  denote  the  dividend  and  B,  the  divisor.  Equating  the  trinomial 
ar2  —  xy  —  2 y*  entering  the  expression  A  to  zero,  we  solve  the  obtained  equation 
for  one  of  the  unknowns,  say,  for  the  unknown  x ;  on  finding  x,  —  —y  and 
x2  =  2 y,  we  get  the  following  factorization  of  the  trinomial:  x2  —  xy  —  2 y-  — 
~  (x  +  y)  (x  —  2 y).  Now  we  have 

A_  x~y  g2  +  y2  +  y  — 2 

2y  —  x  (x  +  y)(x  —  2y) 

Write  in  the  subtrahend  2 y  ~  x  instead  of  x  —  2r /,  simultaneously  reversing 
the  signs  in  the  numerator  of  this  fraction.  Reducing  the  fractions  to  a  common 
denominator,  we  get 

,  2xZ  +  y-2 

(2y— x)  (x  +  y) 

In  tbe  expression  B  factor  the  numerator  bv  representing  it  in  the  form 
(2x2  +  y)2  —  22,  and  the  denominator,  by  grouping  x2  +  xy  and  y  -f  x.  Then 
B  (2ja  +  »  +  2)(2xa  +  »-21 
(x  +  f) 

Dividing  A  by  B,  we  get - 


(2y-x)(2x2  +  y  +  2)  • 
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*  +  l 


AnSWtK  ~ (2y — x)  (2ar2  +  y  +  2)  ~ 

57.  Factoring  the  polynomials  contained  in  the  given  expression,  we  obtain 


{ffl+2)(fl-l) 
an  (a  —  3) 


Ha-H) 


_  4  <a  -j- 1)  (a  —  1)  a(a  — 1) 


A/isicer: 


a- f  2 


58.  Let  denote  the  dividend  and  5,  the  divisor.  The  numerator  of  the 
fraction  A  is 

4-  [4a2  (6  +  c)2"  —  1  ]  =  4-  [2a  (b  +  c)-  +  i  ]  1 2a  (b  +  c)»  - 1  ] 


and  the  denominator 

a  (n2  —  «2 — 2a  - 


l)  =  a  [n2  —  (a  -fl)2j  =  a  (n-\-a  +  1)  (n—  a  —  1) 


Leave  the  numerator  of  the  fraction  B  unchanged  and  write  its  denominator 
in  the  form  —ac(n  —  a  —  1). 


Answer: 


(2a  (6  +  On4-llc 
2  (n  -f-  a  -f- 1) 

59.  First  method.  Reduce  all  the  fractions  to  a  common  denominator: 
be  ( b  —  c)  —  ac  (a  —  c)  -{-  ab  ( a  —  b ) 
abc  ( a  —  b )  (a  —  c)  { b  —  c) 


<«) 


Having  multiplied  the  binomials  in  the  denominator,  we  get  azb  —  ab- 
-f~  bzc  —  aPc  +  ac 2  —  he2,  i.o.  the  same  expression  as  in  the  numerator.  After 

reduction  we  obtain  -4-  , 
abc 

Second  method.  Putting  in  the  numerator  of  the  fraction  (a)  a  =  b ,  we  find 
that  in  this  case  the  numerator  vanishes.  Consequently,  according  to  Bezout's 
theorem,  it  is  divisible  by  (a  —  b).  The  quotient  is 


a  (b  —  c)  —  c  (b  —  c)  —  (b  —  c)  (a  —  c) 

Thus,  the  numerator  is  equal  to  (a  —  b)  (b  —  c)  (a  —  c). 

Third  method.  Let  us  reduce  to  a  common  denominator  only  the  first  two 
fractions  of  the  given  expression.  We  get 

ft2  —  be  —  a1  -{-  ac 
ab  (a  —  b)  (a—c)  ( b—c ) 

Grouping  the  terms  in  the  numerator  (the  first  one  with  the  third  and  the 
second  with  the  fourth),  we  arrive  at  the  expression 

(6  -f  a)  (h  —  a)  —  c  (b  —  a)  —  (a  —  b)  (c  —  a  —  b) 

Now  reduce  the  fraction  by  (a  —  b)  and  add  the  third  fraction  of  the  mvon 
expression.  b 

Answer:  -4—  . 
abc 
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60.  The  first  factor  is  equal  to  ■ 

a-\-x — 1 

(a-4-3;)2_j  __  (fl  -|-  3? -{-  f  )  (fl  -f-  3?  —  1 ) 
2  ax 


equal  to 
sions,  we  find 

/.4 

the  form 


la  +  x+ip 


lax 


2 ax 

Substitute  z  = 


The  expression  in  brackets  is 

.  Multiplying  the  given  expres- 
1 


j  —  i 


{a  —  l)2 


the  denominator  becoming  equal  to 


the  numerator  takes 
2a 


Answer: 


2  (a— *1) 

61.  Let  us  denote  the  expression  in  brackets  by  A  and  the  expression  m 
parentheses,  by  B.  We  have  A:B~*  —  AB.  Getting  rid  of  the  powers  with 
negative  exponents  in  the  expression  Af  we  have 

2ft2— -  Sab  —  2a2  (d  — 2a)  (26 -fa)  b  —  2a 


a  {a -r 26)  (26 -a)  a  (a -f  26)  {2b - a)  a(2b-a) 


Transforming  B ,  we  get 
B an  ^ 


-f3a- 


6a*-  \ 

2a -b  ) 


b(a  —  2b) 
2a  —  b 


Finally,  we  find  AB  —  a*-1 6  (reverse  the  signs  of  the  terms  both  in  the  numera¬ 
tor  and  denominator  in  one  of  the  fractions  to  be  multiplied). 

Answer:  an~lb. 

62.  The  numerator  is  transformed  to  the  form  a2  —  &2,  the  denominator, 
to  a  -}-  b. 

Answer:  a  —  b. 

Note.  For  the  roots  to  he  arithmetical  ones,  the  numbers  a  and  b  must  not 
be  negative. 

63.  The  first  radical  is  equal  to 


f  (a  —  b)3  (a  -j-  b)-  =  (a  —  b)  f  (a  ~|-  6)2 

Answer:  b  (a3  —  /;•'). 

Note.  It  is  assumed  that  a  >  b  (otherwise  the  first  root  will  not  be  arithme¬ 
tical). 

64.  This  is  an  exception  from  the  rule  considered  on  page  90  which  states 
that  radicands  may  have  only  positive  values.  The  thing  is  that  the  radicand  of 
the  cube  radical  is  always  negative.  Indeed,  we  must  consider  the  expressions 
Y Ox  and  \/2x  (which  have reaj_values  only  for*  >  0)  to  be  positive  (otherwise 
the  expression  2  yHx  —  4  y'lx  loses  its  uniqueness).  But  then  the  difference 
2  yfix  —  4  V 2x  —  V2 4r  —  y32x  is  negative. 

And  so,  we  admit  that  the  radicand  of  the  cube  radical  is  a  negative  number. 
Then  the  cube  root  itself  has  a  negative  value.  Prior  to  applying  the  rule  for 
transforming  radicals,  we  have  to  accomplish  such  a  transformation: 

V  2  vjs-4  ys  =  -Y 4  yrx-2  ys 


Now  the  radical  on  the  right  is  an  arithmetical  root.  After  reduction  to  the 
same  index  as  that  of  the  first  of  the  given  factors  we  obtain 

-Y  k  ys-2  yss  =  -Yu  ysi-2  ys) 
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Multiplying  the  roots,  we  get:  —  y  64x2(49 —  {4  "j/3)2]=  —2  ]/  x. 

Answer:  —  2  f  2. 

iVo/e.  if  no  attention  is  paid  to  the  fact  that  the  radicand  of  the  cube 
root  is  negative,  one  obtains  the  wrong  answer  2  f  x. 

65.  The  first  radical  is  equal  to  V  (a  +  1)4  (a  —  1).  Taking  the  factor  (a  +  1) 
outside  the  radical  sign,  we  get  |  a -f- 1  j  *  a— 1.  The  given  expression  is 
equal  to 

a  4  / - t  Vfl  —  1 

2  "  y  “  (a  +  l)(a  +  2) 

Bring  the  radicals  to  a  common  index: 

ja  +  1  |>/(a— Ip 

2  (a  +  l)(a  +  2) 

If  the  number  a  +  1  is  positive,  then  |a-f  l|=a-j  1,  and  on  reducing,  we  get 
a  |  { a —  l)3 

T  cT±2  ' 

Note.  The  number  a  +  1  is  just  positive.  Indeed,  since  the  radicand 
(a  -f  l)4  («  —  1)  is  assumed  to  be  positive  (or  equal  to  zero),  and  the  factor 
(a  +  l)4  is  nonnegative  in  all  cases,  then  a  —  1  >  0,  i.e.  a  >  1,  and  under 
this  condition  a  +  1  ^  2. 

a  J,  (a  —  I)3 

Answer :  - r"o —  • 

2  a  -f-  2 

66.  Assuming  all  the  roots  to  be  arithmetical,  bring  the  factors 

,  /  (l+«)  }  1-fa  ,  3  / _ VI _ \/  V3-*_ 

V  - iTa  \  9+18a~l  +  9a"2  \  9(1  + a)2 

to  a  common  index  6.  The  first  and  second  factors  take  the  respective  form 
'*/  (I -f«)3 (i+a)  .  \/  3<i4 

V  21a3  '  V  81(1+ a)4 


Multiplying  them,  we  get  -j-y  a. 

Note.  The  first  factor  is  an  arithmetical  root  only  if  a  >  0  (if  a  <  0,  the 
radicand  is  negative,  at  a  ~  0  it  loses  its  sense).  The  second  factor  is  an  arithme¬ 
tical  root  at  any  a  (except  for  a  =  —1).  Consequently,  the  quantity  a  may  have 
any  positive  value. 

a  .  * 

Answer:  -7J-  y  u. 

67.  Place  ab  under  the  first  radical  sign.  The  given  expression  takes  the  form 


V a~b  n/~ — f 

y  a-b 


Note.  For  the  given  radicals  to  be  arithmetical  roots  the  following  condi¬ 
tion  must  be  observed:  a  >  b.  The  case  a  —  b  is  excluded,  since  the  second 
factor  loses  its  sense. 


7—01338 
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Answer:  1. 

68.  Rationalizing  the  denominators,  we  get 

(1/5—11)0/5+11)  = -ns 

Answer:  —115. 

69.  The  dividend  is  equal  to  — g  ^ . . ;  the  divisor,  to 

V  a  —  6  +  ’\Za  +  b  .  .  Vc“ * 

Va-6  1  * 

Note.  For  all  the  given  roots  to  be  arithmetical  the  following  three  conditions 
must  be  simultaneously  satisfied:  a  >  0,  a  —  b  >  0,  a  -f  6  >  0  (they  may  be 
replaced  by  the  following  two  conditions:  a  ^  0,  j  b  |  •<  |  a  } ). 

Answer:  . 

o 

70.  The  dividend  is  equal  to  — ;  the  divisor,  to  — ;  the  auo- 

o-  —  a  b-  —  a  n 

2 

tieut,  to  ~  .  The  quantity  a  may  have  any  positive  value;  b  may  have  any 
value,  except  for  ±  ~\/a. 

Answer:  —  . 

71.  The  numerator  of  the  first  fraction  is  reduced  to  the  form 

(VTT^)2-f(VT^)-  _  1 1  -f-  a  }  -4- 1  1  —  ,i  | 

~\/ i  —  a~  V 1  —  fl2 

If  the  expressions  1-fa  and  1— a  are  positive,  then  (see  Preliminaries 

•? 

on  page  90,  Item  3)  the  numerator  is  equal  to  - .  Under  the  same 

Vl-«2 

condition  the  denominator  is  equal  to  . . . - —  —  — __ ____  •  iue 

yi-«-  yi-fl2 

i 

fraction  is  equal  to  — ,  and  the  given  expression,  to  0. 

Note.  For  the  radicals  contained  in  the  given  expression  to  he  arithmetical 
roots  it  is  necessary  that  the  quantities  1  -fa  and  1  —  a  he  of  the  same  sign. 
But  it  is  impossible  that  both  of  them  are  negative,  since  I  -f  a  <  0  if  a  <  — l 
and  1  —  a  <  0  if  a  >  i,  but  these  conditions  are  incompatible.  For  the  quanti¬ 
ties  1  -f  <?  and  1  —  a  to  be  simultaneously  positive  the  following  condition 
should  he  fulfilled:  —  1  <  a  <1,  i.c.  {  a  |  <  1  (the  values  a  =  ±1  are  exclud¬ 
ed,  since  at  each  of  them  one  of  the  given  expressions  °  loses  its  sense; 

the  value  a  —  0  is  also  excluded,  since  the  fraction  —  loses  its  sense). 

Answer:  0. 
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72.  Substituting  *  =  -i-  (a  +  into  the  expression  ~\/x2~-\,  wc 

=  \  (*  +  T )2— 1==K^T  (“— T )'=l!‘  7 

Since,  by  hypothesis,  a>l,  then  a — ^->0.  Therefore 

T-t(  — t) 


Similarly  we  find 


VV_1=K^4) 


Substitute  the  values  of  the  radicals  found  into  the  given  express 
.  a 2  +  ft2 


<j2&2-fl  * 

73.  Substituting  jt  == 
*!/<*-— 6x,  we  find 


into  the  expressions  a  ■■  b. 


and 


6(l+/«2) 

V« +  **  =  ]/" a+T^r  =  l  t+m|  y  -j-4 

VZ=z-\'-> 


Since  1  -f-  to2  is  always  positive,  then  a  rfmst  also  he  positive  {at 
both  roots  are  imaginary;  at  a  =  0  they  are  equal  to  zero  and  the  given  i 
sion  is  indeterminate).  Since,  according  to  the  additional  condition,  j  m 
then  both  1  -{-  m  and  1  ~  m  are  positive. 

The  given  expression  takes  the  form 

<'+">/■  Trb-+(1-m,l/AlT^r  1 


V T?br~(1_m)  V  tttt 


(1+m) 


1 


Answer:  (for  a>0). 

74.  The  problem  is  similar  to  the  previous  one.  We  have 

,  4 

2  mn 


(m - x)  “  ! 


)*-' 


T  Vfa-lg 


«*+» 

Since,  by  hypothesis,  n<1,  then 

1 

(m  —  x)-  . 


_  _  2  I  «  —  <  I 
Vn2+1  V^+T 


m  2  (1  —  n) 

V*r+T 


n. 


r  and 


a  <  0 
ex  pres- 

i  <  i. 
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By  analogy, 


Answer: 


_L 

m  2  (1  -f- «) 


2  y  k 

75.  Substituting  ta=~- —  into  the  expression  1 — x-,  we  get 


i  +  k 


N ow  we  find 


(t+fc)2— 4k  (1— A-)2 

:  (1+*)2  ~(1  +  A-)2 


(1 — x2)  ”  2  —  1 :  *]/ 1 — x2 


U  +  fc| 


It— *| 

Since,  by  the  additional  condition,  A>  1,  ^thcn  the  quantity  1  +  A-  is  positive 
and  1  —  k,  negative.  Therefore  (1  —  x2)  2  =  .  Inside  the  first  brackets 


we  get  — — ,  inside  the  second. 


k-l 

t 


.  The  given  expression  is  equalHo 


Answer 


(tM  2  +(t^t)  2=-^+V*=i 
:  vra(* +^f). 


(the 

exponent  —2  refers  /only  to  the  numerator  of  the  third  addend!).  Simplifi- 
.  ,  n  —(fit  — 1)2  —  (1  —  a)2 

cations  yield  — ^ - or  - ^ - . 


The  expressions 


1 


f  (a  +  1)-3—  and  (a-f  1)  ~  =  V(a-H)3 

will  be  arithmetical  roots  only  if  a>— 1.  At  this  condition  the  radical 

V  (a2 — 1)  (a — 1)  =  V(a-l)2(a+l) 

will  also  be  an  arithmetical  root  (since  the  factor  (a  — 1)2  cannot  be  nega¬ 
tive).  The  equality 

y {a  —  l)2  (a-f*  1)  =  (a —  1)  y a- f~l 
is  true  only  for  a  >  1.  If  a<Cl»  then 

V(a-l)2(a+l)  =  -  (a  -  f)  VT+i 

(see  Preliminaries,  Item  3,  page  90). 
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The  given  expression  is  equal  to 


(a  —  l)2  f  a  —  1  o-j-i  | 

4 a  La+1  | a  — I  |  J 


Note.  At  a  — ±1  the  expression  loses  its  sense. 

Answer :  ~ — fora>l;  ^  for  —!<«<!,  i.e.  for 

a  -j-  1  2o  (a  -f- 1 ) 

!  a  |  <  I. 

77.  The  given  expression  may  be  represented  in  the  form 

It  is  assumed  that  x2 —  a2>  0,  i.e.  |x|>|a|  (otherwise  tlie  root  V ' —  a- 
will  not  be  arithmetical,  the  case  |x|  =  |a|  is  excluded,  since  the  second 
radicand  loses  its  sense). 

The  first  factor  is  reduced  to  the  form 

1  r2 /,2  I  _ —  j2 2a2 

°  I  -  I  1  1  - -  =2  j  X\ - rz=z=- 

1  1  yx  2_.fl2  yx  2 —  a2 

(since  x2— a2>0,  then  \x2—a2\  —  z2 — a2). 

The  expression  jj/  —  j2  is  transformed  to  the  form 

-  /*  t  x2 — 2a2\  2  .  _  |  x2  2a2 { 


Here  the  numerator  can  be  written  in  the  form  x2~2a2  only  if  x~~-2a-  >  0, 
i.e.  if  |*|>|«|  V3.  .  .  , 

Now  the  given  expression  is  written  in  the  form 

•>.  ,  x2—  2a2  Vx2  — a2  j  a  j.|  x  | 

1  X  1  y  72^2  *  2ax  |  x2  —  2a2  ] 

Taking  into  consideration  that  |  x|-|  x|  =  |  x  |2~  x2  and  reducing,  we  obtain 
x2 — 2a2  |  a  |  x2  —  2a2  I  a  j 

• - ,  tt x ’  or  -  — * — TT'\X>  w«ich  is  the  same. 

a  |  x2— 2«2|  a  |  x2  — 2a2  j 

Answer :  If  [x|>}a|,  the  given  expression  is  equal  to  ±  x;  the  plus  sign 

x2 _ 2a2  x2 _ 'hi2 

is  taken  when - >  0,  and  the  minus  one,  when - —  <0. 

a  a 

if  ~.f5 1  ^  0,  i.e.  if  |  x  j  ~  |  a  |  *j/2i  the  given  expression  loses  its  sense. 


78.  Get  rid  of  negative  exponents.  The  numerator  takes  the  form 

2 ah  V  o  2ab  ~[/b 

. . . — f-  . iab. 

Va+Vb  Vo  +  1/6 
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the  denominator  becomes 


2  ab 


b 


a  -f-  ~]/ab  b  -f-  ~}/ab  • 

Noting  that 

a  +  Va  (Va  +  V*)  and  b  +  —  (V&“»-Vfl) 

represent  the  denominator  in  the  form 


JL_\ 

-  l/ab  f 


2ab 


1 


i 


o- 


2ab 


\  Y*  { yz+Vb)  yi  ( y«+ yF  j  /  y«6 

Now  the  given  expression  is  equal  to 


=  2  V<.6 


2ab 

2  ys 


=  1A6 


Answer:  y  at. 

79.  The  expression  in  the  first  parentheses  is  reduced  to  the  form 

_ 2  ~|/aj _ 

y«+*(ys+yj) 

Raising  it  to  the  power  —2,  we  get 

(q+I)(y^+y;)a 

4 ax 

Similarly,  the  expression  in  the  second  parentheses  is  reduced  to  the  form 
(a  +  x)(yq  — yi)2 


When  subtracting,  factor  out 
the  parentheses). 

.  a  -j-  x 


4  ax 

<*4-* 
4  ax 


(simplifications  yield  4  ax  inside 


■y  ax 


80.  After  simplification  the  last  addend  takes  the  form 


>Vx2- 


Rediiclng  all  the  fractions  to  a  common  denominator  and  summing,  we  get 
2  y  x2  -j-  a 

Answer:  -a. 

8 1 .  .i/iswer:  2  (i  -f  V x2  —  1 ) . 

_  3  l  2  4 

82.  Inside  the  brackets  we  have  a  2  6a  2ba^  —  a  3  6-.  The  given  expres¬ 
sion  is  equal  to  a~*bs.  Substitute  into  it 

y5  ,  ,  i 

a—*  —  and  6  — 

2  }' 2 
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Answer:  1. 

83.  We  represent  the  given  expression  in  the  form 
make  the  following  substitutions 


1 

«  +  f 


+ 


1 

*+i  ’ 


and 


: - S— *2— V3  and  b 

2  +  V3 


We  find 


2 — y  3 
3-R/3 


2+  1^3 


and  so  on. 


Answer:  1.  _ 

84.  Answer:  y  x -  —  4x. 

85.  Answer:  n. 

80.  For  all  the  roots  to  be  arithmetical  it  is  necessary  that 


x — -a~  >  0. 


The  expression  in  parentheses  is  reduced  to  the  form  — 
The  given  expression  is  equal  to 


V*  ( _ ° 2  \  ,  "z 

\/j-a*  V  |/  j  |  jc  —  tV  I  4(.r  —  u2> 


.tosu-'er: 
87.  The 


q2 

4(x— «*) 

denominator  of  the  second  fraction  is  equal  to 


3^1  1 

X-—1  (I2)3  —  1  (X-—  I )  (J-  -I-  X2  +  1 ) 


Answer:  x  —  t . 

88.  The  dividend  is  equal  to 

3  31  1  ii  ill 

25  +  27/ •  (22)*  +  Puh)3  =  (2*  +  3/)  (2-3. 25/  +  */): 

1  ^ 

the  divisor  is  equal  to  22-f-3r/5. 

/t/iSUcr:  2  —  31'/  52y2-|-9>  »/2. 

89.  Let  us  get  rid  of  negative  exponents  in  the  second  term  by  multiplying 
both  the  numerator  and  denominator  by  «2. 

We  obtain  in  the  numerator  a3 — 1,  and  in  the  denominator 

1  _  1  3*i  _  j.  3 

a- (a2  — a  2)  =  a2  [a2  (a2  —  a  ~)\  =  a2{a  —  1). 


On  reducing  we  get 


«*+«  +  ! 

a*'* 


Similarly,  the  third  term  is  equal  to 


1 
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90.  The  dividend  and  divisor  are  respectively  transformed  to  the  form 

3  3  l 

a2-f-&2  ( a — fc)*1 

2  2  »  2  3  T 

a3  (a—b)3  a3  {a2  — b)~ 

3  3  3  3 

Taking  into  account  that  (a2  +  b2)  (a2— b2)  =  a3— fc2,  we  obtain  the  quotient 
At  a— 1.2  and  5—-^-  we  get  2.52. 

Answer:  a2-|-a&-j-&2;  2.52. 

91.  Removing  brackets  and  collecting  like  terms,  we  represent  the  dividend 

a  ill  1  i  i 

in  the  form  6a262 -j-96  =  362  (2a2-f362);  and  the  divisor,  a2(2a2 -f  362).  The 

quotient  is  3  /!  ;  at  the  given  values  a  =  54  and  6  —  6  it  is  equal  to  i. 
Answer:  3  j/" ~  ;  1 . 

92.  Multiplying  both  the  numerator  and  denominator  of  the  given  fraction  by 

_  1  _  1  _  l  t 

l(a-i-b)  2H(a4-6)"2_(a„6)  2j 


we  get  for  the  numerator 

-r  _  i  _  1  _i  _  l 

[(a  +  6)  2  — (a— 6)  2J  +  |(a  +  &)  2  +  (n  —  6)  2]  =  2(a  +  6)""2 

and  for  the  denominator 

_  i  _  1  _  2  1 

[<a  -t-  6)  -  —  (a  —  b)  2}  —  [(a  -}-  b)  2  +  (a~  b)  -]=~2  (a~b)  2 

Answer :  —  l/" — — —  . 

r  a  -f-o 

93.  The  first  factor  of  the  subtrahend  is  reduced  to  the  form  1— a2,  then 
we  have 


„2(l_a2)~  2  (1  —  a2)l(l—  a2)2  +  ti2<l—  a2)  2[ 

;  1— a2 

Reducing  the  fraction  by  (1  — a2),  we  obtain 

1  _i  _l 

a2  (1  —  a2)  2  — (i  —  a2)2  —  a2(l~a2)  2  =  —  (I  —  a2)2 
A  nswe  r :  —  \/ 1  —  a 2 . 
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94.  The  given  expression  is  equal  to 

j3_i _ yr+g  —i _ _ 

X  (x-j-  1)  fx2-f-  1)  \/  -r  <  1|-  X2)  \'l+xz 

_ x3— 1  1  Vi 

"  yj  (x + 1)  (x2  + 1)+ yj  (i + x»)  _  “T+T" 

,  y* 

4nsu?<r:  - — r-  . 

x-t-1 

1 

95.  The  numerator  of  the  third  term  is  reduced  to  the  form "R2  (R2 —  x2)  " . 
The  denominator  is  equal  to  IT1.  The  given  expression  takes  the  form 

1  _  t  _  1 

(/)2-x3)2-x2(H2-x2)’5+«2(« 2-x2)~  2  = 

1  _  1  1 

=  ( /< 2  —  x2)2  -f  ( /?2  „  *2) ..  2  ( R2  _  x2)  -  O  ( R2  __  x2f 

Answer:  2~\/  R2  —  x2. 

90.  The  first  and  second  addends  are  reduced,  respectively,  to  the  form 
1  1 

pA-q  .  2  (p2-f<72)  2 

t  ^  *  2  lii”i  ill 

pq  ip2  *f  <r)2  (p2  +  v2)3  p2?2  (p2  +  <r)2  p2?2 

Reducing  these  addends  to  a  common  denominator,  we  get 

P  +  g-f  2pV 

1  i 

pq  (p2  *f-  72)2 

i  i 

The  numerator  of  this  expression  is  equal  to  (p2~f  <?2)2. 

Answer:  . 

a 

97.  Introduce  here  fractional  exponents.  Factor  out  a 3  in  the  expression 
2  I  2  12 

a  +  aV,  and  x3  in  the  expression  x-f-a3x3.  Then  the  numerator  of  the 
first  fraction  will  he 

2  2  2  i  i  i  i 

a:l  a3-x:i  (a3  +  x-l)(x,,|-x:i) 
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and  thus  the  first  fraction  is  reduced  to  the  form 


expression  takes  the  form 

ill 


a3  -f-  x3  1  a5 


The  bracketed 


Answer: 


x*  ' 


98.  Represent  the  binomial  a  —  "]/ ax  in  the  form  The 

numerator  of  the  fraction  will  be 


( Va  -f- 1)2-  Ya »  a  -f Ya -f 1 

The  denominator  is  equal  to  3(a-f* 

Answer:  27. 

99.  Get  rid  of  J  negative  exponents;  reduced  by  2a— 3,  the  first  addend 
takes  the  form  ■ ;  reduced  by  a  —  1,  the  second  addend  yields  . 

Answer:  9a. 

fOO.  Take  a—b  outside  the  brackets  in  the  first  factor.  The  quantity 
a4~b 

cannot  be  negative  (otherwise  the  roots  are  not  arithmetical). 
The  given  expression  then  takes  the  form 


'-»•  t(  /is1)’-] -<-«=  (-s-i ) 

A  nswer:  2b  (a  —  b). 

101.  Represent  the  dividend  and  divisor,  respectively,  in  the  form 

a  l/ab  a  ~\/b  #  b  ({  a  —  y  b) 

a  -f-  ab  l/a  -f-  \/b  '  a  —  ^ 

The  quotient  may  be  reduced  by  (Va  +  V&)  — >/£)i  taking  into 

account  that 

a  -  b  »  ( Y a  +  Y b )  ( Va  -  Yb )  =  ( Ya  -f Vb)  (Ya  +  Yb)  ) 

a  >  b  ({-'  a  -f-  y  6). 

102.  Represent  the  given  expression  in  the  form 

rcv^+ciA)3.  a-i /ayi+b-f 

L  y«  ‘  Ya(Va-yb) J 
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Factor  the  numerator  of  the  dividend  as  the  sum  of  cubes.  On  reducing 
we  have  in  the  brackets 


(Vo  +  V6)(Vo-Vi')=->-*> 

Answer’,  y  (a  —  6)2. 

2  3  "x 

103.  Reduce  the  fraction  - — - j~=~  by  y  x.  The  bracketed  expression 

x  x  —  4  y  x 

l/j  ■  2 

is  reduced  to  the  form  - r—  •  Reduce  this  fraction  by  Vx-f-2.  The 

x  —  4 

given  expression  is  equal  to 

(  y}_2  y~-Vo  +  M-  =  (V~x-2)--\x  +  i\ 


It  is  assumed  that  x>0  (at  negative  x  the  root  >  x  will  not  bo  arith¬ 
metical;  at  x-  0  the  given  expression  loses  its  sense).  Therefore  x-j-4>  0. 

,/!n$u>er:  — 4  l/i. 

104.  The  bracketed  fraction  is  equal  to 


gn/x+Vjd  2 
VxiVx+yi,)  y; 

The  given  expression  is  equal  to 

x3  |  j  y/  x  ~\/ x  —  x3-32x  "  x"  --  32x 


Answer:  32x. 

105.  Factor  out  y  ax  in  the  numerator  of  the  first  fraction.  Taking  into 
account  that  y  x2— J  —  —  Va-  reduce  the  fraction.  The  first  factor 

takes  the  form 


f-(-rir)' 


-  \/a 


The  second  factor  is  (  l -{-  y  —  )  •  Since  y  ~  is  an  arithmetical  root, 
the  expression  1  +  y  ~~  *s  always  positive. 


Answer:  ~\/ a  ( ~\/ x  -f-  ~\/ a  ). 

106.  The  quantities  a  and  c  must  he  positive.  Therefore,  the  denominator 
of  the  first  fraction,  which  is  reduced  to  the  form 


~\/2  (a  —  b-)-  -f-  8af>2  ■=  ~\/2(a  ~  62j2  ? 

is  equal  to  ~/2(a  +  b2).  The  numerator  of  this  fraction  is  equal  to  \/3{a  \~b2). 
The  second  fraction  is  —  •  Vac. 

V3 


108 


Answers  and  Solutions 


Answer :  —  "\/ac. 

107.  The  minuend  is  equal  to 


{/i  +  lA'S—  i}\ 


The  radicand  of  the  subtrahend  is  equal  to  (a24-x2)2  the  quantity  az-\-xz 
being  positive. 

Answer:  — 1. 

2  ¥7 

108.  The  bracketed  expression  is  equal  to  — -=—■ — ‘—pr ;  raising  to  the 

y  x  —  y  a 

power  —  2,  we  get  .11 .  On  reducing  by  yT  +  V a  the  divisor  is 


equal  to 


Vx-j/a 


4  y* 


Vx-Va 

V* 


100.  Factor  out  >  x  in  the  numerator;  reduce  the  fraction;  the  given  expres¬ 
sion  takes  the  form 

(2  y  7)3  +  4x  4-  4 4-  ( V7 +  1  )2  «  5x  4- 10  yi- f-  5 
Answer:  5  (V  x  4*  0“- 

110.  fn  the  first  fraction  transpose  x  3  from  the  numerator  to  the  deno¬ 
minator  (with  a  positive  exponent);  the  fraction  turns  out  to  be  equal  to 

3  3 

— ~r} .  Reduce  the  second  fraction  by  x  .  The  given  expression  takes  the  form 

/  3  1  \  —  1  /  l-2x  \-l  (,r-2)(x-1)  3x  —  2 

\x-2  x  —  1  /  \  3x  — 2  / 


2x  —  1 


1  — 2x 


Answer: 


1 


2x  — 1  ‘ 

111.  The  first  factor  is  equal  to  Squaring  the  bracketed  expression,  wo 

get  2a2  —  2ab. 

.1  n  su'er :  2  (a  —  b). 

1  \ 

112.  Cube  the  difference  j7 x  —  y  a  —  x3 — a3;  the  numerator  of  the  fraction 
is  equal  to 

2  t  t  2  12  !  !  2 


the  denominator  being  equal  to 
2  1 

—  3a  —  3xJa3  4-  3x3«s  —  — 3a3  (a 


2  1  i  2  1  2 

-  —-iJ  j 


2  ll 
p3 
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1 

*3 

Reducing  the  fraction,  we  get - - .  The  given  expression  is  equal  to 


a'1 


2 

I(d  +  I)3j3:  a  =  i 


Answer:  1. 

113.  The  numerator  of  the  first  fraction  is  equal  to 

a  +  2  V36-3i>  =  <y7)2  +  2  y;y6-3(Vt)a  =  n/,7+3  \'b)(  v«- l/'”> 

Answer :  r  • 

Zb 

114.  The  denominator  of  the  first  fraction  in  parentheses  is 

i  il  i  i  i  i  t 

(a 2)2  +  n-b'  -  G  (//-)2  «  (a-  -  2 lr)  (a2  4. 3 Ir) 

1  1! 

The  denominator  of  the  second  fraction  is  equal  to  (a2-f-3h2)2.  The  numerators 
are  factored  in  a  similar  way. 

Answer :  - jrr-  • 

a  —  96 

115.  Reduce  the  fraction  in  parentheses  by  f/®  +  V The  first  of  the 
fractions  entering  the  given  expression  is  equal  to 

3  ~\/ a  (a  —  \  ab  4 -  b)  1 

3V^ia/«)3-f(  Vi)3]  ~  yj+y* 

The  second  fraction  is  equal  to 

y«  ( Vfr— v«)  _ _ 1 

Va(a-6)  “  y«  +  Vh 

>lnsu)?r:  0. 

11G.  /Insurer:  3. 

117.  Get  rid  of  negative  exponents.  Factor  the  expression 

3  3  1  1 

a2  —  b2  —  (a2)  3 —  (62)3 

/Iniujer:  1. 

118.  Transforming  the  first  bracketed  addend,  we  get 

_ 1  -a* _ 

»  » [( 1  'af -1-  ,^+ilK  y«l!-  o  +  i| 

The  numerator  of  this  fraction  is  equal  to 

(1  _ a)  (,  +  «)  « [  1  _(  y?)*j  (1  4.  (  Ya)*\ 

Factor  the  sum  and  difference  of  cubes. 
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Answer :  a. 

HO.  Factor  out  y  a  in  the  numerator  of  the  fraction.  The  multiplicand 
is  equal  to  {  a—  f'\r,  and  the  multiplier,  to 

4(  J  tf2  +  y'ax  +  t'  x-). 

Answer:  4  (a —  x). 

120.  Represent  the  fraction  in  the  form 


■\ra\CVaf-Vbf) 

V°- V  l> 


=  (a  —  V  a  >• fb  +  v^) 


The  expression  in  the  first  parentheses  (the  dividend)  is  equal  to 

Va  (c  -f  2  y«  f  6  +  >  ‘P)  =  V«  (  Va  -f  J'  b)2 


The  divisor  is  equal  to  \a{\/a-\-y  b). 

121.  The  denominator  of  the  minuend  is  equal  to  Va  V  a4*»  x )»  a°d 
the  numerator,  to  ]/a  }  "x  l(  Ya)®+(  { x)3).  Reduce  the  minuend  to  the  form 

K*“f  Vx*  subtrahend  is  equal  to  V_{a  +  Vx )“  =  La 4*  Vxl* 
Instead  of  the  latter  expression  we  may  write  a-f  Vx,  since  a+~\/x  is  a  posi¬ 
tive  quantity  (the  quantity  a  cannot  be  negative,  since  the  given  expression 
contains  ]«)• 

Answer:  a2x.  _  ^ _ 

122.  The  factors  of  the  denominator  are  equal  to  i-j->  x  and  1  —  y  x. 
The  numerator  may  be  represented  in  the  form  —  -r(l— -~\/  x). 

Answer:  -~x3. 

123.  The  numerator  of  the  bracketed  fraction  is  equal  to 


\  a3  ( >  a  -j-  ~\/b)  -f-  b  y  b-  ( j  a  -f  ~\/b)  =  ( >  a  *r  V  & )  K  V  °)3  +  ( Y &  )31  ~ 

-({■■«+ VF)  ( { « + W) (Va- \n  yj+») 


The  given  expression  is  equal  to 

4  — 

i  «<i ■■«-{ « VT>r'  + 


ys- ;  a  {.(fo-yt)  yi-y* 


Answer:  0. 

124.  The  numerator  of  the  minuend  is  equal  to 


(  y  fl)3  4-  (  >  x)3  _  Y  ax  (>^a—  >  x)  _  3--  a  — 

’ 


Answer:  j  a  •  ,  .  . 

125.  First  add  the  first  two  fractions;  the  common  denominator  is  equal  to 

i  2  1  11  111 

[(«*+  1)  +  «81K«*  +  I)-“5l-(«4  +  !)=-«'  =o2  +  ai  +  l 
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We  get  -?  {a'‘  ± 11 

i 

tor  is  a-f-a2-f-l. 


Now  subtract  the  third  fraction;  the  common  denomina- 


126.  V 1/2—1  y 3  +  2  V3-^ (l/2-l)2(3+2V2)=I.  A  similar 

transformation  is  performed  in  the  denominator.  The,,  literal  radicand  in  the 

numerator  is  equal  to  (V7—  2)3.  The  fraction  z~}'x  is  reduced  by 

V*-1.  lx_1 

rlnmvr:  1. 

f27.  The  numerator  of  the  first  fraction  is  equal  to 
a-  y  a*b3  -f  ah  y  a^b3  =  a  (a-\-b)  y  a^b3 

The  denominator  is  transformed  to  the  form  (h-j-  a)  (b  —  2a)jj  atyj.  Thus,  the 
first  fraction  is  equal  to  ♦  The  dividend  in  parentheses  is  equal  to 

(E=5&-D '  Divilli"g  il  by  l&*weobtai%T=^+6j*  Subtra¬ 
cting  then  -2*  we  find  ii* ?+%L±l . 

fl-f-6  (a-f-  6)  (6  — 2a) 

The  given  expression  is  equal  to 


n  «  a  3a(3a  —  b) 

0 — 2a  b  —  2a  """ 

Answer :  \r~a. 

128.  The  multiplicand  is  equal  to  .  Tli 

_______  2.x  —  a 

brackets  is  equal  to  |/2 x  —  a. 

Answer:  2 x-f-a. 

12!).  Answer:  \/2. 

130.  Answer ;  — ~ — —  , 
r{x  —  \) 


131.  The  minuend  is  equal  to 


and  subtrahend,  to 


in  the  second 


{«  +  h)  (a  -f-  2b)  * 
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132.  The  first  addend  is  equal  to  ; 

a- j~6 


Answer :  ■ 


133.  The  first  addend  is  equal  to 


ab 


13 h.  Answer: 


26— a 
26-|- a  ‘ 


i  *  6  2a  4"  6 

the  second,  to  — • — —r~  • 
a  a-f-o 

1  1 

the  second,  to  — .  Answer: 

a  b 


CHAPTER  III 

ALGEBRAIC  EQUATIONS* 


135.  Write  the  fraction  in. the  form  l+-g-‘jT‘  Then  the  given 

equation  takes  the  form 

a  (6  —  3a)  7  a 

262  (b—a)  y~  G  T 


whence  y 


76  (6  — a) 


Answer:  y  - 


3  (6- 3a)  ' 

76  (6 -a) 

”3(6— 3a)  ‘ 

136.  Gel  rid  of  the  denominator  (the  common  denominator  is 
Answer:  x  =  0. 

137.  Solving  the  given  equation  by  the  general  method,  we  get 

3abc  -4-  a6  (a  -f-  6)  -f  be  (6  -f-  c)  -f-  ca  ( c  -}-  a) 
x  a6  4-  be  ca 


-  6»). 


This  fraction  may  be  reduced  by  factoring  the  numerator  (represent  the  expres¬ 
sion  3a  6  c  in  the  form  of  the  trinomial  abc  4-  «6c  4-  «6c  and  group  each  of  the 
successive  terms  with  abc).  We  get 

x  —  a  -f  6  4-  c 


The  solution  is  simplified 
Represent  the  addend  - — — 


with  the  aid  of  the  following  artificial  method. 

-  in  tho  form  -j-  t  and  perform 

c 


*  In  solving  problems  of  the  present  chapter  we  do  not  consider  singular 
values  of  the  known  quantities,  at  which  a  given  equation  loses  its  sense  or  has 
no  solution,  or  acquires  more  solutions. 

For  instance,  in  Problem  135  the  given  equation  loses  sense  at  6  =  0  and 
at  b  -  a  —  0,  since  at  6  =  0  the  denominators  of  the  first  and  second  terms 
vanish,  and  at  6  —  a  —  0  the  same  happens  to  the  last  term.  Furthermore,  at 
a  0  the  given  equation  has  an  infinite  number  of  solutions,  because  it  takes 
the  form  1  —  1,  becoming  an  identity.  Finally,  at  6  =  3a  the  given  equation 

has  no  solutions  at  all,  since  it  is  reduced  to  the  form  0*?/  =  . 


Chapter  III.  Algebraic  Equatioi 


113 


similar  transformations  with  the  other  two  addends  of  the  left  member.  The 
equation  takes  the  form: 


!.-(.+*+«)!  (!+!+!)  =o 


Answer:  x  =  a  +  &  +  e. 

138.  The  common  denominator  is  6cd  (2c  +  3d)  (2c  - 
e  (4c2  —  Qd2) 


3d). 


Answer: 


8c2-f  27d2 


139.  Represent  the  fraction 


2n2  (*  — *) 


the  form 


2n~  (x  —  1) 


(to  obtain 


1  —  x 


n*—l  .  1- 

in  the  next  fraction).  It  is  advisable  to  transform 
.  Transpose  all  the  terms  to  the  left  and  group 


the  same  denominator 
z  --  1 

the  fraction - t  to  -j— 

n  —  1  1  - 

them  (the  first  one  with  the  fourth,  and  the  second  with  the  third  one). 
We  get 


Transforming  ■j— -  +  to  the  form  -  ,  we  get  rid  of  the  denomi¬ 

nator. 

Answer:  x~-r. 

4 

140.  Transpose  all  the  terras  containing  x  to  the  left  side  of  the  equation, 
and  all  the  known  ones,  to  the  right  side.  Reducing  each  member  to  a  common 
denominator,  we  get 

(3afr  +  1)  (a  -f- 1)2  —  (2a  + 1)  Sab  (a  + 1)2  4-  a2 
a  (a  +  1)2  (a-f-l)2 


or 

3ab(a  + l)2  +  a2  +  2a  +  l —  2a — 1  _  a  |36(a  +  l)2  +  a] 

a  (a  +  1)2  (a +  1)3 


Whence 


a(3b(a  +  l)2  +  a]  _  a  [36  (a  +  1)2  +  «] 
a  (a  +  1)2  (a +1)3 


Reducing  it,  we  find 


a 

T+T 


Answer:  z~ 


a  +  1 


141.  Group  the  terms  as  in  Problem  140;  on  transforming  we  get 

ab  [3c  (q  +  fe)2  +  qj>]  a  (3c(a  +  6)2  +  a&) 

"""  (a  +  6)3  ~  a(a  +  fe)2  X 


8-01338 
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Answer ;  x  =  . 

142.  The  common  denominator  is  (a -f  6)2  (a  —  b) . 

«  m  (a + 6) 

Answer:  x  —  - - 

a 

143.  Rewrite  the  fraction . ”*-a  in  the  form  (  —  \  .  Then  the  common 

m2  — z2  \  z2— m-/ 

denominator  is  mz  (z2  —  m2).  Getting  rid  of  it  and  collecting  like  terras,  we  get 
rnH-  —  4 mH  ~  0.  This  equation  has  two  roots:  z  —  0  and  z  =  4m.  But  when 
rejecting  a  denominator  containing  an  unknown  quantity,  extraneous  roots  may 
appear;  and  namely,  these  are  the  roots  which,  when  substituted  into  the  com¬ 
mon  denominator,  nullify  it.  In  the  given  case  z  ==  0  is  an  extraneous  root. 
It  does  not  satisfy  the  given  equation,  since  the  first  and  third  terms  lose  their 
sense  at  z  =  0.  The  root  z  =  4m  does  not  nullify  the  common  denominator, 
therefore  it  is  not  an  extraneous  one. 

Answer :  z  —  4m. 

144.  The  common  denominator  is  b*  —  x2.  Getting  rid  of  it,  we  obtain 

2x  (a2  +  bz—2ab)  =  2(a2— bz),  whence  •  There  are  no  extraneous 


roots,  since  the  denominator  b 4  —  x2  does  not  vanish  at  x  = 


Answer:  x  - 


j-f-  b 
-b 


a-f-fr 
a  —  b 


145.  The  common  denominator  is  (x2— a2)  (x-f  n).  Getting  rid  of  it,  we 

find  x  —  — — .  At  this  value  of  x  the  denominator  does  not  vanish.  Hence, 
a 

x _  —  Is  the  root  of  the  given  equation. 
n2 


Answer:  x  = 

146.  Rewrite  x4-c_i  in  the  form  x-f—  .  After  transformations  we  get 

a 

2a  2 


1 


ax-f-1  '  ax-j-1 


Reducing  by  ax-f-1,  we  find  x  =  2a. 

Note.  The  reduction  by  ax  +  1  is  possible,  provided  ax+ 1  is  not  equal 
to  zero.  But  at  x~2a  we  have  ax  +  i  =  2a2-|-l  >  0.  Therefore,  the  obtained 
root  is  not  an  extraneous  one.  But  suppose,  for  example,  we  have  the  equa- 
d  2  x 

tion  — r__— ; -  —  ,  in  this  case  the  reduction  by  x— 2a  would  also 

x  — 2a  x  —  2a  2 


give  x  — 2a.  However,  this  root  is  of  no  use  because  the  fractions - 


and  — ~r~  lose  their  sense  at  x=2a.  Thus,  the  equation 


2a  ' 


has  no  solution. 
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Answer :  x=*2 a. 

147-  Rewrite  the  equation  in  the  form 

a- f-x  a  —  x _  3a 

«2+x2-|-«x  a2+i2 — ax  ~  x  (a*  -f- a2x2  -j~  x4) 

The  common  denominator  of  the  left  member  (a2-}-x24-ax)  (a2-fi2~ai) 
may  be  transformed  to 

(a2  -f-  x2)2  —  {ox)2  =  a4  fl2*2  + 

We  get 

2a3  3a 

a*  a2x2  -{-  x4  x  (a4-j~  a2x2-f-x4) 


Answer:  x  =  — -----  . 

148.  Transpose  the  terms  containing  the  unknown  to  the  left  side  of  the 
equation,  and  the  constant  terms,  to  the  right: 

(a —  b —  i)  ~Z x  =  (a2  —  62) —  (a-}-6) 


After  factorization  of  the  right  member  we  obtain 
(a  —  b  —  1)  1/7  =  (a-f  6)  (a-6-1) 


Whence  we  have  V x  —a  +  b. 

Since  the  expression  y x  means  the  positive  value  of  the  square  root,  for 
a-}-6<0  the  problem  has  no  solution. 

Answer :  x  =  (a  +  6)2  (if  a  +  b^Q). 

149.  Getting  rid  of  the  denominator  and  collecting  like  terms,  wo  get 
2x2  -}-  6a  x  -f-  3a2  —  0. 


Answer:  Xj=~- 


*  (V 3-3)  . 
2 


x2«= 


Q  (V  3+3) 
2 


150.  The  common  denominator  is  4  (x  +  6)  (x  —  b).  Simplification  yields 


12x2— 46x  —  62  =  0 


A  .  b  .  b 

Answer :  xj  —  ;  x2  —  —  —  . 

151.  The  common  denominator  is  (x  — a)2.  Getting  rid  of  it,  we  obtain 

(x  —  a)2  —  2a  (x  —  a)-f-(g2  —  62)  =  0 
From  this  quadratic  equation  we  find 

x — a  — a  zt  b 

Answer :  Xj  =  2a-j'6;  x2  — 2a —  b. 

152.  The  common  denominator  is  be2  (a  —  26).  Rejecting  it,  we  get 

(ex)2  —  (a  —  26).  (ex)  —  b  (a  —  b)  =  0 
From  this  equation  we  find 

(a  —  26)  ±  a 

cz  = - o - 


8* 
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a — b  b 

Answer:  £*= — ~ — ;  £2  = — ~  • 

153.  Rejecting  the  denominator,  we  obtain  the  equation  4z(x-~a)-f 
4- 8z  (z4-a)=5a2  or,  alter  simplification, 

12z24-4az — 5a2  =  0 

,  a  ,  5 a 

Answer:  .zj  —  — ;  [xz— - g-  • 

154.  The  common  denominator  is  n(nz  —  2).  Alter  simplifications  the  equa¬ 
tion  takes  the  form 

(n— 1)  z2— 2x—  (n  +  l)  =  0 

.  n  +  l  a 

Answer:  xt  =  *  X2~ — *• 

155.  The  common  denominator  is  a  (a  —  x)2.  After  simplifications  we  get 
the  equation 

(a  -f-  1)  z3  —  2az  4~  (°  —  1)  =  0 


Answer:  X|=l;  x2~ 


«  + 1 


156.  The  common  denominator  is  (z  —  a)9.  Getting  rid  of  the  denominator, 
we  obtain  the  equation 

(x  -  a)2  -  26  (z  -  a)  -  (a2  -  fc2)  =  0 

Solving  it,  we  find 

x  —  a  —  b  ±  a 
Answer:  £j  =  2a  -f-  b’,  x2  =  b. 

157.  The  common  denominator  is  nx  (z  —  2)  (z  -f  2).  After  simplifications 
we  obtain  the  equation 

x2  _  (2  _  n)  z  —  (2n2  -f  4n)  =  0 

A  nswer:  xi  =  n  •+•  2,  z2  =  — 2re.  ,  „ 

158.  First  method.  After  standard  transformations  we  get  the  following 

equation  ,  „  v  <ri 

x2  (a  —  2n  —  2a  n)  x  —  (a  —  2 n)  (2a  —  n)  ~  0 

Its  solution  can  be  found  at  once,  if  we  draw  our  attention  to  the  fact  that 
the  constant  terra  is  the  product  of  the  quantities  —(a  —  2n)  and  (2a  —  re), 
and  the  coefficient  at  z  is  tne  sum  of  the  same  quantities  taken  with  the  reversed 


sign 


Second  method.  Transposing  unity  from  the  right  to  the  left,  we  get 


a-j-z— 2n 


-2re  +  x 


(a— 2n  +  x)  ^ 


2a- 


vhence:  (f)  a — 2n-\-x  —  0  or  zj  = 


(2) 


2a- 


- -  0  or  x3  =  2a  —  re 
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Answer :  xj  —  2 n  —  a ;  x2  =  2a  —  n. 

159.  We  get  the  equation 

(n  —  l)z  x2  —  a  (n  —  1)  x  +  (a  —  1)  =  0 


to  avoid  operations  with  fractions  it  is  advisable  to  put  ( n  —  1)  x  —  z  or  directly 
find  (n  —  1)  x  from  the.  equation 

l(n  —  1)  x]2  —  a  ((«  —  1)  z)  -f-  a  —  1  =  0 

We  get 

(n  —  1)  zj  =  a  —  1;  ( n  —  1)  z2  =  1 


.  q-1  .  1 

Answer :  x«  = - -r  ;  z2  = - r. 

n  —  1  n — 1 

160.  The  denominator  of  the  left  member  is  equal  to  ( a  —  x )2.  Multiplying 
both  members  of  the  equation  by  it,  we  find 


(  a—x  \2  (  a  \2  5  /  0,  —  x  \2 
{ ~T“ )  V  a  +  6  /  “  9  V  z  /  ' 


9 


(^r=(7Tr)2 


Taking  the  square  root,  we  get  one  of  the  two  equations: 


2  a  —  x  _  a  .  2  a  —  x _ a _ 

3  z  ~  a~\-b  3  x  a-f-6 


2  a(a  +  t)  2a  (a  +  6) 

Answer:  ~  7i"  ' 

161.  First  transform  the  expression 

(1  +  ax)2  —  (a  +  z)2  =  1  +  a2x2  • 


Grouping  the  first  term  with  the  last  one,  and  the  second  with  the  third 
one  in  the  right  member,  we  get  (1  —  x2)  (1  —  a2).  Now  the  given  equation  is 
reduced  to  the  form 

*<*+*)— 5=Ijr 

a  b 

Answer.  *,  =  -7^- .  ■ 

162.  The  trinomial  ax2  \-bx-\-c  is  factored  into  first-degree  factors  in  the 
following  way:  ax2  +  fex-fc~a  (x  —  x,)(x  —  z2),  whore  xt  and  x2  are  the  roots 

of  the  equation  ax2 -j- bx -j- c  =  0.  In  this  case  a=— -3;  Z!  =  7;  z2= - ; 

thus  we  get  — 3(z— 7)  • 

Answer:  (7  —  x)  (3x  -j- 10). 

163.  Since 


a _ b__  a2  —  b2  __(a-f-fc)  (a—  b) 

b  a  ab  ah 
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we  may,  by  guess,  factor  ~  into  -  and  -—-b-  ( their  sum  is  equal 

to  j  .  Now  it  is  necessary  to  find  out  whether  this  solution  is  unique. 

Let  u  and  v  be  the  required  factors.  By  hypothesis, 

a  b  ,  .  a  &' 

UV  —  -Z - and  - 

b  a  b  a 

Consequently,  u  and  v  are  the  roots  of  the  quadratic  equation 

.  --(t+tMt-t)- 

The  expressions  for  u  and  v  will  contain  the  radical 

/(t+tMt-t) 

Knowing  for  sure  that  a  rational  solution  is  possible  here,  let  us  try  to  get 
rid  of  the  radical.  For  this  purpose  instead  of  +  write  the  expression 

*o*)  an^’  *or  con?Pensat,*on»  a(ld  i.e.  4;  then  under  the  radi¬ 

cal  sign  we  get  a  perfect  square  [(*^~'~)  —  ^J2. 

,  a  —  b  a  — b 

Answer:  — - =■ —  . 

a  b 

164.  15x3-f-  xZ—2x--x(l5x2-\-x  —  2).  The  roots  of  the  equation  15x2 

1  2 

x  —  2  =  0  are  xj  ~~  and  x.,= — Consequently, 

15z2  -f-x  — 2  —  15  ={3x  —  1)  (5x-j-2) 

Answer:  x  (3.r  -  1)  (15x+  2).  ,  p  .  .  ,  . 

165.  First  method.  Represent  the  sum  2x4  +  4z2  -j-  2  in  the  form  2  (x-  -j-  l)2. 
Second  method.  Arrange  the  polynomial  terms  in  the  order  of  decreasing  of 

their  exponents  and  break  up  the  term  4x2  into  two  summauds  2z2  -f-  2z2;  then 
group  the  first  three  terms  and  the  last  three  ones  and  carry  out  factorization. 
Answer:  (x2  +  1)  (2x2  x  -f-  2). 

165a.  Rewrite  the  left  member  in  the  following  way 

(1  —  x2)2  -|-  4x2 

The  equation  takes  the  form 

(1  __  *2)2  _  4x  (1  _  *2)  -f.  4x2  ft*  0 

or 

Id  _  j2)  „  2xj2  «  o 

Answer:  xt  ---  —  1  +  "1/2;  x2=  —  1  — 1^2. 

166.  The  required  equation  is  ^x — ^ x — 
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Answer :  abxz  —  ( a 2  +  bz)  x  +  ab  —  0. 

167.  By  Viete’s  theorem  the  sura  of  the  roots  xt  and  x2  of  the  equation 
x2  +  px  4-  q  =  0  is  —  p,  while  their  product  is  equal  to  q.  Hence, 


P  = 

q  =  . 


V  10—1/72  +  10+1/72 

_ 1 _ 1  1 

10—1/72  ’  10  +  1/72  2i> 


-2-10 
100  —  72 


20 

28 


20  4 

The  required  equation  is  x2 — 00"*+ ocT  =  0. 

CO  CO 

Answer:  28x2  —  20x  +  1=0. 

168.  Solved  like  the  preceding  problem. 

Answer:  bx2- — 2a  l/ax  +  a2  =  0. 

169.  According  to  Viete’s  theorem,  xjx2  —  12;  by  hypothesis,  xj  —  x2  =  1. 
From  these  equations  it  is  possible  to  find  xt  and  x2  (4  and  3,  or  —3  and  —4) 
and  then  p  —  —  (x j  +  x2)  =  ±7. 

But  to  find  +  x2  there  is  no  need  to  determine  separately  xi  and  x2.  We 
may  compute 

(xi  +  x2)“  =  (xj  —  x2)“  +  4x,x2  ==  i2  +  4*12  —  49 


whence  p  —  —  (xi  +  x2)  • 
Answer :  p  ==  ±7. 

170.  We  have 


xjx2  =  — ;  xt  — x2=l 


Then, 


account  that  xj+x2  — 

Answer:  lc  ±.  3  ~\fb. 

171.  We  have 


3 

1/5 


take  into 


5  * 


x\  +  xj  ~  1.75;  x jx2  =  a2:  xt  +  x2  =  3 a 
There  are  three  unknowns  here:  xj,  x2,  a.  We  have  to  find  a.  Squaring  the  third 
equation  and  subtracting  twice  the  second  one,  we  find  x\  +  x\  —  la'2.  Compa¬ 
ring  this  with  the  first  equation,  we  find  7 a1  =  1.75. 

Answer :  a  =  zfc  -g*  • 

172.  By  Viete’s  theorem 

P  +  q  =  — p.  and  pq  =  q 

This  system  has  two  solutions:  (1)  p  ~  0,  9  =  0;  (2)  p  —  1,  q  —  ~~2.  In  the 
first  case  we  have  the  equation  x2  =  0,  in  the  second,  x2  +  x  —  2  =  0. 
Answer:  (1)  p  —  0;  9  =  0 

<2)  p  —  i;  9  =  —  2 

173.  The  roots  of  the  required  equation  are:  and  y2  = 

Express  #i  +  y2  in  terms  of  coefficients  a,  6,  c.  For  this  purpose  transform 
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y .  _i_  y_  —  .x*.  jlf-?-  to  ^  and  substitute  for 

u\~rn2  XiX2  xjx2  a 

and  for  x\x2.  We  get  — - .  Besides,  we  have  yiyi—-^- 

a  12  &  ac  *2 

Consequently,  the  required  equation  is 


fc2 —  2ac 


,  +  1=0 


(*i  +  X2) 
*2 


Answer:  acy -  —  (62  —  2ac)  y  +  ac  —  0. 

174.  This  problem  may  be  solved  like  the  preceding  one,  but  a  shorter  way 

is  preferable.  . 

In  the  first  case  both  roots  of  the  required  equation  must  be  twice  as  large 
as  those  of  the  given  equation.  Hence,  we  have  to  find  the  unknown  quantity  y 
whose  value  is  twice  the  value  of  the  unknown  quantity  x  satisfying  the  equation 

ax 2  +  bx  +  c  =  0.  From  the  condition  y  —  2x  we  find  x  —  ;  substituting 

it  into  the  given  equation,  we  get 

“(t)"+('(t)+<:=0 

1 

In  the  second  case  make  the  substitution  x  = — .  We  get 

“(t)  +6(t)  +  c=0' 

Answer:  (1)  ay-  +  2 by  +  Ac  —  0 

(2)  cy-  +  by  +  «  =  0  , 

175.  First  method  (see  solution  of  Problem  173).  Wo  have 

y  1  +  'Jt —  *1  +  *2  =  (*1  +  *2)3  —  3*1*2  (*i  +  *2) 
l)  c  , 

Substituting  zj-J-xo— - and  xjx>  = — ,  we  find  1/1  +  J/2  — 

c3 

Then,  y{ij2  =  (x,x2)3  =  ,  and,  using  Viete’s  theorem,  set  up 

equation. 

Second  method  (see  solution  of  Problem  174).  By  hypothesis,  y  =  z3,  i.e. 
x~f"y.  Substituting  it  into  the  given  equation,  we  get 

a  fy*-rb  f  */  =  c 

To  rationalize  this  equation  raise  both^  members  to  the  third_  power  and 
transform  the  sum  3  (a  f  y-)~  bf  y-f-3a  f  y2  ( b  f  y)2  to  3 aby  (a  (f  y)2  +  &  f  (/]• 
By  virtue  of  the  found  equation  the  bracketed  expression  is  equal  to  — c. 
Answer:  a3y-  ~\~  (b3  —  3a be)  y  +  c3  ~  0. 

176.  Any  equation  of  the  nth  degree  having  the  roots  xj,  x2,  .  .  xn, 
may  be  represented  in  the  fonn 

(x  —  x{)  (x  —  x2)  .  .  .  (x  —  xn)  =  0 

A  biquadratic  equation  always  has  two  pairs  of  roots  of  the  same  absolute  value 
and  of  opposite  signs.  Putting  x3  =  — xt  and  x4  =  — x2,  we  may  write  the  bi- 


fc3  —  3abc 
a3  ’ 
the  required 
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quadratic  equation  in  the  form 

(x  —  xt)  ( x  —  x2)  (x  +  *i)  (x  4  *2)  =  0,  i.e.  ( x 2  —  xf)  (x2  •—  x§)  —  0 

or 

X 4  —  (xf  4  x\)  X2  4  -T j-T2  —  0 . 


But,  by  hypothesis, 

and 

Hence, 


2?4*I4(-*t)2-H-*2)2-50 


xtx2  (  — *i)  ( —  xi)=  144 


xf  4*1=25  and  x£x3  =  144 


Answer:  x*  —  25x2  4  144  =  0. 

177.  If  an  algebraic  equation  (with  real  coefficients)  has  a  complex  root 
a  4  bi,  then  the  conjugate  complex  number  a  —  bi  will  also  be  its  root.  Thus, 
we  know  two  conjugate  roots  of  the  given  equation:  3  4  i  ]/ti  and  3  —  i  yt5. 
Both  of  them  can  be  verified  directly,  but  it  is  simpler  to  accomplish  the  follow¬ 
ing  transformation  beforehand. 

According  to  the  remainder  theorem,  the  left  member  of  the  equation  must 
be  divisible  by  the  expressions  x  —  (3  4  1  l/b)  and  x  —  (3  —  i  and  con¬ 
sequently,  by  their  product  as  well,  i.e.  by  ((x  —  3)  —  i  ~[/(i]  [(x  —  3)  4  i  yfc]  — 
—  x2  —  6x  4  15.  On  dividing,  we  factor  the  left  member  into  two  factors: 
4x4  —  24x3  4  57x2  4  18x  —  45  =  (x2  —  Gx  4  15)  (4x2  —  3),  and  the  given 
equation  decomposes  into  the  following  two: 

(1)  x2  —  6x  4  15  =  0  and  (2)  4x2  —  3  =  0 


The  first  one  has  two  roots  x1  =  34i'\/6  and  x2  —  3  —  i  V G,  *3  =  J^-aud 
T/3 

x4= - rL —  being  the  roots  of  the  second. 


Answer: 


xi  =  34*yb;  x2  =  3 —  i  y 6;  x$-~ 


V3 

2 


178.  By  hypothesis,  x  =  2  must  satisfy  the  given  equation.  Therefore  we 
have  6-23  —  7*22  —  1G-2  4  m  —  0,  whence  m  —  12.  We  get  the  equation 
Gx3  —  7x2  —  16x  4  12  —  0,  one  of  the  roots  of  which  is  equal  to  2.  By  the 
remainder  theorem  the  left  member  must  be  divisible  by  (x  —  2).  Dividing,  we 
find  6x2  4  5x  —  6.  Consequently,  the  equation  may  be  represented  in  the  form 
(x  —  2)  (6x8  4  5x  —  6)  =  0.  In  addition  to  the  root  xt  =  2,  its  roots  are  also 
the  roots  x2  and  x3  of  the  equation  6x2  4  5x  —  6  —  0. 


Answer:  rn  —  12; 


xs 


2 

3  ’  *3  ~  ~2 


179.  Substituting  x  —  2  and  x—3  into  the  given  equation  (see  solution 
of  the  preceding  problem),  we  get 


4m  4  n  =  10  and  9m  4  n  =  — 15 


From  this  system  we  find  m  =  -5,  n  =  30  and  obtain  the  equation  2x3  — 

5x  —  13x  4  30  =  0,  whose  left  member  must  be  divisible  by  x _ 2  and 

i-3,  and,  consequently,  by  the  product  (x  -  2)  (x  -  3).  The  equation  is  then 
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rewritten  in  the  form  (z  —  2)  (z  —  3)  (2z  -f  5)  —  0.  Its  roots  are:  zj  =  2; 


Answer’,  m  =  — 5;  n  =  30;  x3  =  —  . 

180.  The  quadratic  equation  z2  -j-  px  -f  9  =  0  has  equal  roots  when^the 
radicand  |  y  ^  —  q  is  equal  to  zero.  In  this  case  it  must  be  that  (a  ~\/  a2  —  3)  — 

—  4  ==  0,  i.e.  a*  3as  —  4  =  0.  This  biquadratic  equation  has  two  real  roots 
(a  =  2  and  a  ~  —2)  and  two  imaginary  roots  (a  =  t  and  a  —  —  i).  Confining 
ourselves  to  the  real  roots* ,  wo  get  the  following  pair  of  equations:  xa  4-  4x  -+ 
+  4  =  0  and  z2  —  4z  -f  4  =  0.  The  first  equation  has  the  roots  *j  —  z2  =  —2, 
the  second  one,  z»  =  z2  —  2. 

Answer:  at  a  —  2  and  a  =  — 2. 

180a.  The  roots  of  the  equation  are 

zlt2=m  ~V m~ — m2  +  !»«  ±  1 

By  hypothesis,  we  have 

f  -2<m  +  i<4  f  —  3  <  m  <3 
t  —  2<m  — 1<4  °r  \  —  1  < m  < 5 

Answer :  —  1  <  hi  <  3. 

181.  Isolate  one  of  the  radicals,  for  instance,  the  first  one.  We  get 
~V  y  4-  2 = 2  4-  V'  y — 8. 

Square  both  members.  Collecting  like  terms  and  reducing  by  4,  we  have 
\/y  —  6  =  1,  whence  y  =  7.  A  check  shows  that  this  root  is  valid. 

Answer :  y  =  7. 

A'oie  1.  Here  and  henceforward  we  consider  square  roots  and,  in  general, 
roots  of  even  indices  to  be  arithmetical  roots.  See  Preliminaries  for  Chapter  II 
(pages  9U  to  92).  For  roots  of  odd  indices  see  the  footnote  to  Problem  209. 

Note  2.  A  check  is  carried  out  to  reveal  extraneous  roots  (they  may  appear 
as  a  result  of  squaring  both  members  of  the  equation).  There  are  no  extraneous 
roots  in  the  given  problem.  But  let  us  take  the  equation  ~\/ij  -f  2  -j-  "]/ y  —  6  — 
=  2,  which  differs  from  the  given  one  only  in  sign.  Solving  it  in  the  same  way, 
we  get  Vl!  —  0  =  —1.  Squaring  the  latter,  we  find  the  same  root  y  —  7.  It  is 
invalid;  the  taken  equation  has  no  solution  at  all.  Here  it  is  not  necessary  to 
carry  out  a  check,  since  it  is  obvious  that  ~\/y  —  G  cannot  be  equal  to  —1  (see 
Note  1).  But  in  other  cases  (see  Problems  184  and  190)  such  a  check  is  necessary, 

182.  Solved  in  the  same  way  as  the  preceding  problem. 

Answer:  x  —  6. 

183.  Isolate  the  first  radical  and  square  it.  After  simplification  we  obtain 
x  —  1  =  2  y.r  —  1.  Squaring  once  again,  we  find  (z  —  l)2  —  4  (x  —  1)  =  0, 
This  equation  may  be  divided  by  x  —  1,  taking  into  account  that  x  =  1  is 
one  of  its  roots.  We  find  then  the  other  root  x  —  5.  We  may  also  remove  the 
parentheses  and  solve  the  quadratic  equation  thus  obtained.  A  check  shows 
that  both  roots  are  valid. 

Answer:  zj  =  1;  x»  —  5. 


*  We  assume  that  the  coefficients  of  the  given  equation  are  real  numbers. 
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184.  Proceeding  in  the  same  way  as  in  the  previous  problem,  we  find  x  + 
-f  22  =  7  l/3x  -  2,  hence,  x2  -  103x  +  582  =  0,  This  equation  has  two  roots: 
xi  —  6  and  x2  —  97.  The  given  equation  is  satisfied  only  by  the  first  root,  the 
second  being  an  extraneous  one  (it  satisfies  the  equation  i/3x  —  l  —  \/x  +  3  = 
=  7,  which  differs  from  the  giveu  one  in  the  sign  at  the  radical). 

fiTShia  in  the  same  way  as  the  preceding  problem.  Out  of  the  two  roots 
xi  —  —1;  x2  =  3  the  second  is  extraneous. 

Note,  x  =  3  is  a  root  of  the  equation 

--yj+l  +  y  21+3=1 


Answer:  x  —  — 1. 

186.  Answer:  x\  =  34;  x2  =  2. 

187.  Answer:  x  =  4. 

188.  Square  it.  We  get  the  equation 

x  Vx2  +  24-x2  — 2x  =  0 


which  decomposes  into  the  following  two: 

x  =  0  and  y^2  +  24-x--2=0 

The  second  one  gives  x  —  5.  Perform  a  verification. 
Answer:  xj  =  0;  x2  =  5. 

189.  Reduce  the  given  equation  to  the  lorm 


Square  it  and  multiply  by  x2  {through  which  an  extraneous  root 
may  be  introduced).  We  obtain  the  equation 


1  + 


2  ,/4 

TX==XV 


Square  it  once  again. 

/Insurer:  x  =  -j- . 

190.  Multiplying  both  members  of  the  equation  by  V(x  +  2)  (x-|-3),  we  get 

V(x-5)(x  +  3)  +  V<x-4)(x  +  2)  =  7 
Proceeding  in  the  same  way  as  in  Problem  181,  we  find 
V(x— 4)(x+2)=4 

Hence,  we  get  two  roots  x,  =  (r,  x2— — 4.  A  check  shows  that  x2  is  invalid, 
since  it  yields  a  wrong  equality  -y  1/2  =  — 1/2. 

Answer:  x  —  C. 

191.  Getting  rid  of  the  denominator,  we  get 


y  x2  — 16  -j-  y  x2  —  9-^7 
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This  equation  has  two  roots  x  —  5  and  x  =  — 5.  But  at  x - 5  the  expression 

"]/ x  —  3  has  no  real  value  (see  Note  4  to  Problem  181). 

Answer :  x  =  5.  . 

192.  Reduce  the  left  member  of  the  equation  to  a  common  denominator 

3x-5y&Tx  ^  3 

—  X  X 

Hence 

3(x-f  i)  =  5  yx  (x-fl) 

Squaring  it,  we  obtain 

9  (x  +  4)2  —  25  (x  -f-  1)  x  =  0 
or 

(x  +  1)  [9  (x  +  1)  —  25x1  =  0 

g 

Answer:  Xj  =  —  1;  x2  —  -rg- . 

193.  Solved  in  the  same  way  as  the  preceding  problem. 

Answer:  Xj  =  2;  x2  =  — 1.6. 

194.  Square  both  members  of  the  given  equation.  After  the  identity  transfor¬ 

mations  we  get  V28  — x  =  "j/?.  In  squaring  this  equation  an  extraneous 
root  may  be  introduced  which  satisfies  an  equation  differing  from  the  given 
one  only  in  the  sign  of  the  right  member.  The  equation  *1/28  —  x  =  ~|/7  has 
the  only  root  x  =  2i,  which  is  not  an  extraneous  one,  since  \  2  V?  “h  > 

>Vi  1/7—1/51. 

Answer:  x  =  21. 

195.  Rewrite  the  equation  in  the  following  way: 

y x+y x-~y x— y x— — 3 1 x . ^ 

2  v  i  +  l/i 

Get  rid  of  the  denominator;  this  may  result  in  that  an  extraneous  root  x  ==  0 
will  be  introduced  (since  the  denominator  vanishes  at  x  =  0).  There  cannot  be 
other  extraneous  roots,  because  x  —  0  is  the  unique  root  of  the  equation 
y x  y x  —  0  (see  solution  of  Problem  143). 

After  simplification  we  get  the  equation 

2x — 2  y  x% — x  -  y~x = o 

one  of  the  roots  of  which  is  r=0.  Rut  this  root  is  an  extraneous  one, 
since  at  x  =  0  the  right  member  of  the  original  equation  loses  its  sense. 
Factor  out  \/x:  __ 

Vx  (2  y~x  —  2  yX—  1  —  t)  =  0 

Solving  the  equation  2"|/x — 2  yX — 1  — 1=0  (see  solution  of  Problem 
181),  we  find  x=-^-.  Carry  out  a  check. 


25 
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196,  First  rationalize  the  denominator.  To  this  end  multiply  both  the 
numerator  and  denominator  by  l/27-f-x-F  V27  —  x;  we  get 

tyW+x+T/fr^xY  27 
2x  ~  x 

or,  after  simplifications,  _ 

27  -f  V 272— x2  27 

X  X 

wherefrom  we  find  x  =  ±27.  Both  roots  are  valid. 

Answer:  x  =  ±27. 

197.  Isolating  the  radical,  square  both  members  of  the  equation.  We  have 

x2  — 2 ax  =  —x  ~\/x2-i-a2 

One  of  the  roots  of  this  equation  is  x  =  0.  To  find  other  roots  divide  both 
members  of  the  equation  by  x  (it  can  be  done,  since  now  x  ^  0).  Then  square 

3 

both  members  once  again.  We  get  x  =  a. 

When  verifying  the  result,  one  may  arrive  at  the  wrong  conclusion  that  the 
values  x  =  0  and  x  =  -j-  a  always  satisfy  the  given  equation.  For  a  better 

understanding  of  the  essence  of  the  error  let  us  consider  a  numerical  example. 
At  a  —  —  1  the  given  equation  has  the  form 

x=  —  i— V  i—*  v*2+i 


Neither  x  =  0,  nor  x  =  —  a  —  —  -V  satisfy  this  equation  (it  has  no  solu- 
4  4 

tion).  The  same  result  is  obtained  for  any  other  negative  value  of  a. 

And  here  is  the  mistake:  the  quantity  Vo2  is  considered  to  be  equal,  to  a , 
whereas  it  is  true  only  for  a  0.  For  a  <0  we  have  ~\/ a2=  — a:  for  instance, 
V(^3)2  ==*-(- 3). 

The  correct  general  formula  (see  Preliminaries,  Item  3  on  page  90)  is: 


Using  this  formula,  we  find  that  at  x  —  0  (when  the  left  member  of  the  equation 
vanishes)  the  right  member  is  equal  to  a  —  Va2  =  a  —  \  a  | .  For  a  >  0  this 
expression  is  also  equal  to  zero,  but  for  a  <0  it  is  equal  to  2a.  Consequently, 
if  a  >  0,  the  value  x  —  0  is  a  root  of  the  equation:  but  if  a  <  0,  then  x  —  0 

3 

is  not  the  root.  The  same  refers  to  the  value  x  —  —a. 

3 

Answer:  if  a  >  0,  then  x«  =  0,  x2  =  -^a;  if  a  <  0,  the  equation  has  no 


solution. 

198.  Written  without  powers  having  negative  exponents  the  given  equation 
has  the  form 


/'+(£)' 


t 


/  ,  +  (t 
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First  method .  Reject  the  denominator:  3^/* ^  + 
member  is  positive;  hence,  the  right  member  is  also  positive.  Squaring 
yields  (  y-  slytrif  ys|-  (the  value  ■ 

T>»)" 

Second  method.  Rationalize  the  denominator 


is  rejected,  since 


[/< 


^(v)2-vM 

The  bracketed  expression  cannot  be  negative;  therefore 

V ‘+(t)s-t- t  or  b/l+(-T )2=t+t 

Squaring  yields:  1  +  ( t)2=T+1T+  (t)  ’ 


•lienee  ■ 


Answer:  x  = 


199.  Solved  in  the  same  way  as  the  preceding  problem.  Using  the  second 
method,  we  find 


(l/T+oS*— Ox)2  =  -^- 

Tho  expression  Yl  +  a^—ax  is  always  positive;  therefore 

1/ 1  +  a2x2  —  ax  =  ^  ,  i.e.  1/ 1  +  o2z2  =  ax  +  y^-p 


UP-t 


|  (.  | - 

Squaring  it,  we  get  X  — 


:2  —  1 


c2-l 

2a|c| 


,  which  is  the  same. 


Check.  Substituting  x  =  ~2aJ7] 


we  find 


1  -f  a2x2  - 


4c2  -f~  (c2  —  1  )2  (c2+l)2 


4C2  4c2 

Taking  into  account  that  c2  +  l  is  always  positive,  we  find 


Vi  +  a2x2  = 


c2  +  4 
2|c| 


Further  computations  show  that  the  given  equation  is  always  satisfied. 
Answer.  x^-4rrrr  *•«•  for  c >  0  we  have  *=-C^ . t  for  c<0  we 


have  x- 


1  — c2 


2ajc} 
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200.  Factor  out  the  expression  ~\/ x  -f  c  both  in  the  numerator  and  denomi¬ 
nator  of  the  left  member,  and  reduce  the  fraction  by  this  expression*. 

After  performing  these  operations  we  get 

yT+7+y* — c  o(.r-fo 

-\/T+-c^yfT7  To 

Then  rationalize  the  denominator.  After  simplifications  we  find 

_ _  ejc  29 

%y x%— c2  =  x-{-9c.  Hence,  x--^~  or  x  = — o\~c‘ 

A  check  shows  that  both  values  satisfy  the  equation  when  c>0  and  do 
not  satisfy  it  if  c  <  0. 

5  29 

Answer :  At  c>0  we  have  xi  —  ^c  and  x2  = — c;  ifc<0  the  equation 
has  no  solution. 

201.  Transform  the  first  radicand  in  the  following  way: 

*  4. 3  _  4  y  jzii = (Z  _  i )  -  4  y  + 4 = ( y  -  2)2 

Similarly,  the  second  radicand  is  equal  to  (yx  —  1  —  3)".  The  given  equation 
takes  the  form 

I  y?^T— 2|+i  Vi^T— 3|=i  (A) 

(see  Preliminaries  to  Chapter  If.  Item  3).  The  following  three  cases  are  pos¬ 
sible:  (1)  yi^\>  3;  (2)  yX- 1  <2;  (3)  2  <V*— 1  <3. 

In  the  first  case  the  equation  (A)  takes  the  form: 

y:rri_2+yr=i-3=i,  or  y 731=3 

This  result  does  not  agree  with  the  condition  y x~~  1>3. 

In  the  second  case  the  equation  (A)  takes  the  form: 


—  (y*-~l  —  2)  — (yx  — 1  —  3)  =  1  or  yx-t=2 


This  result  does  not  agree  with  the  condition  y x~  1<2  either.  Consider, 
finally,  the  third  case,  when  the  equation  (A)  takes  the  form: 

(y73t_2)  -{y~\  -3)  =  1  (B) 

This  equality  is  an  identity,  hence,  the  equation  (A)  is  satisfied  by  all  x 
for  which 


2<yx-i  <3 

Since  y x~  1  >  0,  all  the  three  members  of  the  inequality  may  be  squa¬ 
red,  and  we  find 

5  <  x  <  10, 


*  Reducing  by  yx  +  c,  we  assume  that  x  =£  — c.  If  the  solution  of  the  ob¬ 
tained  equation  had  yielded  x=  —c,  this  value  would  not  have  been  a  root  of 
the  given  equation.  But,  as  we  see  below,  we  do  not  obtain  such  a  root. 
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i.e  the  solutions  of  the  given  equation  are  contained  within  the  range  bounded 
by  5  and  10  (the  values  5  and  10  included).  All  of  them  are  the  solutions  of  the 
given  equation,  since  they  suit  the  third  case,  when  the  given  equation  (A) 
becomes  identity  (B). 

Answer:  5  x  ^  10.  .  ,  . 

202.  Square  both  members  of  the  equation,  transpose  all  the  terms  to  the 

left  and  factor  out  VG  +  x: 

‘fa- f-x  (4  Vfl+*+*  y  a  —  x-—~[/x)=0 

This  equation  decomposes  into  two.  From  the  first  one:  y'a  +  x  =  0,  we  find 
x  =  —a.  A  check  shows  that  with  a  >  0  this  value  satisfies  the  given  equation. 
If  a  <0,  the  equation  loses  its  sense  (since  Vo  —  x  becomes  an  imaginary  value). 

The  second  equation  is  4  (V a  +  x  H~  Va  ~  x)  ~  Vx*  If  it  is  solved  as  in 

64a 

Problems  183  to  187,  we  get  (besides  the  extraneous  root  x  =  0)  x  —  . 

A  check  will  show  that  this  root  is  also  an  extraneous  one,  which  means  that 
the  second  equation  has  no  solutions  at  all.  We  may  make  sure  of  this  fact  more 
easily,  if  the  following  method  of  solution  is  applied.  Let  us  transform  the  second 
equation  to 

V  a-\-x  Va  x 

which  is  done  by  multiplying  and  dividing  Vfl  +  X+ ~\f  a—x  by  the  conju¬ 
gate  expression 

Dividing  it  by  V*  (which  is  possible  without  losing  roots,  since  x  =  0 
is  not  a  root),  we  get  ya  +  x— Va  —  x  =  8  Vx.  Subtracting  this  equation 

from  the  above  obtained  Va  +  Z  +  =  ^  ~[/z,  we  find 

2yr^=-~yi 


But  this  equality  is  impossible,  since  its  left  member  is  a  positive  number, 
whereas  the  right  one  is  negative.  Suppose,  neglecting  this  fact,  we  square  both 

64 

members.  This  operation  would  yield  an  extraneous  root  x  Jq25  °* 

A  nswer:  If  a  is  positive,  then  x  =  —a;  if  a  is  negative,  the  equation  has 
no  solution.  .  ,  ,  ,,  .  .  ...  , . 

203.  Here  we  may  successfully  apply  the  method  of  transferring  the  irrationa¬ 
lity  to  the  denominator  (see  the  preceding  problem). 

Answer :  x  =  0. 

204.  Answer:  x*  —  a;  xz  ~  — 

205.  Answer:  x  =  (for  o>l). 

4 

For  a  <  1  the  equation  has  no  solution. 

206.  The  given  equation  may  be  represented  in  the  form 


Wa  +  xf  ,/- 
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3  3 

(a  -f  j)2  =  a .r2 

2  5 

Raising  it  to  the  power  — - ,  we  get  a~-  j  =  a  x,  whence  x--= 


Check: 


- ;  (a  -f  *)” 


3  l 


(a-'-i)- 


2  l 


Answer:  z  — ;  if  1 ,  the  equation  ha?  no  solution. 

j-1 


207.  Put  }^  =  i.  Then 

V^-({  'Hf-rC- 

The  equation  takes  the  form 

z2  +  z—12 -t> 

Hence,  Zf— 3,  s2s=  —  4.  Since  p  must  Im-  a  positive  number,  the  second 
root  is  an  extraneous  one. 

Answer:  a:  =  81. 

\ 

208.  Put  (jr  — t )4=s.  Then  proceed  as  in  the  previous  problem. 

Answer:  -c  —  i 7. 

209*.  Cubing  both  members,  we  get 

VlO+2i-fVl5  — 2x  =  7. 

Here  the  isolation  of  one  of  the  radicals  is  not  essential. 

Answer:  xj  =  3;  ^  • 

210.  Cube  both  members  of  the  equation  by  using  the  formula  (a-f-6)3=. 
=  a3-f  3ab(a-\-b)  +  b3.  We  obtain 

*  +  3>-'*(2*-3)l}/*+»'2r— 3)+2*— 3  =  i2(x-i) 


*  Here  and  henceforward  we  do  not  consider  cube  radicals,  and,  in  general, 
radicals  of  odd  indices  to  be  arithmetical,  assuming  that  the  radicand  may  be 
negative  as  well  (but  obligatorily  real).  The  value  of  the  radical  is  also  consider¬ 
ed  to  be  a  real  number. 


0-01338 


130 


Answers  and  Solutions 


By  virtue  of  the  given  equation  the  bracketed  expression  may  be  replaced 
by  the  expression  \ 12  (x— 1).  We  get 

y x(2x —  3)  *12  (x — 1)  =  3  (x — 1) 

Cube  it.  Transposing  all  the  terms  to  the  left,  we  find 
(x — 1)  [12x  (2x — 3)  —  27  (x — 1)2]— 0 
This  equation  is  decomposed  into  the  following  two: 
x  — 1=0  and  12*  (2s  —  3)  —  27  (a:  — 1)2  =  0 

Check  the  found  roots. 

,«4nsu><?r:  xj  =  l;  x2=3. 

211.  Solved  in  the  same  way  as  the  preceding  problem. 

a-j-h 

Answer,  x*  =  x2=o;  x3= — ^ — . 

212.  Put  y'x—  z;  then  |Ar2=z2.  Substituting  into  the  original  equation, 
we  get  2z2-fz  —  3  =  0,  whence  sj®1;  c2=— y 

,  27 

Answer,  x j  =  1 ;  x2  =  —  -jr  * 

213.  Solved  in  the  same  way  as  the  preceding  problem. 

125 

Answer:  2i  =  t>4;  z2  = - g-  • 

214.  Put  y  "fl-{-i=s  z;  then  ya-}-x  =  z3  and  y  a  + 

Answer:  xj  =  —a;  =  1  —  «•  ^ _ 

2io.  Put  ]/  ^rl  =  =;  lhen  =  and’  after  a  numbe‘'  of 

transformations,  the  equation  takes  the  form 
12z2 — 7z  — 12  =  0 


hence. 


Zl 


=  *g  and  z2=- 


The  second  solution  is  rejected  as  a  negative  one  (see  Note  1  to  Problem  181 

4 

=  3  * 


Tho  second  solution  is  reacted  as  a  negative  one  ^11  f 

/2x  A- 2 


Answer:  x  —  1. 

216.  Answer:  x  —  ±  5. 

217.  Put  yi  —  z;  then  |-/x2=z2  and  x=z3.  We  obtain: 

S4-j  Z2  — l_/t 
z2  —  1  Z  +  1 


Reduce  the  first  fraction  by  z3  -  1,  and  the  second,  by  z  -f-  1.  We  get:  z=  - 
__  -  2  =  0.  But  the  reduction  of  the  first  fraction  is  lawful,  provided  s-  — 

__  1  at  ()  and  that  of  the  second  fraction,  if  z  +  1  ^  0.  Meanwhile,  out  of  the 
two  roots  Zi  =  2  and  z2  =  —  1  the  second  one  gives  -  +  1  —  0.  It  does  not  suit, 
since  at  s  =  —1  wo  have  x  =  —  1,  and  the  left  member  of  the  given  equation 
loses  its  sense. 
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Answer :  x  =  $. 

218.  Putting  V*~z»  transform  the  equation  to 


Reduce  the  fraction  by  z  -f  2  (see  the  explanation  to  the  preceding  problem). 
We  get  2“  —  z  —  ti  ~  0,  whence  zj  —  3.  z2  =  —2.  The  second  root  does  not 

suit,  because,  firstly,  the  expression  -----  loses  its  sense  and,  secondly,  z  cannot 

z~r  Z 

be  a  negative  number. 

Answer:  x  —  9. 

219.  Here  the  introduction  <>!  an  auxiliary  unknown,  used  in  the  previous 
problems,  is  of  no  help.  Represent  the  equation  in  the  form 

ig±ie!  -  -• 

y a  —  -r  +  V-r  — 1> 


and  reduce  it  by  ~\/a  —  x-f  ~\/x—-b  (the  reduction  is  lawful,  since  this  num- 
her  cannot  he  equal  to  zero).  After  simplifications  we  obtain  V  (a  —  •*)  (*  —  b)  =  0. 
Answer :  xj  =  a;  x«  —  b. 

220.  Represent  the  given  equation  in  the  form 


V2 


—  /V2— r _ l_\ 

■V2-Vx  VV 


This  equation  decomposes  into  the  following  two:  the  first  equation  is 
VlPx==0,  its  root  being  x1  =  2;  the  second  one  is  V2(2  —  x)=2  —  YJ 
(after  getting  rid  of  tlie  denominator).  Its  roots  are:  x2  —  0 :  x3-=  —  . 

10 

Answer:  Xj  —  2;  x2  —  u;  T3~"y  • 

221.  Answer:  x  =  81.  . 

222.  Isolating  the  radical  and  squaring  both  members  of  the  obtained  equa¬ 
tion,  we  get  a  fourth-degree  equation.  But  in  the  present  case  it  is  possible 
to  apply  an  artificial  method.  Rewrite  the  equation  in  the  form 

yx2  — 3x-f-"5+x2— 3x-f5=12 

Putting  y*2  — 3x-f 5  —  s,  we  get  z2-fz— 12  =  0.  Take  only  the  positive 
root  z  — 3. 

Answer:  a-t  =  4;  x2  — — 1. 

223.  We  may  use  the  same  method  as  in  the  preceding  problem.  But  it  is 
obvious  that  the  equation  has  no  solution.  Indeed,  the  quantity  3x2  -f  5x  -f-  J 
exceeds  3xa  ~f-  5x  —  8  at  any  x.  Therefore 

~Y  3x2  -f-  5x  -|-  1  "]/  3x2  -j-  5x  —  8 

which  means  that  the  left  member  of  the  given  equation  is  negative  at  any  x 
and,  consequently,  cannot  be  equal  to  unity. 

Answer:  The  equation  has  no  solution. 
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224.  Denote  one  of  the  radicands  by  s;  it  is  most  convenient  to  put  yz  ~f~ 
-f-  4^  -j>  6  —  z.  The  equation  takes  the  form 

Getting  rid  of  the  radicals,  we  find  z2  =  4.  Only  the  root  z  —  2  suits  (at  z  ~ 
=  —2  the  two  radicands  are  negative).  Solve  the  equation  yz  -f  4y  -f  6  ~  2. 
Check  on  solution. 

Answer :  y  —  — 2. 

225. *  It  may  be  solved  by  using  the  substitution  method  (from  the  second 
equation  find  //  =  6  —  xorx  =  6  —  y  and  substitute  it  into  the  first  equation), 
but  the  following  artificial  method  is  somewhat  more  effective.  The  first  equati¬ 
on  is  transformed  to  (x  —  y)2  =  4,  wheuce  x  —  y  —  2  or  x  ~~  y  —  —2.  We 
obtain  two  systems  of  equations: 

(i)  (  x-y  =  2  (2)  C  x  y  =  2 

l  x-|-y  =  6  \  x-fy  =  6 

Answer:  (1)  x,  =  4,  y,==2 

(2)  x2  =  2,  y  >  —  4 

220.  Represent  the  given  system  in  the  form 
I  xy  +  (xA-y)  =  ii 
\  xp(x-f  p)=30 

Put  for  the  sake  of  brevity  xy  —  zc,  x-^-y  —  z2.  Then  we  have 
/  Zi-f-z2  =  11 
\  2,20=30 


By  Viete’s  theorem  z,  and  z.»  are  the  roots  of  the  quadratic  equation  s2— 
—  11s>f30  =  0.  We  find:  z,*s6f  z2--=5  or  z,=  5,  z2  =  6.  We  get  two  systems: 


/ x+y= 6 
l  xy  =  5 


and 


f  x-fy  =  5 
\  xy  —  G 


F)ach  of  them  may  be  solved  by  applying  Viete’s  theorem  or  the  substitution 
method. 

Answer:  (l)  x  =  5,  y— t  (2)  x  =  1 ,  y  =  5 

(3)  x  =  2,  f/  =  3  (4)  x  =  3,  y—2 

227.  Pul  v2=-z:  then  we  have  the  following  system 

{'£-» 

Ansirer:  (1)  x ---  4,  y  = 

(2)  X  4 ,  r,  =  -V3 

(3)  .r 3 ,  p«2 

(4)  .r~3,  w  —  2 

228.  Put  .r2  —  z,  and  —  y  —  z2.  We  get  the  system 

f  *t  +  S2“23 

\  2,2;,  =  —  50 

*  Most  problems  of  this  chapter  are  successfully  solved  by  using  artificial 
methods.  The  main  difficulty  here  is  to  find  out  an  adequate  artificial  method. 
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Answer:  (1)  x  — 5,  ff  =  2 

(2)  x—  — 5,  y  —  ~ 

(3)  x=i  V2,  y  —  —25 

(4)  X—  —  i  ~\/2,  y  —  —25 

229.  Put  —  xy—zi\  x2— y2=z2‘  We  obtain  the  system 


{ 


We  find  Zj  —  9;  z2=  —20  or  zt  — 
(1)  /  xy=  —9 
\  x2 —  y2—  — 20 


-180 

-11 

—  9. 


Now  we  have  two  systems 
(2)  r  *</  =  20 
\  x2 —  y2— -  9 


Solve  the  first  system.  From  its  first  equation  we  find  if**——.  Substitute 
it  into  the  second  one  and  find  the  biquadratic  equation  +  20x2— 81  —  0. 
Its  roots  are: 


*I,2=±/-10+Vi8i  %  ±  1/3.45%  ±  1.80 

K-10— Vl8i  ^  ±  V— 23.45  a  ±  4.84i 

Now  we  find 


:  9 


1.86' 


K  — 10+ Vl81 

a±1'80i 


=  4.81 


Solve  the  second  system  using  the  same  method. 


Answer:  (1)  x«1.86,  yw  —  4.84 

(2)  x  »  — 1.86,  y  «  4.84 

(3)  x  «  4.841,  y«1.86t 

(4)  x  as  —  4.84i,  y  ~  —  1.86i 

(5)  x=  5,  i/  — 4 

(6)  x  =  — 5,  if  —  —  4 

(7)  x  =  4i,  y——bi 

(8)  x  =  — 4t ,  y  =  oi 


230.  Eliminate  the  constant  terms  by  multiplying  the  second  equation  by  7 
and  subtracting  the  result  from  the  first  one.  We  get 
— 32x2  -2 xy+  75 yi  =  0 


This  is  a  homogeneous  equation  of  the  second  degree  (i.e.  an  equation  con¬ 
taining  only  terms  of  the  second  degree).  Dividing  both  members  of  the  equation 
by  x3  (this  may  be  done  since  x  =  0  is  not  a  root),  wo  transform  it  to  —32  — 

—  2—4-75  (  —  \  =0,  and,  solving  this  quadratic  equation,  we  find  —  =  —•  or 
X  \  x  /  X  3 
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or  —  =  —  —  .  By  using  this  method  we  can  find  the  ratio  —  from  any  homoge¬ 
neous  equation  of  the  second  degree. 

Now  we  solve  two  systems: 


(1) 


5xz — 10y2 — 5=0 


(2) 


5x2- 


and 


•10i/2  — 5  = 

y 


(by  the  substitution  method). 


(1)  x— 3,  y  =  2 

(3)  x 

(2)  x=  — 3,  y=  — 2 

(4)  x= 

25 

"ynr  u 

25 

yna’  ■ 

i 


__16 

25 

16 

1/113 

16 

‘yns 


231.  Rewrite  the  first  equation:  x2— 2xy-\-  =  ~  xy.  Then 


we  have 


4*»-  "r‘te  th®  second  equation  in  the  form  2  (x— y)  =4.  xy. 

Hence,  (x  —  y)2  —  2(x  —  y)=0,  wherefrom  x— y  =  0  and  x  — y  =  2.  We  net  two 
systems: 

(2)  r  x-y  =  2 


<x—y)2 

ence, 

/stem 

(1) 


-  II  ~  0 


and 


( x~y  =  2 

l  xy  =  8 


l  xy™0  l  xy=8 

Answer:  (1)  x  =  y  =  0;  (2)  x  =  4,  y  =  2;  (3)  x  =  —2,  y  =  —4. 
232.  Rewrite  the  first  equation  in  the  following  way: 


U"  +  2 xy  -(-  ya)  =  13  +  xy  or  (x  -f  y)a  —  13  = 


■  *y 


From  the  second  equation:  x  +  y  =  4;  substituting,  we  get  16  —  13  =  Xu 
Now  we  solve  the  system 

f  xy  =  3 
\  x-fy=4 

Answer:  (1)  x  =  3,  y=l;  (2)  x=l,  y  =  3. 

233.  Solved  in  the  same  way  as  the  preceding  problem.  We  get  a  now 
system 

f  xy  =  6 

\  X  — y  =  ! 


Answer:  (1)  x=3  (2)x=— 2 

y  =  2  y  —  — 3 

234.  Put  —  =  =:  Ihen  j  -=  — .  and  the  first  equation  takes  the  form 

*+  —  ri  or  12r2-25r  +  12  =  0.  Its  roots  are  :,  =  4  »■><*  a2  =  4-  Now  we 

*5  4 
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have  two  systems: 


They  are  solved  by  substituting  the  value  of  x  obtained  trom  the  first  equa¬ 
tion  into  the  second  one. 

Answer:  (1)  x  =  4.  y  — 3 

(2)j=— 4,  y=— 3 

(Si  X~3i.  y  =  4i 

(4)  x  =  — 3i,  y—  — 4i 

235.  The  system  can  be  written  in  the  form 
f  xmyn  —  cambn 
\  x,,ym  =  dambn 

Multiply  these  equations  and  divide  one  of  them  [by  the  other.  We  get 
(xy)m+n  ~  cda2mbz,t  and  ~~d''  "'hence 

_J_  ^_ln_  -J- 

^  =  ,cd)“+» «-+»r+"  »»dy=(T) . 

Multiplying  these  equations,  we  find 

•2  m  2n  2m  2n 
z2  _  '*s 

^2  may  be  expressed  in  a  similar  way  proceeding  from  the  equation 
^JL  jm~n==.fL.  It  differs  from  the  corresponding  equation  for  x  only  in  the 
order  in  which  follow  the  letters  c  and  d. 

Answer:  x  » 

236.  In  the  second  equation  we  factor  x3  -f-  1/  into  (x  -f  y)  ( x -  —  xy  -f  Jr) 
and  divide  the  second  equation  by  the  first  one.  We  get  x+y  =5.  Adding 
3 zy  to  both  members  of  the  first  equation,  we  obtain  (1  -f  >)2  =  7  +  3 xy. 
Substituting  5  lor  (x  +  y)  in  this  equation,  we  find  xy  =  6.  We  solve  now  the 
system 

r  *+»=5 

l  xy  =  6 

Answer :  (1)  x  =  3,  y  —  2 
(2)  x  =  2,  y  =3 

237.  Multiplying  the  second  equation  by  3  and  adding  it  to  the  first  one,  we 
get  (x  +  yf  =  1.  Confining  ourselves  to  real  solutions,  we  find  x  -f-  y  ~  1. 
Substituting  1  for  x  -f-  y  in  the  second  equation,  we  have  xy  —  —2.  We  solve 
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now  the  system 

f  *—r= l 
l  xy=  — 2 

.-i/mecr:  (1)  x=2,  y  =  — -  i 

(2)  ar=  — 1,  y  =  2 

238.  Solved  in  the  same  way  as  the  preceding  problem. 
Answer:  (1)  x  =  3,  u~2 

(2)  x  =  2,  y  =  3 

239.  Put  ~  2.  The  first  equation  takes  the  form 

x—y 

Hence,  z  =  5  and  s  =  -~,  i.e. 


•r-i-y 

*— y 


and 


g-j-y 

x  — y 


5 


From  the  equation  -^——-  =  5  we  find  y  =  -^-x.  Solve  this  equation  toge¬ 


ther  with  the  given  equation  xy  =  6.  Use  the  equation 
same  way. 


If 


in  the 


Ansiver:  (1)  ,r  =  3,  y  =  2 

(2)  x  =  —  3,  y  —  — 2 

(3)  x  =  3i,  y—  —2 1 

(4) *=—  3i,  y  —  2i 

240.  Eliminate  the  unknown  z  from  the  given  system.  To  this  end  (1)  sub¬ 
tract  the  second  equation  from  the  first  one  multiplied  by  c ,  and  (2)  subtract 
the  third  equation  from  the  second  one  multiplied  also  by  c.  As  a  result,  wo  get 
the  following  system 


(  (c-a)x-~-(c  —  b)y  =  (c  —  d) 

l  a  (c  —  a)x-fh(c  —  b)y=d(c  —  d) 


wherefrom  we  find  x  and  y;  s  is  found  in  a  similar  way. 

Ansiver  r  —  (b  —  d)  _  ^  __  (a  —  d)  (c  —  d)  _  _  _  (b  —  d)  (a  ~d) 

(c  —  a)  (b  —  a)'  I*"  ( a  —  b)(c  —  b )’  (6— ■«•)  (a  ~  c)  * 

241.  First  eliminate  «;  for  this  purpose:  (1)  multiply  the  second  equation 
by  2  and  add  it  to  the  first  one;  (2)  multiply  the  third  equation  by  (—2)  and  add 
it  to  the  second  one;  (3)  multiply  the  third  equation  by  (—3)  and  add  the  result 
to  the  fourth  one.  Finally  we  obtain  the  following  system 

f  ox  —  4  y  -j~  1 3z  ~  36 

J  —  4 j  —  1 1  y  4  9z —  1 
l  — 5x  —  13y  4-12s  =  5 


Eliminate  x  from  this  system,  subtracting  the  third  equation  from  the  second 
one  beforehand.  We  get 

(a)  5.r  —  4y  -4-  13s  —  36 

(h)  .r  -f  2y  -  3s  «  —4 
(c)  --.V  ~  1 3y  4-  12s  —  5 
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Add  (a)  to  (c),  multiply  (b)  by  5  and  add  it  to  (c).  We  obtain  the  following; 
(  — 17  y  -f-2o2  =  4i  ^  J  —  252  =  41 

\  —  3  y  —  3  z—  — 15  i  y-f-z  —  5 

Hence  we  find  z  —  3  and  y  —  2;  x  is  found  from  (b)  and  u,  from  the  third  of 

the  given  equations. 

Answer :  x  —  i;  y  ~  2;  z  —  3;  u  —  4. 

242.  Subtracting  the  first  equation  from  the  second  one.  we  get  y  2z 
Hence,  y  —  1  —  2z.  Substituting  this  value  of  y  into  the  first  equation,  we  find 
x  =  2  4-  3.  Substituting  then  the  found  values  of  x  and  y  into  the  third  equation, 

*> 

we  get  3z2  -f  2  —  2  =  0.  Its  roots  are  z,  —  —  and  z2  —  —1.  Substituting  now 

the  values  of  z  into  the  equations  x  =  s  4-  3  and  y  —  1  —  2z,  we  find  two  valu¬ 

es  for  each  of  the  unknowns  x  and  y. 

11  1  2 
Answer:  (1)  x~-~  ,  y= — ~  — 

(2)  x  =  2,  y  =  3,  —  1 

243.  Square  the  first  equation,  cube  the  second  one,  and  square  the  third 
one  on  having  transposed  the  second  term  to  the  right  member  of  the  equation. 
And  so  we  get  the  following  system. 

{4  x  4-y  —  3r=  — 3 

bx  2y  z  ~  \  -b 
6x  —  y  —  2  =  0. 


.  9  6  33 

Answer.  x  =  !/  =  —  ;  2==29  ’ 

244.  Squaring  the  first  equation  and  subtracting  the  second  one  from  it,  we 
obtain  xy  -j-  rz  4-  yz  ~  54.  By  virtue  of  the  third  equation  the  first  two  addends 
may  be  replaced  by  2 yz.  We  get  3 yz  =  54,  i.e. 

yz  -  18  (a) 


Now  the  third  equation  may  he  written  in  the  form  xy  -f  xz  =  2-18,  i.e. 

x  (y  4*  =)  =  36  (b) 

Since  the  first  equation  has  the  form 

x  (y  -r  2)  —  13  (c) 

x  and  y  -h  z  may  he  found  from  (b)  and  (c).  Wc  get 
=  9  f  x  — 4 
=  4  °r  1  y-fz  =  9 

To  find  y  and  z  separately,  make  use  of  (a).  Thus  we  obtain  two  systems: 
(1)  jy 4-2  =  4  fln(j  (2)  f  y-M  — 9 


f  *  +  2  = 

\  yz  — 


18 


l  *2=18 

Note.  When  squaring  the  first  equation  there  appears  a  danger  of  introducing 
extraneous  roots.  But  if  they  had  appeared,  they  would  have  satisfied  the  equa¬ 
tion  x  -j-  y  -r  s  ~  —13,  which  contradicts  the  equation  (c). 
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Answer.  (1)  x  =  9,  y  =  2+iVU.  z=2  —  (V« 

(2) 1=9,  y  =  2-iVl4,  «  =  2+»  Vl4 

(3)  a:  =  4,  y  —  6,  2=3 

(4)  i  —  4,  y  =  3,  2=6 

245.  Represent  the  third  equation  in  the  form 
z2  __  xz  —  Xjz  4-  xy  —  2 
Adding  it  to  the  second  one,  we  get 

za  2xy  =  49  (a) 

whence  z2  =  49  —  2xy.  Substitute  this  expression  into  the  first  equation.  We 
get  ( x  *4“  y)2  =  49,  i.e.  x  -f-  y  —  ±7.  First  put  x  -f-  y  =  7. 

Represent  the  second  equation  in  the  form 
xy  -f  z  (x  -f  y)  —  47 


49- 


- ,  obtained  from  (a),  and  the 


and  substitute  into  it  the  expression  xy  — 
value  x-f-y  =  7.  We  get  z2  —  14z-r45  =  0,  whence  z\—o  and  z*>  =  9.  If  s  =  5, 
then  xy  =  -=  12;  but  if  2  =  9,  then  xy  =  .1.  =  — 16.  And  so  we  have 

two  systems 
(1)  f*+y=7 


and 


(2) 


f x+y—7 

xy  ~  12  **"M  \  xy=— 16 

each  having  two  solutions.  Thus,  we  obtain  four  solutions: 


(1)  *  =  3, 

z  =  5 

(2)  i=4, 

!/  =  3, 

2=5 

<3M=7j-yiT3, 

7 — 1/113 

2  ’ 

2  =  9 

<4)  ,-7-]/n5, 

7+  Vil3 

51  2  ■ 

z  =  9 

Now  put  z-f-y  =  —  7  and  find  four  more  solutions  by  using  the  same  method. 


Answer; 

(1)  x  =  3. 

y  =  4, 

2  =  5 

(2)  x  =4, 

y  =3, 

2  =  5 

(3)x-74-]/113, 

7—1/113 
!/  2 

2  =  9 

<4)x  7->/n5, 

7+ynri 
!/  2 

2  =  9 

(5)  x  ~  —  3, 

y  —  — 4, 

2  =  — 5 

-(6)  x  —  — 4. 

y=—3, 

2=— 5 
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(7)  x« 

(8)  x* 


—  7-f-Vll3 
2 

— 7— ym 
2 


-  V  113 


y~- 


2 

-7-fVil3 


r  —  —  9 


246.  Subtract  first  the  second  equation  and  then  the  third  from  the  first 
one.  We  get 

(a3  —  b*)  -f  (a2  —  6'-*)  x  -f-  (a  —  b)  y  —  U  (a) 

(a3  —  c3)  -f  (a2  —  c*2)  x  -f  (a  — -  c)  y  =  0  (b) 

Reduce  the  equation  (a)  by  (a  —  6)  and  equation  (b),  by  (a  —  c).  We  have 

(a*  -f-  ab  -f  b-)  +  (<*  +  &)  *  +  If  =  0  (c) 

(a2  -f*  ae  H~  c2)  -f-  (a  +  c)  x  +  y  —  0  (d) 

Subtracting  (d)  from  (c),  we  get 

(ab — ac-f-62 —  c2)  -f-  (6  —  c)  x  =  0 

Hence, 

ab  —  ac-j-b2 —  c2 


b—c 


—  — (a-}-fc  +  c) 


The  unknown  y  is  found  from  (c)  or  (d).  Now  find  z  from  any  of  the  given 
equations. 

Answer:  x  ~  —  (a -f-  b -f-  c) 
y  =  ab  -{-  be  -f  ca 
z  —  — abc 


247.  Putting  — . I— —  —  u  and 

Vx-1 

/'+T  ‘ 

,  we  get  the  following  system: 

/ 

1 2a  -j~  =  5 

\ 

8«  +  10y  —  6 

Its  roots  are: 

1  2 

1  1 

1  2 

u  =  —  ,  v  =  -z~ ,  i.e. 

4  o 

V^I  4' 

5 

Hence,  x  — 17;  y  =  6. 

Answer:  x  — 17;  y  — 6. 

248.  By  virtue  of  the  second  equation  the  first  one  may  be  rewritten  in  the 
form  10 —  2  ^/xy  =  4.  Hence,  xy  —  9.  We  get  the  system 


/  x-f-y  =  10 

\  xj/  =  9 

Answer:  (1)  x  =  9,  y  —  1;  (2)  x  =  1,  y=9. 

/  Zx  t 

249.  Put  ']/  — ; —  —  z.  The  first  equation  takes  the  form  i  —  2-4 —  =  0. 
V  x-j-y _  '  z 

Hence,  z  =  1,  i.e.  ]/  —  From  this  equation  we  find  y  =  2xand  substi- 

v  x-\-y 

tute  it  into  the  second  one. 
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Answer :  (1)  x  =6,  y ~  12;  (2)  x  — — 4.5,  y— — 9.  _ 

250.  The  first  equation  is  reduced  to  the  form  \  x2+y2  =  2  f/T7,  whence 

js*+^s  =  136  (a> 

Square  the  second  equation  to  obtain  y  x2 — y2  — 18— x,  whence 

yz  =  36*  -  324  (b) 

Substitute  this  expression  into  (a).  We  get  x-  +  36*  —  460  —  0,  whence  x  =  10 
and  *  =  —46.  Substituting  into  (b),  we  find  y  and  obtain  four  pairs  of  solutions: 

(1)  *==10,  y  —  6;  (3)  *=—46,  yssQy'bbi 

(2)  *  =  10,  y  = — 6;  (4)  x  —  — 46,  y — — 6 ~l/55i 

The  third  and  fourth  pairs  of  solutions  do  not  suit,  since  the  expressions 
y  and  ~\/x  — where  the  radicals  must  mean  arithmetical  values  of 
the  root  (otherwise  they  are  indefinite  since  the  root  has  two  values),  make 
no  sense  at  complex  values  of  *  -f-  y  and  *  —  y .  The  first  and  second  pairs  of 
solutions  should  be  checked. 

Answer:  (1)  x  =  10,  y  =  6;  (2)  *  =  10.  ij  =  —6. 

251.  The  system  makes  sense  only  if  a  ^  0  (see  the  preceding  explanation). 
Square  the  first  equation: 

T  *2— y2  =  8a  — *  (a) 

Substituting  this  expression  into  the  second  equation,  we  get 

V^+ij2==(l/41-f  5)  a—x  (b) 

Square  the  equations  (a)  and  (b): 

y2—  — 64a2  +  16ax  (a') 

y2 = ( V 4l  +  5)2  a2  -  2  ( y'T\  +  5)  ax  (b') 

Eliminating  y  from  (a')  and  (b'),  we  get 

(130  +  10  V4l)  a2  =  (26  +  2  V4i)  a* 

whence  x=5a.  From  (a')  we  find  i/  =  ±4a  and  then  perform  a  check. 

Ansiver:  (1)  x~5a,  y  —  ka\  (2)  x  =  5a,  ij  —  — 4 a. 

252.  Square  the  first  equation:  2*2  —  2"(/*4 — y1  =  y2.  Substitute  here  the 
value  x4—  j/4^sl44rt4  from  the  second  equation.  We  get 

y~  *==  2j"  —  24a2  (a) 

wherefrom  we  find  i/4  and  substitute  it  into  the  second  of  the  given  equations. 
We  get 

x4  —  32a2.r2  +  240a4  «  0 

Hence.  x~±  "1/20  a  and  *=~±:  +12  a.  We  find  y  from  the  equation  (a).  For 

each  of  the  values  x=±  y  20 a  we  have  y--dz  4a,  and  for  each  of  the  values 

*  -  ±  ’1/12  a  we  have  p  =  0.  A  check  shows  that  out  of  the  six  pairs  of  obtained 
roots  some  are  extraneous  for  a>0,  others,  for  a<0.  Let  us  take,  for  instance, 
the  pair  x  =  l/2 0«,  y~4a.  Substituting  it  into  the  first  equation,  we  find 
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l/36a2 —  1/ \dl  =  ka,  i.e.  6ja| —  2|a|  =  4o.  This  equality  is  an  identity  for 
a  >•  0,  but  it  does  not  hold  true  for  a  <  0. 

Answer:  For  a  >•  0  the  solutions  are: 

(1)  a;  =  1/20  a,  y  =  4a;  (2)  x  = — 1/20  a,  y  —  4a 

(3)x=l/l2a,  y  — 0;  (4)  x-.= — Vl2a,  y  — 0 

For  a<0  the  solutions  are: 

(5)  x  =  l/20a,  y  = — 4a;  (6)  x  = — l/20a,  y  = — 4a. 

253.  First  method.  From  the  second  equation  we  find  x-}-y  =  14—  V xy. 
Squaring  it,  we  get  _ 

x2  *r  y 2  +  2xy  — 190  zy  —  28  f/ xy 

whence 

x2  -+■  y2  -f-  xy  =  196  —  28  1/. xy 

By  virtue  of  the  first  equation  we  have  84  — 190  —  28  V'xy,  whence  1  xy  4, 
i.e.  xy  =  16.  Substituting  1/ xy  =  4  into  the  second  equation,  we  find  x-i-y=  10, 
and  then  solve  the  system 

/  x-~y  =  10 
l  xy  =  10 

Second  method.  Factorize  the  left  member  of  the  first  equation: 

x2 -f- xy  -f  y2  =  (x  +  y)2  —  (  V xy)“  =  (x  —  y  -f  V'xy )  (x  -f-  y  —  V  xy )  =  84 
Hence,  by  virtue  of  the  second  equation,  we  get 
14(x-|-y  —  1/xy)  =  84 
i.e.  x-f-  y  —  'y'xy  =  V-  From  the  system 

|  x-i-y- t  xj=# 

.  I  x-f-i/  i-l-  xy  — 14 


from  the  second  y  = 
2  +  x .  .... 


we  may  find  x-f-y  and  l/xy. 

Answer:  (1)  x  —  2,  y  — 8 
(2)  x  =  8,  y  =  2 

253a.  From  the  first  equation  wo  find 

2  _i_  x  x  — 

=  —  ;  equating  these  expressions,  we  get  — — 

1  -f-x  1  + 

have  the  following  equation: 

(1  -j-  m)  x2  4*  (2  -f*  m)  x  -j~  (2  —  m)  =  0 
This  equation  has  real  roots,  provided 

(2  -f-  m)2  —  4  (1  -T~m)  (2  —  m)  0 

Simplifying  the  left  member,  we  get  the  expression  5/«2—  4  >  0,  whence 
2 

|  Mt  I  >  ~y  .  Under  this  condition  x  has  real  values,  which  means  that  y~~ 

~  ~~fS  also  has  real  values. 

r  2 
Answer :  j  m  { ~rr=*  • 

V  5 
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CHAPTER  IV 

LOGARITHMIC  AND  EXPONENTIAL  EQUATIONS 


Preliminaries 

To  solve  equations  containing  logarithms  to  different  bases  (see,  for  example. 
Problems  267,  268,  309  to  313)  it  may  turn  out  to  be  convenient  to  reduce  all 
the  logarithms  to  one  base.  So,  let  us  introduce  some  relevant  formulas  supplied 
with  necessary  explanations. 

1.  The  formula 

loeba  =  ~  (a) 


enables  us  to  change  the  roles  of  the  logarithmic  base  and  the  number. 
Example. 


log82  = 


t  1 
log2  8  “  3 


Explanation.  According  to  the  definition  of  the  logarithm,  log2  8  is  the  expo¬ 
nent  indicating  the  power  to  which  it  is  necessary  to  raise  the  base  2  to  obtain 
the  number  8.  Thus,  symbolically,  log2  8  =  3  is  equivalent  to  2s  —  8.  But 

i 

the  last  equality  may  be  written  in  a  different  way:  f/8  =  2,  i.e.  83  =  2.  Hence, 
logs  2  =  y . 

1 

In  general,  the  equality  ax  =  b  may  be  written  as  bx  =  a.  The  former  equa-- 
lily  means  that  loga  b  =  x,  the  latter,  that  logfc  a  =  —  ,  wherefrom  the  formu¬ 
la  (a)  is  derived. 

2.  The  formula  (a)  is  a  particular  case  of  the  general  formula 


loga.V  = 


logfr  'V 
Iog&  a 


(b) 


which  expresses  the  following  important  fact:  if  we  know  the  logarithms  of 
various  numbers  to  the  base  b,  we  can  find  the  logarithms  of  the  same  numbers 
to  the  base  a;  to  this  effect  it  is  sufficient  to  divide  the  former  by  logb  a  (i.e. 
by  the  logarithm  of  the  new  base  to  the  old  one).  Instead  of  dividing  log&  N 
by  logfe  a  we  may  [by  virtue  of  (a)J  multiply  it  by  ioga  b: 

loga  Ar  —  loga  b  •  logj,  N  (c) 

The  number  by  which’ logarithms  in  one  system  are  multiplied  to  give  lo¬ 
garithms  in  a  second  system  is  called  the  modulus  of  the  second  system  with  res¬ 
pect  to  the  first.  That  is  to  say,  the  factor  logc  b  is  the  modulus  of  the  system 
of  logarithms  to  the  base  a  with  respect  to  the  system  of  logarithms  to  the  base  b. 

Example.  Having  a  table  of  common  logarithms,  we  can  compile  a  table 
of  logarithms  to  the  base  2.  To  this  end  it  is  sufficient  to  perform  division  by 


Chapter  /  1  .  Logarithmic  and  Exponential  Equation* 


143 


log  2  —  0.3010  or  multiplication  by  log2  10  = 


=  1  _ 
=  0.3010  = 

.  0  log  3  0.4771 

logz  3  =  1^2"”  O010  ^  1  '58d 


3.322.  Thus, 


•>,0P23 


Explanation.  By  the  definition  of  the  logarithm  we  have  2"'h-'’  =3.  Take 
the  logarithms  of  this  equality  to  the  base  10.  We  get  log2  3- log  2  =  log  3, 

whence  log- 3  —  4-—  .  Just  in  the  same  way  we  obtain  the  formula  (b)  from 

log  2 

tike  identity  aios°^  =N  by  taking  the  logarithms  to  the  base  b. 

In  order  not  to  confuse  the  notations,  it  is  advisable  to  use  the  following 
method  for  a  check:  write  the  fraction  —  instead  of  the  expression  log.,  fcj(«f 

course,  these  expressions  are  not  equal  to  each  other);  treat  the  expressions 
logfo  a,  loga  N  and  so  on  in  a  similar  way.  Then  instead  of  the  formulas  (a), 
(b),  (c)  we  get  other  formulas,  which  are  also  true.  Tints,  instead  of  <c>  we  get 

JL~!l  jX 

a  ~~  a  b 


254.  First  method 


z^KMO 


2  (l  log  9-1os2) 


10- 10loB  0 


=  10-10 


1»«T- 


log,-  n  9 

By  definition.  10  =  -^-,  therefore  x==  10-— =  22.5. 

Answer:  x  =  22.5. 

Second  method.  Taking  the  logarithms,  we  have 


log  x  =  log  10-f  (4-  log  9  — log  2  j  log 
log  x—  log  10 -flog  9  —  2  log  2  =  log -gy 


100 

10-9 


Answer:  -  x  —  22.5. 

255.  As  in  Problem  254  (second  method),  we  have 

logz=(i-— l!og4)  log  100 

,  1  1  /  1  10  10 

log  x  —  \ — -log  4  =  log — —  ;  x  =  - — — 

V4  y4 

Answer:  x  =  5. 

250.  Proceeding  in  the  same  way  as  in  the  previous  problems,  wel  have 
log  x  =  -i-  (  2  log  1  f, )  log  10  =  1+ 1  log  16  =  log  (10  4/ul); 

x  =  10  ,16 


Answer:  x =20* 
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257.  First  method 


2-2  log. 2 
=  7  +• 


(tog54  7tog74‘ 


49  1  _  25 

=  A  *T*  A  9 


(cf.  solution  of  Problem  254  by  the  first  method). 
Second  method 

Let  us  denote  y~  491  log7'\  and  z  —  5  000  ;  then 


Taking  the  logarithms,  we  find  that  log?  y  =  (1  —  log;  2)  log?  49.  or 

7  49 

log 7  y  =  (log7  7  —  log?  2)  2  =  2  log?  —  =  log? 


whence  i !~"t\  similarly,  we  find  that  s  =  -£-.  Hence,  x=-^>  . 

/Insioer:  x  —  ~^  • 

258.  We  have  log4  iog3  log;  x  =  log4 1 .  whence  log3  log;  x  =  1;  log;  x  =  3. 
Answer:  x  =  S. 

259.  Like  in  the  preceding  problem,  we  have 

1  4  logb  [1  4  logc  (1  4  logp  x)l  =  1 

log{,  1 1  -f  logc  (1  -f  logp  X)]  ss  0 


then 

1  -r  logc  ( 1  -f  log ,,  x)  =  1 ;  losrc  ( 1  4  log  p  x)  =  0 

1  4  log p  x  —  1;  logp  x  0;  x  =  1 

Answer:  x  =1. 

2G0.  The  expression  in  braces  must  he  a  positive  number  since  a  negative 
number  has  no  (real)  logarithm  to  base  4.  Therefore,  having  rewritten  the  given 
equation  in  the  form  ^ 

2  log3  11  4  log;  (1  4  3  log;  -r)l  -  4 2  “  T'4 


we  should  take  only  the  positive  value  of  V '»•  i.e.  2.  Applying  similar  transfor¬ 
mations  for  the  second  time,  we  then  obtain 


log 3  [i  -f  log;  (1  ~{~  3  log;  x)J  =  1,  i  4  log;  (l  4  3  log;  x)  =  3, 
log;  (1  4-  3  log;  x)  =  2 


hence,  1  4  3  log;  x  =  4.  log;  x  =  1. 

2(51.  Represent  the  given  equation  in  the  form  log;  (x  4-  14)  (x  4  2)  =  G, 
or  (x  -f  14)  (x  2)  =  2®  ™  G4,  whence  x-  4  16x  —  36  ---=  0,  a  ~  2,  x« 

„  18,  The  second  root  does  not  suit,  since  the  left  member  contains  the  expres¬ 
sions  log.,  (x  4  14)  and  log;  (x  4  2),  which  have  no  real  value  at  a  negative  x. 
Answer*,  x  •  2. 

262.  Represent  the  given  equation  in  the  form 


loga  \y  (y  4  5). 0.02J  ~  0 
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y  (y  +  5)  *0.02  —  i  or  y2  -f  5y  —  50  ~  0 

we  get  two  roots:  yt  =  5,  y2  —  —10.  The  second  root  does  not  suit  (see  solution 
of  the  preceding  problem). 

Answer:  y  =  5. 

263.  We  have 

log  (35  —  x3)  —  3  log  (5  —  x )  or  log  (35  —  x3)  —  log  (5  —  x)3 

hence, 

35  —  x3  =  (5  —  x)3  or  x2  —  ox  -f*  6  =  0 
Answer:  xt  =  2,  x2  — -  3. 

264.  Transforming  the  bracketed  expression,  we  get 

b  (a2  -f-Qh)-1  _  b(a  —  b)2 

Then  the  given  equation  takes  the  form 

1  +  log  z  =  y  log  —  y  log  »+-i  log  [a  («  +6)  (#  — »)] 

Applying  the  theorem  on  the  logarithm  of  a  product  (and  of  a  fraction)  to  the 
right  member,  we  obtain 

1  -f-  log  x  =  log  (a  —  b)  —  log  b 
Substituting  log  10  for  unity,  rewrite  the  equation  in  the  form 


log  10  -flog  x—  log  (a  —  b)  —  log  b  or  log  (lOx)  =  log  - 


hence,  lOx  =  - 


265.  The  given  equation  may  be  represented  in  the  form 


(-vfar)-1"* 


wherefrom,  taking  antilogarithms,  we  find 


=-='/  i+ii/fB 

- a  '  a  V  1  +  a 


1/l-a 


10-01338 
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266.  The  given  equation  may  be  written  in  a  different  way: 

■J  log*  5  +  log*  5  +  log*  X — 2.25  =  (  y  log*  5  )  2 

since  logx  x  =  1 ,  after  simplifications  we  get 

log|  5  —  6  iogx  5  +  5  =  0 

Solving  the  quadratic  equation  (in  the  unknown  logx  5),  we  find  two  roots: 
logx  5  =  5  and  logx  5=1. 

Answer :  X|=^/"5;  x2s=a5* 

267.  First  method .  Putting  log10  x  =  z,  we  have  x  =  162,  hence, 

logt  x  ~  z  logt  16  =  2 z  and  log2  x  —  z  log2  16  —  Az 
The  given  equation  takes  the  form  z  +  2z  +  4r  =  7,  i.e.  2=1. 

Second  method.  Reduce  all  the  logarithms  to  the  base  2  by  the  formula  (b) 

(page  142).  We  find  log4  x=~|2 1  ;  similarly,  log16  x  = -1™^* .  We 

1  i 

get  the  equation  log2  x +y  log2  x  +  log2  x  —  7,  whence  log2  x=4. 

Answer :  x=  16. 

268.  Solved  in  the  same  way  as  the  preceding  problem. 

Answer:  x=a. 

269.  Rewrite  the  given  equation  in  the  form 

whence  3x  —  7  =  3  — 7x. 

Answer:  x  =  l. 

270.  Represent  the  given  equation  in  the  form 

7 . 3X+1  _  3x+4  —  5X+2  _  5x^-3 
Factoring  out  Zx  and  5V,  wo  have 

3*  (7-3— 34)  — 5*  (52  —  53)  or  (|-)I  =  |- 

whence  x  ~  —  1 . 

Answer :  x  —  —  1. 

271.  Rewrite  the  given  equation  in  the  form 

9_  2  |x 

O-3.0SX-6-— -  or  24x-9=2“ 

&  “  2“3x 

Hence, 

Answer :  x  =  6. 

272.  The  given  equation  may  be  written  as 

2~x2 ,22x+2_2“6  or  —  2~q 

Consequently,  — x2  +  2x  +  2  =  —6. 
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Answer:  xt  —  4;  x2  = — 2. 

273.  Represent  the  given  equation  in  the  form 

5(x+ 5)  7<x-f  17) 

2  —  2-2 . 2 

whence 


5  (x  -f-  5) 


.  1£±± U 


Answer :  x  =  10. 

log  4  2  log  2  2  . 

^74.  bince  -T—-7r  == ==  — ,  the  given  equation  may  be  rewritten  in 


log  8 

the  following  way: 


Hence, 


(inir’3 

2x-j-3(l- 

i  equation  in 

(«+-* 

\  2  Vx  )  »  x- 1  _ 


2x-j-3  (1  — x)  =  1 

.«4nsu?er:  x  —  2. 

275.  Represent  the  given  equation  in  the  form 


22, 


equating  the  exponents,  we  find 
3  ~|/x-f-3 


=  2,  or  2x— 5]/z— 3  =  0 


Vx(Vx  — 1) 

Let  us  denote  y~c  by  z;  then  we  have 

2z2  — 5z  —  3=0,  whence  zj  —  3,  z2=  —  ~ 

But  the  second  root  does  not  suit,  because  the  quantity  z  (which  represents 
the  arithmetical  value  of  the  radical  V i)  must  be  positive.  Thus,  we  have 
z~l/x;  hence  x  =  9. 

Answer:  x  — 9. 

276.  The  given  equation  may  be  represented  in  the  form 


1+ - 

2  2V* 


,  Vx-i 


Hence, 


j  i  ~j/x-f~3 _  4 

'  zyj  ~yj_ 1 


therefrom  3x  —  8"l/x  — 3  =  0.  Putting  y x~ z,  we  have  3z2  — 82 _ 3  =  0;  Zj  =  3; 

*2=  .  the  second  root  z2  =  —  y  does  not  suit  (see  solution  of  Problem  275). 

Consequently,  x  =  9. 

Answer:  x  =  9. 


10* 
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277.  The  given  equation  may  be  written  as 

3  .  J___L 

a  x*”l  2x~2  4  _ 


Consequently, 


3  r+-  1 


x2_l  ^  2x —  2  4 


4--o 


After  simplifications  we  get  x2— 2x— 15=0. 
An^er:  x*  — 5;  x2  = — 3. 

278.  Using  the  formula  (a)  (page  142),  we  obtain 


log*  1+2  log*  a  2(logiI_|logia) 


l+21ogIa  2— log*a 


1 


Solving  for  log*  a ,  wo  get 


log*  a  = 


7±  V 49-48  7±1 


Answer:  xj  =  a ;  x2  =  a  . 

279.  By  formula  (b)  (page  142)  we  find 


log*  2. 


1 


log4  2  _ 

log4  X  ~  2  log4  X 


Then  the  given  equation  takes  the  form  log*  (x  -f-  12)  —  2  log4 
-|-  12  —  x2.  We  take  only  the  positive  root  x  —  4;  at  negative  x 
log*  2  has  no  real  value. 

Answer :  x  —  4. 

280.  Write  the  given  equation  in  the  form: 

(log*  5  H-  2)  logf  x  =  1 

1 

Since  log*  a  —  — •  -  ,  we  get  the  equation 


logs  x 


Solving  it  for  logs  x,  we  find 


(log5  x) j  =  T  and  (log5  x),  =  —  1 


Answer:  x\  —  *z~  —  • 


x,  whence  x  + 
the  expression 
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281.  The  left  member  of  the  equation  is  the  sum  of  x  -f-  1  terms  of  a  geomet¬ 
ric  progression,  and  therefore  we  have  (for  a  ^  1) 

‘^7  (!  +<0(l+O2)(l-H*)  (l  +  a») 

or 

1  —  =  (1  _fl)  (1 4-  a)  (i  +  a*)  (i  4. a4)  (i  _j_ as) 

or 

1  —  ax+i  =  i  — aie 

whence  a*+1  —  a16;  x  -f-  1  =  16;  x  =  15.  At  a  —  1  the  general  formula  for 
the  sura  of  the  terms  of  a  geometric  progression  is  not  applicable.  In  this  case 
the  left  member  of  the  given  equation  is  the  sum  of  x  +  1  addends,  each  being 
equal  to  1,  and  so,  the  equation  takes  the  form  x  -f-  1  =  16,  hence,  x  =  15. 
Answer:  x  ==  i5. 

282.  Rewrite  the  given  equation  in  the  form 

52+4+6+..  .+2.t_55G 

whence 


2  +  4  +  6+  .  ..  +  2x  =  56  or  1  +  2+  3+  ..  .  +  *  =  28 

The  left  member  of  the  equation  is  the  sum  of  the  terms  of  an  arithmetic  pro¬ 
gression.  Therefore  we  get  the  equation 

<i  +  £li  =  28 

whence  xt  =  7,  x2  =  —8.  The  second  root  does  not  suit,  since  the  number  x 
must  be  a  positive  integer. 

I  Answer:  x  =  7. 

283.  Rewrite  the  given  equation  in  the  form 

22x2-4  — J17 .2*2-4  +1  =  0 

Denoting  2*  by  2,  we  get 

2”  — -  I/2  +  16  =  0;  2,  =  16;  z2  ~  1 

whence  xx  =  4;  x2  =  0. 

Answer:  xt  —  4;  x2  —  0. 

284.  As  in  the  preceding  problem,  putting  4*  =  2,  we  have  2 z-  —  17 2  + 

+  8=0. 

Answer:  arj=~;  x2  — — ■5-. 

I 

285.  Putting  9*=^  2,  we  obtain  the  equation 

3z*  —  lOz  +  3  =  0 


Answer:  xt  =  2;  z2  —  — 2. 

286.  Taking  the  logarithms  of  the  given  equation  (to  the  base  10),  we  obtain 
.?og.|±Z.  log  x  =  log  *  + 1  or  log2jr  +  3  log  i  —  4=0 
whence  log  xt  =  i;  log  x2  —  — 4. 
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Answer :  x%  —  10;  x2  =  0,0001. 

287.  Transform  the  given  equation  so  that  either  of  its  members  represents 
the  logarithm  of  a  certain  expression.  For  this  purpose  substitute  log  10  for 
unity  in  the  left  member  of  the  equation.  Now  the  given  equation  may  be  writ- 


unity  i 
ten  in  the  form 


log 


4-V^-l 


=  log 


l/2Vx- 2 +  2 


10  b  22 
Since  the  logarithms  are  equal,  the  numbers  are  also  equal 

_ 1  V'* o l  x -2  i  2 

—  “  4 

After  simplifications  we  get  the  equation 

Yx 

2*'x-5-2  2  —  24  =  0 
Yx  Yx 

Since  2>x  =  (2  2  )2,  then  putting  2  2  =  z,  wo  have  the  equation  z2  — 5z— 
—  24  =  0,  whose  roots  are  zj=8  and  z2=— 3.  Taking  zj  =  8,  we  get  the 

—  Vx 

equation  2  2  =8,  whence  ^-  =  3,  i.e.  x  =  30. 

Vx_ 

The  second  root  z=—  3  leads  to  the  equation  2  2  =— 3  which  has  no 
solutions  since  no  power  of  the  positive  number  2  can  be  a  negative  number. 
Answer :  x  =  36. 

288.  Find  successively  (see  solution  of  the  preceding  problem): 

21og^+log  (5,'I+l)  =  log  (— -|W-!-5) 

log[(i)2(5'*+i)]  =  log(^l±^) 


hence, 


25  ' 


(A) 


After  simplification  we  get 

52  v*- 124-5  125  =  0 


whence  51  *  =  125,  or  5*  x=— 1.  The  second  equation  has  no  solution;  the 
first  one  gives  '\/x  =  3;  x=9. 

The  equation  (A)  may  be  solved  in  a  different  way.  It  may  be  reduced 

bv  5  Vx-f  1  =£0,  and  then  we  get  ~  ;  hence,  5»'x  =  125  and  x  =  9. 

25  5i* 
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Answer:  x  =  9. 

289.  Represent  the  given  equation  in  the  form 

5log*_j_5iogx-  I  —glog  x-f  l  _j_3logx-l 

Factoring  out  5lo8*  and  310#*  #  we  have 

5|0S  *  (1  +  5-1,  m  3105  *  (3  +  3-!) 

or 

5l0<?x  25  /  5  \iogx  /  5\2 

3log  x  “  9  1  \  3  /  ~  V  3  ) 

whence  log  x  —  2. 

Answer:  x=100. 

290.  Taking  the  logarithms  to  the  base  10,  we  get 

2  log4  x  —  1 .5  log2  x  =  -—• 

This  biquadratic  equation  (in  the  unknown  log  x)  has  two  real  roots:  log  x  ~  1 
and  log  x  =  — 1;  hence,  xj  =  10,  x2  =  0.1. 

Answer:  x\  =  10;  x2  ==  0.1. 

291.  Taking  antilogarithms,  wc  obtain 

64  ^  2X*~',0X  =  1.  or  2 ‘2'10l=  (54)“. 

i.e.  2x2~i0*  —  2~0'2i;  hence,  r2-40x  + 144  =  0. 

Answer:  xj  =  36;  x2=4. 

292.  By  the  definition  of  the  logarithm,  the  given  equation  is  equivalent 
to  9— 2X  =  23~X,  or  9  — 2X  =  -^-,  whence  22x  —  9-2x-f-8  =  0.  Solving  this  equa¬ 
tion  (quadratic  equation  in  the  unknown  2X),  we  find 

xj  =  3;  *2  —  0 

Answer:  xt  =  3;  x2  =  0. 

293.  As  in  Problem  288,  we  get 

2  (4X_2  9)  — 10  (2X_2  -j- 1) 

Noting  that 

2*~2  =  2X  ■  2~s  —  4-  •  2*.  and  4*-2  =  4*-4-2=4.4* 

4  16 

we  obtain  the  equation 

22x  — 20.2X  +  64  =  0 

whence,  like  in  the  preceding  problem,  we  find  zi=4;  x2~2. 

Answer:  xt  — 4;  *2  =  2. 

294.  It  is  convenient  to  transpose  the  last  term  to  the  right.  Then,  as  in 

H- 37-  -  i-fJ-  — 

Problem  288,  we  get  4-3  "*  =  3*-f  27.  Noting  that  3  2*  =  3-32x,  we  get 

the  equation 

J_  1 

12*32x=3*-f  27 
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JL  i  JL 

Putting  32x=z,  we  have  3x  =  (32x)2,  and  so,  we  get  the  equation  z2—  \2z~\- 
4-27—0,  with  2!  =  9;  z2  =  3  being  its  roots. 

Answer:  xi  =  -|-;  x2  =  -g-  . 

295.  Taking  antilogarithms  (cf.  solution  of  Problem  288),  we  have 

gV^X-j-i _ 24“  V'ix+i  |  "Ig 

100  —  4  Vx+o .  25 

The  equation  may  be  represented  in  the  form 

1  /oVuXT  16  v  2 

100  \  oV^x+l'  / 

Getting  rid  of  the  denominator,  we  obtain 

glAx-fi  __  i6  ~  200,  i.e.  6^*^  =  63, 

whence  x  —  2. 

Answer ;  z  —  2. 

296.  Represent  the  given  equation  in  the  form 

4  log  2  -f  2  log  (x  —  3)  =  log  (7x  -f  1)  -j-  log  (x  —  6)  -f  log  3 
whence,  taking  antilogarithms,  we  find 

24  (x  -  3)2  =  3  (7x  -f  1)  (x  -  6) 

The  roots  of  this  quadratic  equation  are  xt  =  9;  x2  ==  —3.6.  The  second  root 
does  not  suit,  since  it  yields  x  —  3  —  —6.6,  which  means  that  the  expression 
log  (x  —  3)  has  no  real  value  {the  same  can  be  stated  about  the  expressions 
log  (7x  4-  1)  and  log  (x  —  6)}. 

Answer :  x  =  9. 

297.  Represent  the  right  member  in  the  form 

-logs  (0.2  -  0.2.5*-*)  -logs  0.2  -  log5  (1  -  5*“3) 

Represent  the  addend  (x  —  3)  in  the  form  log5  5*-3.  Transposing  the  terms,  we 
get  the  equation 

log5  120  +  log5  5*‘3  -f  log5  0.2  -  2  log5  (1  -  5*~3)  -  log5  (1  -  5*-*) 
or 

120. 0.2-  5*-*  =  1  —  5*-* 

Answer:  x  —  1. 

298.  The  given  equations  may  be  represented  in  the  form 

(  26:c+3  __  2 

\  4y+2 

l  5'+*-»_5  2 

Equating  the  exponents,  we  get  the  following  system 


Answer: 


6x  —  Ay  —  1 
x  — 3y=0 
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299.  Taking  anti  logarithms  of  the  first  equation,  we  get  the  following 
system  of  equations: 


{ 


xy  — 

*  +  y  = 


1 

10 

3 


Answer :  xt  =  S;  x2^-~;  */2  =  3. 

300.  In  algebra,  consideration  is  usually  given  only  to  the  logarithms  of 
positive  numbers  to  positive  bases,  otherwise  a  number  may  have  no  (real) 
logarithm.  Therefore,  we  consider  the  known  quantities  a  and  b  (logarithmic 
bases)  to  be  positive;  the  unknown  quantities  x,  y  ("numbers”)  must  also  be  posi¬ 
tive. 

Taking  antilogari  thins,  we  find 


xy  --  a 2, 


The  system  has  two  solutions: 

(1)  x  =2  ab 2, 


y 


=  64 


a 


(2)  —ab‘‘,  y- - 

But  the  second  solution  does  not  suit,  since  at  positive  values  of  a  and  6,  it 
yields  negative  values  of  x  and  y. 

Answer:  x^ab2;  y  =  -p-. 

301.  Taking  antilogarithms,  we  get  the  system 

10  x  —  y 

from  the  second  equation  we  find  y  —  ^-x;  substituting  it  [into  the  first 
equation,  we  have  two  solutions: 

(1)  *,  =  9,  yt  =  7;  (2)x2=—  9,  y2  =  —  7 

The  second  solution  does  not  fit,  since  it  yields  x  +  y  <  0  and  x  —  y  <  0 
(see  solution  of  Problem  300). 

Answer:  x  —  9;  y  —  7. 

302.  Taking  antilogarithms,  we  have 

/  x—y  =  xy 

l  *+*=1 

This  system  has  two  solutions: 

—  l-fl/5  3  —  1/5 

- 2 - ’  1,1  = - ~ 


x2 


-1-1/5 

2 


3  +  1/5 
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The  first  solution  yields 


The  second  one  gives  us 


x— y=sxy=  2-f  V5>  0 
x—y  =  xy  —  — 2—~[/'b  <0 


The  second  solution  does  not  suit,  since  the  base  of  the  logarithms  xy  must 
be  positive  {see  Problem  300). 


Answer :  x  = 


-14-V5  ,  3-~j/5 


y=- 


303.  Taking  antilogarithms,  we  get  the  following  system 
.  x  a2 

i  =  — —  j  xy  =  b* 

y  y  9 


/  x-j-y  =  a2 
X  xy^b* 


This  system  has  two  solutions: 

a2  4-  ~l/a4  —  4h4 


(i) 


(2) 


a2  —  ~\/g4 —  4M 


a2  —  1/  a 1  —  4 i4 


o2-f-  l/a4 — 464 
2 


Considering  the  given  quantities  a  and  b  to  be  positive  (as  the  logarithmic  bases), 
we  must  distinguish  between  the  following  two  cases: 

(1)  a4  <  4&4,  i.e.  a  <~\/2 b,  and  (2)  a4  ^  4 64.  i.e.  a  ^  ~[/2 b.  In  the  first 
case  the  system  has  no  solution,  since  x  and  y  are  imaginary  numbers.  In  the 
second  case  x  and  y  are  not  only  real,  but  also  positive,  since  both  the  sura 
x  +  y  —  a2  and  the  product  xy  =  b 4  are  positive. 


Answer'. 


a 2  ~j~  *\/ a4  —  4ft4  _  _  a2  —  —  4ft4 


304.  Taking  antilogarithms  of  the  first  equation,  we  obtain  the  system 
(  Axy  =9a2 
\  x-i-f/  =  5a 

Both  solutions  are  suitable. 

9 


Answer:  ( i)  xj  = 


W  x2  =  ~' 


305.  Since  in  the  second  equation  the  unknowns  x  and  y  are  preceded  by  the 
logarithm  symbols,  both  of  them  are  positive  (if  a  solution  exists).  As  far  as  the 
quantity  a  is  concerned,  it  may  be  negative  as  well  (since  the  logarithm  symbol 
is  followed  by  the  positive  number  a2).  But  in  this  case  it  should  be  written 
log  (a2)  --  2  log  }  a  j  instead  of  the  equality  log  (a2)  ~  2  log  a.  For  the  sake 
of  brevity  let  us  denote  logx  —  X;  log  y  ~  Y\  log  j  a  \  —  A.  Taking  loga¬ 
rithms  of  the  first  equation  in  the  given  system,  we  get  the  following  system 

A*  -b  Y  =  2.4,  A2  -f  Y2  =  10A2 
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Squaring  the  first  equation  and  subtracting  the  second  from  it,  we  get  XY  — 
—  —  3A2.  Thus,  we  have  an  equivalent  system 

X  +  Y  =  2,4,  XY  =  —3  A2. 


Consequently,  X  and  Y  are  the  roots  of  the  equation  z2  —  2A  z  —  3A~  =  0.  Hence, 
one  solution  is  X  —  3A,  Y=—A,  i.e.  x  =  |a|3,  =  The  other  solution 

A  check  shows  that  both  solutions  suit. 

Answer:  z1  =  |a|3,  x2==— ,  y2  =  lu|3. 

306.  From  the  second  equation  we  have  y  —  x  =  (V2)4  =  4.  Hence,  y  —  x~}~4. 
Substituting  it  into  the  first  equation,  we  get  3x-2x+4  =  576  or  Gx-24  =  576. 

Answer:  x  — 2;  y  =  6. 

307.  The  given  system  may  be  written  as 


Since  x  and  y  must  lie  positive,  we  get  the  following  system 
f  xy  =  a 


-  =  V6 
,  y 


Answer :  x  —  ~[/ay'b;  y  - 


VI 

\rb 


The  given  system  may  be  written  in  the  form 


whence 


logo  X-i-—  loga  y=  —  t 


X  \  y  - 


log&  x  +  logb  y  =  ~ 


y^=i2 


3  3  3  3 

Multiplying  them,  we  have  x2y2  —  a2b2  or  xy~ab.  Divide  the  last  equation 
by  each  of  the  previous  ones. 

.  a2  62 

Answer:  x  =  ~r-;  <J  = -  • 

b  a 

309.  The  solution  is  similar  to  the  preceding  one. 

Answer:  x  =  a  y  ~  ■ — jx=r  • 

b  y  b 

310.  Using  the  formula  (a)  (page  142),  write  the  first  equation  as 

logoU+T^T=2*  whenco  1°gi»“==1. 
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Answers  and  -  Solutions 


i.e.  u  —  v.  Substituting  it  into  the  second  equation,  we  have  u*  -f  u  —  12  —  0. 
Only  positive  solution  is  acceptable  (see  solution  of  Problem  300). 

Answer:  u  —  v  —  3. 

311.  Put  yra=u;  then 

Va  =  J 

and 


l°sX/-  V“=iogu>*2=4, 

y  a  * 

similarly, 

1°Vs1/‘==^ 

Consequently,  the  second  equation  may  be  written  as 


We  get  the  following  system: 


x2-f-a:y-f  a2 


2a 

1/3 


(1) 

(2) 


which  is  equivalent  to  the  given  one.  Squaring  the  equation  (2),  we  get 

x2-f  2ary-fy2=-^|-  (2a) 


Subtracting  (1)  from  (2a),  we 

find 

a2 

And  so  we  obtain  the  system 

1  .  2a 
r+i,=vr 

(2) 

1  xy-T 

(3) 

which  has  only  one  solution 

a 

X~y~~V3 

Note.  When  squaring  an  equation  there  is  a  probability  of  obtaining  extra¬ 
neous  solutions.  It  is  just  the  case  here:  equation  (2a)  has  extraneous  solu¬ 
tions  as  compared  with  equation  (2).  For  instance,  the  values  x  —  y~ - 
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satisfy  equation  (2a),  but  do  not  satisfy  equation  (2).  In  other  words,  the 
equation  x2 -f- 2xy  -f-  y2  =  — ~  is  not  equivalent  to  the  equation  x-i~  »  — .  'fe,.  . 

2a  V3  ’ 

it  is  equivalent  to  two  equations:  x-fy  — — ~  and  x-~y  — - .  Never¬ 

theless,  the  given  system  is  equivalent  to  the  system  of  equations  x-fy  = 
2a  a2  .....  ....  ..  2a 

-y~- — - the 

1/3 


—  — 7=r  ,  xy  =  -^-,  since  the  latter  contains  the  equation  - 

1/3  •* 

fact  which  eliminates  the  possibility  of  equality  x-f>y  = 
2  a  .  ,  2  a 


1/3 


for  a  =7=  0 


(at  a  =  0  the  equations  x -f  y  =  and  x-J-w— - '^7=-  coincided 

'  1/3  y3  / 

But  had  we  taken  instead  of  the  system  (2)-(3)  the  system  (l)-(3),  i.e.  the 
system 

{x~  -4-  xy  y%  a2  (l) 

a2 

*yas~T  ») 

it  would  not  have  been  equivalent  to  the  given  one.  Indeed,  in  addition  to 

the  solution  x  —  y  — — -r- ,  it  would  have  had  another  solution  x^=u  =  a 
V  3  y 


1/3  ' 


Therefore,  when  squaring  one  or  several  equations,  it  is  always  necessary 
ler  to  clear  out  the  problem  of  equivalency,  or  to  check  by  substitution 


either 

the  suitability  of  the  solutions 

Answer :  x  —  y  —  — %=-  . 

1/3 

312.  Taking  into  consideration  the  formula  (b)  on  page  142,  we  have 
log4  x  =  -i-log2x;  therefore,  the  first  equation  is  reduced  to  the  form  x  —  y*. 
Now  we  solve  the  system 

/  x  =  y2 

\  x2  — 5y2-f-4  =  0 

Answer:  x%  —  4,  yi  —  2;  x2  —  1.  !/s  —  1. 

313.  With  the  aid  of  the  formula  (b)  on  page  142  we  may  write  the  given 
system  as 

Iog2  x  +  y  log2  y  -f  ~  log2  2—2 


1 


1 


l0g3  ■* 


1  1 

log4  z  +  2*  lof?4  *  -h Iog4  y  =  2 


Taking  antilogarithms,  we  find 


x  Y  yz 
z 1/xy = 


(a) 
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Answers  and  Solutions 


Multiplying  all  the  equations  (a),  we  obtain 


whence 


{xyzf  =4-9.16 
xyz  —  24 


(b) 


(we  take  the  arithmetical  value  of  the  root,  since  by  virtue  of  the  given  equa¬ 
tions  x ,  y,  z  must  be  positive).  Square  each  of  the  equations  (a)  and  then  divide 
them  by  (b). 

2  27  32 

Answer :  x=y  ;  y~-g  ;  Z  =  "J  ' 

x-y 

314.  From  the  first  equation  we  find  x -f- y  =  3  2  ,  from  the  second, 

x-A~y  —  Z‘2x~u,  consequently, 

x-y 

3— =  3  or  —7T--=l 

Hence,  x-f-y  =  3-22  =  12. 

Answer:  x~l\  y  =  5. 

315.  The  given  system  Is  reduced  to  the  following  one: 


x  -f- 1/  7 

10  ”  x 


x2 — y2  =  40 


Dividing  the  second  equation  by  the  first  one,  we  get  x  —  y  = 


the  system 


70 


and 


x—y 


4x 

7 


4x 

7 


.  Solving 


we  have  z,  =  7,  y,  =  3;  x2  =  —7,  y2  =  —3.  The  roots  x2,  y2  do  not  satisfy 
the  second  equation  of  the  given  system,  since  the  numbers  x2  -f-  y2  and  x2  — 
—  yz  are  negative. 

Answer:  x  —  7;  y  =  3. 

316.  Represent  the  given  system  in  the  form 


wherefrom  we  get 


~  :  i+2 

2"  =2  *  ,  3^  =  3 


y  x  y  y 


Put  — then  from  the  first  equation  we  have  2t2— 5f  —  3=0;  **=3, 
lx  X  1 

/2*a  — i.e.  —  =  3  or  —  =  —  .  Hence  we  find  the  expressions  x=3y 

and  x  substituting  them  into  the  second  equation,  we  find 

o  /  3  1 

x,=  — 2,  yj  — 4;  *2  =  y »  y2  =  y 

.  o  3  1 

Answer:  xt=  — 2,  yj=4;  =  ~  ,  y2  =  —  - 


Chapter  V.  Progressions 


159 


317.  The  given  system  is  reduced  to  the  following  one: 

J2._3j=5 

1  y  1 
{  x-\-y  —  2 

From  the  first  equation  (see  solution  of  Problem  316)  we  find  ~  =  3  or  —  =  — —  . 

>J  y  2 

3  1 

The  second  equation  gives  xt  =  —  ,  y,  ;  x2- —  2,  y2  =  4.  The  roots  x2, 
y2  are  rejected. 

Answer:  x  =  ,  y=-|-. 

318.  The  given  system  is  reduced  as  follows: 

|  y^  =  4-Vi 

(2  \'zy  =  3+  V y 

Putting  ~Yx  =  u;  ~\/y  =  u,  we  get  uu  =  4—  u;  2uu=3-fu. 

Answer :  xj=4,  yt=l;  x2  =  1 ,  y2  — 9. 

319.  Rewrite  the  given  system  in  the  form 

ay  —  xP,  bx  =  y7 

Since  x  and  y  must  be  positive  (as  the  logarithmic  bases),  the  original  system 
is  only  solvable  at  positive  values  of  a  and  b.  From  the  first  equation  we  find 

p 

y  =  ■—  ;  substituting  it  into  the  second  equation,  we  get  xP7  —  aqbx.  Rejecting 

the  root  x  —  0  (since  x  must  be  positive),  we  obtain  the  equation  xp?'1  =  aqb. 
If  pq  =  1,  then  this  equation  cither  has  no  solutions  (for  aqb  =?£=  1),  or  is  an 
identity  (at  aqb  ~  1).  In  the  latter  case  the  original  system  has  an  infinite 

xp 

number  of  solutions  (x  is  an  arbitrary  number,  and  y  =  —  ;  or  y  is  an  arbitra- 
</ 

ry  number,  and  x  —  If  pq  ¥=  1,  then  we  get  the  following  solution: 

x^'/A  y~pq-yWa 

Answer:  x  —  m  alb ,  y~iq  bva  (pq  1). 

CHAPTER  V 

PROGRESSIONS 

Arithmetic  Progression 

320.  By  hypothesis,  a,  =  5,  d  —  4.  Substituting  these  values  into  (3)  and 
performing  some  transformations,  we  get  the  equation 

2«=  +  3n  —  10  877  =  0 

Its  roots  are:  nt  —  73  and  n2  —  —74.5,  only  the  former  being  suitable. 

Answer:  73  terms. 
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321.  By  hypothesis, 

«i  +  («»  +  d)  +  (a,  +  2d)  +  (a,  -f  3d)  =  26 
flj  (flj  d)  (flj  -f-  2d)  (flj  -4-  3d)  —  880 

The  first  equation  gives  4at  +  6d  =  26,  whence  —  — ■  —  —  .  Substituting 

it  into  the  second  equation  and  simplifying  the  parenthesized  expressions,  we 
get 

13— 3d  13— d  13+d  13+3d  OOA 
2  ’  2  ‘  2  *  2  _88° 

Getting  rid  of  the  denominator  and  multiplying  the  numerators  (it  is  most 
convenient  to  multiply  the  first  numerator  by  the  fourth  and  the  second  by  the 
third),  we  find: 

9d4  —  IB^d2  +  14  481  =  0 

Denoting  the  roots  of  this  biquadratic  equation  by  d',  d",  d",  d"",  we  find 
d'  =  3;  d"  —  —  3;  d'"  =  -^~P^  and  d""  s=  —  — ;  from  the  equation  ai  — 


from  the  equation  at- 


we  find  the  corresponding  values  of  the  first  term: 


a[  =  2;  Qj  —  11;  a": 


13  ~y  1609  .  13 -f  ~j/l609 


Answer:  the  problem  has  four  solutions: 

(1)  2;  5;  8;  11;  14;  . . . 

(2)  11;  8;  5;  2;  -1;  ... 

13— VI609  39 -V 1609  39 +V 1609  13 -fV  1609 

(3)  - 2  ;  - {j - ;  - y - ;  - £ - i  ■ 

,M  13-}-  ~]/ 1609  .  39 +  y  1609  .  39—^/1609  .  13  —  1/1609  t 


322.  Denoting  ap  and  aq  by  a,  and  d,  we  get  (by  hypothesis)  the  following 
system: 

f  a,  +  d  [p  —  1)  =  q 
l  at  -f-  d  (q  —  1)  =  p 

Hence,  d  —  —1  and  a\  =  p  -j-  Q  —  1-  By  the  formula  (1)  we  find: 

an  —  (P  +  9  ~  *)  ~  («  ~  1)  =  P  +  g  ~~  » 

Answer:  an  —  p  -f-  q  —  n. 

323.  Natural  two-digit  numbers  form  an  arithmetic  progression  with  com~ 
mon  difference  d  —  1;  its  first  term  at  —  10,  and  the  last  one  an  —  99.  By  the 
formula  (t)  we  find  the  number  of  terms  n  —  90.  The  formula  (2)  gives: 


Answer:  4905. 
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324.  Let  us  denote  the  odd  numbers  bv  n,  (n  +  2),  (n  +  („  (u  j  |l(.n 

the  even  numbers  contained  between  them  will  be  In  4~  t)  si  ii 

By  hypothesis,  '  11  ’• 

+  <"  +  2)!  +  (»  +  +  (»  +  C)s  =  (n  -p  I)2  +  (n  +  3|-  -f  !u-;-5)2-f  48 

"2+[("  +2)2 — („-|_l)2j_4-[(«  +  4)2 — («  +  3)2j  J-ffn-L ,4-  5>sj-48  =  0 
whence 

«2  -f  (2 »  -f  3)  +  <2«  -f  7)  -f  (2«  -f  11)  -  48  =  0 

or 


«=  -f  6/1  —  27  =  0 

Hence,  w  =  3  or  «  =  —0. 

/Inauvr:  <t)  3;  5;  7;  9  or  (2)  —9;  — 7;  — 5;  — 3. 

325.  The  terms  <?2;  o<;  <ir.;  .  .  «2o  constitute  an  arithmetic  progression 

vvith  common  difference  2d  and  the  number  of  terms  10.  Using  the  formula  (3) 
(in  which  ax  should  he  replaced  by  o2  and  d ,  by  2//),  we  find 

C>/72-!-2tf.9)  10 


<t2  +  9rf  =  25 


Substituting  a2  =  -r  </,  we  have 

oi  -j-  10 d  —  25  (a) 

In  the  same  way,  proceeding  from  the  progression  at-,  a3;  a0;  .  .  art,  wc  find 
in  the  same  way 

««  +  M  «  22  (b) 

From  (a)  and  (b)  we  may  find  at  and  d,  and  then  all  the  terms  of  the  pro^re^ 
Sion,  But  since  it  is  required  to  find  the  medium  terms  only,  i.e.  a1(l  ~  a, 
and  a„  =  a,  -f  10 d,  then  from  (a)  and  <h)  we  immediately  have:  al0  —  22  and 
=  25. 

Answer:  the  medium  terms  are  equal  to  22  and  25,  respectively. 

326.  Put  6,  —  (a  -(-  a-)2.  b2  -  (a-  -f  x2).  b3  —  (a  —  x)2.  Wo*  find  b2  ~ 
~  b,  ~  b3  —  b2  —  — 2o.r.  Hence,  the  terms  bt,  b3  constitute  an  arithmetic 
progression  with  common  difference  d  =  —  2ax.  By  the  formula  (3)  we  have 


Sn. 


12  (a  4-  j)2  —  2</t  («  —  I)]  n 


—  [«2  -f-  (3  —  /?)  aar -{-x2j 


/Insurer:  «7n  — [fl2-f(3  —  /i)  ax-f- ar2]  n. 

327.  By  the  formula  (3)  we  have 

O  2«,  f-d(/;,-l) 

~ - 2 - "» 

c.  2flj (a-  —  1) 

*  2  "2 


f  1—0  i  33  8 
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or 


it 

ni 


=  0i  +-(»!- 


1) 


+  -7  1) 

+4<"3-1) 


Multiplying  the  obtained  equalities  by  («2 — «3)»  <«3  —  ni)  and  (rti  —  ws)’  res¬ 
pectively,  and  adding  the  products,  we  find: 

-£i-  («2 —  /13)  "h“-  (n3 — 71 1)  +  ~“  (ni — nz)  — 

—  ai  ((n2  —  «3)  +  (n3  —  ni)  ~r(,Ji  — 71 2)1  + 

+  4  [(«!—!)  (»a— »a)  +  (»2—  l)  («s — «i)  H-  («3 —  1)  («!  -  »«)) 


The  bracketed  expressions  are  identically  equal  to  zero,  consequently, 
c.  s»  S-> 

(W  _  „3)  -f  (n3 -  m)  4-  -p  (/Jj  -  «2) »  0 
«1  n2  n 3 

which  completes  the  proof.  .  .  ,  ,  .  .  ,  #0v 

328.  By  hypothesis,  Siff  -  o5s.  Expressing  65  and  by  the  formula  (3) 
and  taking  into  account  that  «rt  =*  1,  we  find 

(2  4-9d)  10  r  (2-4r/)5 

TT  o 


whence  <1  ~  —3. 

/I n su?e r :  -f- 1 ;  —  2:  —  5; 
329.  By  hypothesis. 


-8;  ... 


|2<i| +<*("— 1)1  n 


—  3n2 


Since  n  -A  0,  then,  reducing  this  equation  by  n,  we  get  2<z,  -f  dn  —  d  —  0n  or 
2fli  —  d  =  (6  —  d)  n  (a) 

Bv  livnothesis,  the  equality  (a)  must  be  satisfied  at  any  n ,  but  the  left  member 
of  (a)  contains  no  «,  whereas  the  right  member  varies  with  n,  provided  the  factor 
5  _  (i  is  non-zero.  Only  in  the  case  (>  —  d  —  0  the  right  member  is  independent 
of  n  (is  equal  to  zero),  therefore  we  must  have  d  —  0.  Then  from  (a)  we  find 

-  d  —  0,  i.e 


2«j  ■ 


:  ±  «  3. 
2 


3;  9;  15",  21;  -  -  - 

330.  The  numbers  which  are  not  exactly  divisible  by  4,  yielding  the  remain- 


have  the  form  4 k  -4-  1  (A— any  natural  number).  They  form  an  arithmetic 
■e<sion  with  common  difference  4.  The  first  two-digit  number  of  this  form 
obtained  at  k  ~  3);  the  last  one  is  97.  By  the  formula  (1),  where 
97  aiMj  cl  ■••••  4,  we  find  «  =  22.  The  formula  (3)  yields  the  requir- 


der  1 
progression 
is  13  (it  is 


Chapter  V.  Progressions 


163 


To  determine  for  what  values  of  k  the  numbers  of  the  form  kk  4-  1  will  be 
two-digit,  we  may  also  make  use  of  the  following  system  of  inequalities: 

r4A+ 1>10 

<  100 

wherefrom  we  find  2  <  k  <  24  ~  ;  hence,  k  may  have  values  equal  to  3;  4| 

5;  .  .  24,  the  total  number  of  which  n  —  (24  —  3)  4-  1  =  22 

Answer:  1210. 


Geometric  Progression 

331.  The  geometric  mean  of  two  (positive)  numbers  a  and  b  is  a  positive 
number  x  determined  from  the  proportion  a  :  x  =  x  :  b.  To  insert  three  geomet¬ 
ric  means  between  the  numbers  1  and  25G  means  to  find  the  three  numbers 
«3»  u*  which  satisfy  the  conditions: 


1  :  u2  —  u2  :  u3  =  u3  :  ut  =  :  256 

Hence,  the  numbers  u j  —  1,  u»,  u3f  and  u$  =  256  form  a  geometric 
progression.  By  the  formula  of  the  nth  term  of  the  progression,  256  =  1.^. 
This  equation  has  one  positive  root  q  —  {/256  —  4  (—4;  -f  4t;  ~ki  are  discard¬ 
ed,  since  they  are  not  suitable).  Now,  by  the  same  formula,  we  find:  u ,  —  4- 

=  16;  at  =  64. 

Answer:  4;  16;  64. 

332.  By  hypothesis,  u,  -f-  u3  =  52  and  u|  —  100,  or  u2  =  ±10.  By  the 
property  of  the  geometric  progression,  =  u\  =  100;  hence,  u,  and  u3  are 
the  roots  of  the  equation  u2  —  52«  +  100  —  0,  whence  u[  —  50  and  u'-,  —  2 
or  u:  —  2  and  u"3  =  50. 

Answer:  (1)  50;  10;  2,  or  (2)  50;  —10;  2,  or  the  same  numbers  following 
in  the  reverse  order. 

333.  By  hypothesis:  (1)  u3  —  t/j  —  0  and  (2)  us  —  u3  —  36.  Using  the  for¬ 
mula  un  —  ufqn~1,  rewrite  these  equations  in  the  form:  (1)  utq 3  —  u,  —  D; 
(2)  Uiq*  —  utq 2  —  36.  Dividing  (2)  by  (1),  we  get  qz  ~  4.  hence,  q  =  ± 2 ;  from 
(1)  we  find:  u,  =  3. 

Answer:  (1)  3;  6;  12;  24;  48;  .  .  . 

(2)  3;  -6;  12;  —24;  48;  .  .  . 


334.  By  hypothesis,  — 27  and  u,u3  =  72;  but  since 

or  u2u3  =  u1u4,  vve  have  a  system  of  two  equations: 


U2  _  u\ 
ui  u3 


(1)  u,  +  =  27  and  (2)  u,u*  -  72 

whence  us  =  3  and  u4  =  24,  or  uj  =  24  and  u4  =  3.  From  the  formula  uk  — 
—  “j?3  we  find  q  —  2,  or  q  —  i/2. 

Answer:  3;  6;  12;  24,  or  in  the  reverse  order:  24;  12;  6;  3. 

335.  By  hypothesis:  (1)  u,  +  u,  =  35  and  (2)  u2  +  u,  —  30.  As  in  Pro- 
oiem  333,  for  determining  q  we  get  the  following  equation 

1-f  Q3  35 
q(\+q)  30 


If 
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or,  when  reduced, 


We  find: 


1— g+g2 _ 1 

q  G 

(1)  q  —  3/2;  Uj  —  8;  (2)  q  =  2/3;  u\  —  2/. 


We  get  two  progressions: 

(1)  8;  12;  18;  27;  40.5;  .  .  . 

(2)  27;  18;  12;  8;  5  . 

whose  first  four  terms  are  equal,  but  follow  in  the  reverse  order. 

336 r Tn  fhe^second  of  the  given  sums  we  replace  each  term  by  the  preceding 
one  multiplied  by  q  (by  the  definition  of  the  geometric  progression).  We  obtain 

u\q  -f“  uzq  -f  u3q  4”  UiQ  4~  usQ  =  62 

q  (uj  +  u*  -f  u3  u4  4_  us)  =  62 

By  hypothesis,  the  parenthesized  expression  is  equal  to  31;  hence,  q  —  2.  Using 


the  formula  Sn  — 


ui(<?n-l) 


we  have  31 


(25—1) 

2-1 


wherefrom 


13 


<7—1 

Answer:  1;  2;  4;  8;  .  .  . 

337.  By  hypothesis,  we  have: 

(1)  u2  4-  4-  uK  4-  ub  =  19.5;  (2)  u,  —  «2  4-  « 3  4-  «* 

The  problem  is  similar  to  the  preceding  one. 

Answer:  u,  =  1.6  and  =  8.1.  ....  ,  ,,  _ 

338.  The  terms  u4  and  u«  are  equidistant  from  the  beginning  and  the  end 
of  the  given  sequence;  therefore  u4u6  =  u,u9.  Since,  by  hypothesis,  utu,  -  -3U4, 
then  uMa  —  2304;  besides,  also  by  hypothesis.  u4  4-  u0  =  120.  From  these 
two  equation, we find  „J  =  24;  «J  =  96,  and  -  96;  <  =  24.  Let  us  take 
the  first  solution.  By  the  formula  u„  =  u,?"-1  wo  have: 

(1)  24  =  u,q 3;  (2)  96  —  u,?s 

Dividing  (2)  by  (1).  we  find  q-  =  4,  whence  q  =  2  or  q  =  —2.  In  the  first  case 
the  equation  (1)  yields  u(  =  3,  in  the  second,  u,  =  —3.  In  the  first  case  the 
nine  terms  of  the  progression  ore: 

3;  6;  12;  24;  48;  96;  192;  384;  768; 

in  the  second: 

-3;  6;  -12;  24;  -48;  96;  -192;  384;  -768 
Taking  the  solution  u‘,  =-  96;  u,  =  24,  we  find  the  same  two  sequences  of  the 
terms,  but  in  the  reverse  order. 

Answer:  (11  a,  =  3;  '/  - 

(2)  u,  =  —3;  q  -  —  2 

(3)  u,  =  768;  ,=  1/2 

(4)  ut  -  — "68;  q  —  !■  - 

339.  Bv  hypothesis:  (1}  «i  +  «:  T  ,J3  -  ’  ana 

Since  u,  is’thc  geometric  mean  of  u,  and  u3,  we  have  ii|U3 
of  (2)  we  may  write  e|  -  13  824,  whence  «,  =  )  13  824 


(2)  UtU2u3  —  13  824. 
=  u|;  therefore  instead 
In  the  given  case,  by 


factoring  Srit  is'easy  to  ffnd  that  u:  =24.  Substituting  it  into  (1)  and  (2) 
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we  get  the  following  system  of  equations:  uf  -j-  u3  —  102;  uju3  —  576-  Solving 
it  we  find:  u ,  *  6;  u'3  =  96,  and  «,  =  96:  u3  -  6.  Thus,  we  get  two  progres¬ 
sions:  6;  24;  96,  and  96;  24;  6,  which  differ  only  in  the  order  of  the  terms. 
Answer:  6;  24;  96.  .  .  , 

340.  It  follows  (by  hypothesis)  that  the  sum  of  the  even  terms  is  twice  that 
of  the  odd  terms,  i.e. 

U;-f-  »4  4-  »f>4~  •  •  •  4~  uZn  _ o 

"i  +  •  •  •  +  uZn-i 

Replacing  the  terms  «8;  ur.;r  •  «an  *>y  tl>c  expressions  =  utq\  u*  = 
—  u3g;  .  .  .;  u2n  —  nj„_j q,  we  find  q  —  2. 

Answer :  q  =  2. 


Infinitely  Decreasing  Geometric  Progression 

341.  To  prove  the  fact  that  the  given  numbers  constitute  a  decreasing  geo¬ 
metric  progression  we  have  to  check  whether  the  ratios  and  Jjl  are  equal  and 
whether  each  of  them  is  less  than  unity.  We  have: 

u.  1  V2+1  _  1  .  VS+I  ' 


(1) 


(2) 


“1  2-T/2:V2-l  V2(l/2-l)V2-l  2+1/2 

“a  1  1  2— 1/2  (2-l/2)(2  +  V2)  1 

ST  ~  2  '  a  _  1/2 


Since  -2-  = 


=  «  =  - 


1 


2  2(2  + 1/2)  2  +  1/2 

<1,  the  given  numbers  form  a  decreasing 


«i  u2  '  2-!-  V2 

geometric  progression.  By  the  formula  of  its  sum  we  find 

1/2+1  (1/2+  0(2+  1/2)  ,yr, 

( 1/2—1 )  (1/2+  1) 


S  = 


(VS-0(i-—. jTi) 


ft  hi  the~pr«:eding  problem,  we  find  that  the  bracketed  expression 
is  equal  to  3<V?-2>  .  The  whole  expression  then  takes  the  form 

(4  1/3  +  8).— -^-j^-tKVif+l) 

Answer:  — 6(\/3-f-l)« 

343.  By  hypothesis,  ^ 

uj  —  4  and  u3—  u5  =  — 

By  the  formula  un  =  uig^  we  get  from  the  second  equality 

32 

ui92  —  “i94  =  §5 
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Taking  into  account  that  ui  =  4,  we  get  the  biquadratic  equation  81g*  —  81^2  -f- 

21/9  1 

+  8  =  0,  whose  roots  are:  git2  =  ±  and  ?3,*  =  d-  y  .  The  negative 

roots  are  not  suitable,  since,  by  hypothesis,  all  the  terms  are  positive;  both 
positive  roots  are  suitable,  since  they  are  less  than  unity.  And  so,  we  get  two 
infinitely  decreasing  progressions. 

Answer:  S'  =  12  (3  +  2  V2)  and  S *  =  6. 

344.  By  hypothesis. 


ui  -j-  u*  =  54  and  u2  u3  =  36 

Using  the  formula  un  =  uign-1,  we  get  a  system  of  two  equations: 

/  uj-f-utg3  —  54  f  «i(l  +-?)(!  —  q+  g2)  =  54  (1) 

l  ujg2=36  l  “i9(l+-?)  — 36  (2) 

Dividing  (1)  by  (2),  we  obtain  the  equation 


1  -g+<?2  3 

q  2 


whence  <?i  =  2  and  qz  ~  L/z,  The  suitable  root  is  q2  =  <  1.  We  find  from 

(2)  m  =  48. 

Answer:  S  =  96. 

345.  First  method.  By  hypothesis, 

(1)  Ui  +  u3  -f-  u6  -f-  .  .  .  =  36 

(2)  »2  +  +««+•••  =  12 

The  terms  of  the  first  and  the  second  sums  also  constitute  infinitely  decreasing 
progressions  with  one  and  the  same  common  ratio  q 2.  The  first  term  of  the  first 
progression  is  equal  to  the  first  term  of  the  second ’progression,  to  u->,  i.e 
to  «|0.  Expressing  the  sums  of  the  first  and  second  progressions  by  the  formula 
for  the  sum  of  an  infinitely  decreasing  progression  (where  instead  of  q  we  take 


?a,  and  instead  of  u,  in  the  second  case  we  take  u,g),  we  obtain  (1)  =  36 

and  (2)  - _ —  t2.  Dividing  (2)  by  (1),  we  get  q  =  1/3,  and  from  the  first 

equation  we  find  ut  —  32. 

Second  method.  Since  uz  —  urf,  ti«  =  u3q  and  so  on,  then  instead  of  u2  4- 
+  u*  4-  4-  .  .  .  =  12  we  get  ut q  +  uzq  -f  u53  -f  .  .  .  =  12,  or 


<7  {“l  +  «3  4-  4-  .  .  .)  =  12 


(1) 


Dividing  the  expression  u,  4-  4-  ub  4-  .  .  .  =  36  by  (1),  we  find  q  =  -I . 

On  the  other  band,  the  sum  of  all  the  terms  of  the  progression  is  12  4-  36  =  48. 
By  the  formula  for  the  sum  of  an  infinitely  decreasing  progression  we  have 


whence  ut  *=32. 

A  32  32 

Answer:  32;  ~  ;  . . . 
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346.  By  hypothesis, 

+  u?  +  +  •  •  •  =  5®!  “i  +  ut  t  U1  *r  *  •  •  “  ^ 

The  addends  of  the  second  sum  also  form  an  infinitely  decreasing  geometric 
progression  with  the  first  term  «f  and  common  ratio  q2.  Expressing  the  sums  of 
these  progressions,  we  get 


1  —  9 


—  56, 


1  —  g2 


=  448 


=  56  (1  - 
448  (1 


<l) 

-?2) 


(1) 

(2) 


(3) 


Dividing  (2)  by  (1),  we  find 

uj  =  8  (1  +  9) 

Eliminating  ut  from  the  equations  (1)  and  (3),  we  get 
8  (1  +  q)  =  56  (l  —  q) 

From  (1)  we  find  nt  =  14. 

4 

3 

Answer :  u,  —  14,  q  —  -j-  • 

347.  Solved  in  the  same  way  as  the  preceding  problem.  For  determining  u, 
and  q  we  get  the  following  system  of  equations. 

-^—-3  (1) 


whence  q  = 


1- 


1- 


108 
=  13 


(2) 


Eliminating  u,  from  these  equations,  «  get  the  equation  3 ,=  -  10,  +  3  = 
=  0.  Out  of  its  two  roots  only  one,  namely  ,  =  j  ,  is  suitable  (the  other,  ,  = 
=  3,  being  more  than  unity).  From  the  equation  (1)  we  find  u,  =  2. 


Answer:  2; 


1 

348.  Solved  3in  the  same  way  as  Problems  346  and  347.  To  determine  u, 
and  ,  we  obtain  the  following  system  of  equations: 

(  Ui9  — 0  (1) 

t  _ju_=-L  !l_  (2) 

l  1  8  1  — 9" 

Equation  (2)  is  equivalent  to  the  equation  n,  =  8  (1 +  ,)  Eliminating  u, 
from  the  system  «,«  =  0,  u,  =  8  <1  +  *),  we  gel  the  equation  4,-  +  4,  - 
—  3=0  with  two  roots:  ,,  =  — 3'2,  —  V2,  but  the  first  root  is  not  suitable, 
since  its  absolute  value  is  more  than  unity.  From  (1)  we  find  12. 

Answer :  12;  6;  3;  .  .  • 
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349.  By  hypothesis,  we  find: 

d  =  16  —  14  =  2;  <u  =  14  —  d  =  12 
+  a2  -f  a3  =  12  +  14  4-  16*  =  42 


Consequently,  in  the  required  geometric  progression  (1)  q  —  2  and  (2)  ut  ~f 
-f-  utq  -f*  «i<?2  —  42,  whence  ut  —  6. 

Answer:  6;  12;  24;  .  ,  . 

330.  The  first  three  terms  of  the  geometric  progression  are:  3;  3?;  3 </'*.  By 
hypothesis,  at  =  3;  az  =  Zq  -f*  9;  since  0.3  —  a2  =  a2  —  t 7,,  we  have  a  3  =  2n*»  — 
■7  «t  =  6<7  -f  9.  By  hypothesis,  this  third  term  is“equal  to  the  third  term  of 
the  geometric  progression,  i.e.  3 q2.  Thus,  we  get  the  equation  Gq  -f  9  =  3 q-, 
whose  roots  are:  <7  =  3  and  q  —  — 1.  In  the  first  case  the  geometric  progression 
is  3;  9;  27;  .  .  .  and  the  arithmetic  one  is  3;  15;  27;  ....  In  the  second  case 
we  get  two  sequences  of  numbers;  3;  —3;  3;  —3;  .  .  .  and  3;  3;  3;  .  .  .  which 
may  he  considered  respectively  as  a  geometric  progression  with  common  ratio 
q  ss  — if  as  well  as  an  arithmetic  progression  with  common  difference  d  —  0. 

Answer:  (1)  3;  15;  27;  .  .  .;  3;  9;  27;  .  .  . 

(2)  3;  3;  3;  .  .  .;  3;  -3;  3;  -3;  ... 

351.  The  problem  is  similar  to  the  preceding  one.  By  hypothesis,  at  —  u\  — 
—  5;  consequently,  1:3  —  592;  u5  —  5 q*.  Then,  also  bv  hypothesis,  a4  =  u3  — 
=r-  ^r;  «16  «  M 5  =  5^.  Hence:  (I)  5 q2  =  5  4  3 d,  (2)  Sq*  =  5  -f  15tf.  Elimi¬ 
nating  d ,  we ^get  the  equation  q*  —  oq2  -f  4  =  0,  whence  q-  —  4  or  q-  =  1. 
Since  a4  —  oq-,  the  fourth  terra  of  the  arithmetic  progression  is  equal  to  20  in 
the  first  case,  and  to  5  in  the  second. 

A ote.  In  either  of  these  cases  wo  obtain  two  different  geometric  progressions, 
the  arithmetic  progressions  being  the  same.  Namelv.  in  the  first  case  we  have 
the  following  geometric  progressions:  5;  10;  20;  .  .  .  and  5;  —10;  20;  .  .  .,  the 

arithmetic  progression  ^with  common  difference  d  =  2fcr5»5^  being  5; 

10;  15;  20;  ....  In  the  second  case  we  get  5;  5;  5;  .  .  .  and  5;  —5;  5;  —5; 
the  corresponding  arithmetic  progression  containing  equal  terms:  5;  5:  5; 

Answer:  20  or  5. 


3;>2,  By  hypothesis,  at  --  ut;  a2  —  u, q;  a7  —  «l92,  wherefrom  we  find: 
V  “  ™  a-  ~~  a»„  ~  “t  ~  1)  nnd  (2)  6 d  —  a7  —  a ,  —  ut  (q2  —  1).  Eliminating 
d,  wo  get  «,  (q-  —  1)  =  6«i  (g  —  1).  Since  u ,  =i0,  then  q2  —  1  =  6  (q  —  1), 
whence  q  ~  .3  or  q  —  1.  From  the  condition  u{  -j-  -f  Uiq2  =  93  we  find 
“1  =  3  and  u,  =  31,  respectively. 

Answer:  (1)  3;  15;  75,  (2)  31;  31;  31. 

353,  By  the  formula  (2)  on  page  32  we  find  a-,  —  729;  consequently,  in  the 
geometric  progression  we  have:  u,  =  a,  =  1;  u7  =  «7  —  729.  It  is  required 
to  find  the  medium  term  which  is  the  fourth  one  both  from  the  beginning  and 
from  the  end.  Hence,  the  first  term  »„  the  required  medium  term  u4  and  the 
last  one  u7  form  a  continued  proportion:  k,  :  «4  =  u>  :  w?.  Hence  «?  ~  u.u- 
and  n|  =  729. 

Answer:  u4  —  ±27. 

354.  By  hypothesis,  a j  -1*  a2  -f-  <13  —  15.  Since  a-,  —  a{  —  a3  —  a**,  then 
2az  —  at  +  o3,  and  from  the  given  condition  we  have*2as  +  a2  —  15. ‘Hence, 
a2  =  5.  Then  a4  —  5  —  d\  a2  —  5;  a3  =  5  -f*  d  and.  by  hypothesis,  ut  ~  at  -f- 
-f-  1  =  6  —  d;  11 2  —  a2  -f  4  —  9;  u3  —  a3  -j-  19  =  24  -f-  d.  Since  us  =  «i«3. 
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we  have 

92  ~  ((i  _  d)  (24  -f  d) 

whence  we  find  d  —  3,  at  —  2  or  d  —  —21,  ax  =  26. 

Answer:  (1)  2;  5;  8.  (2)  26;  5;  —16. 

355.  By  hypothesis,  ax  —  «i  1;  a2  ~  Vz  4-  6;Ta3  =  u3  -f-  3;  hence  <zt  -r 
-f  02  +  ^3  —  («i  +  «2  +  ».•»)  4-  (1  +  64-  3),  or,  by  virtue  of  the^ condition 
u«  +  «2  +  «3  =  26,  we  get 

at  4*  °2  4"  a3  —  26  4~  10  ==  36 

Then  proceed  in  the  same  way  as  in  the  preceding  problem. 

Answer:  2;  6;  18  or  IS;  6;  2. 

356.  Suppose  the  required  numbers  are:  ut;  uxq;  then,  by  hypothesis, 
the  numbers  ut,  utq  and  (uxq~  —  64)  constitute  an  arithmetic  progression  and, 
consequently, 

j/j(?  —  Uf  =  —  64)  —  ujf/  (1) 

Furthermore,  by  hypothesis,  the  numbers  t/,;  (ujg  —  8);  (u,r/2  —  64)  form  a 
geometric  progression  and,  consequently. 

(uxq  —  8)  ;  «t  =  («i92  —  64)  :  (uxq  —  8)  (2) 

After  simplifications  the  system  of  equations  (1)  and  (2)  takes  the  form 
Uj  (q~—2q  4'  1)  ~  64,  tit  (q  —  4)  =  4 

whence  q  —  13  and  Wj  =  —  or  q  —  5  and  u,  -  4. 

Answer:  (1)  ~  ;  ~  ■  (2)  4;  20;  100. 

357.  Suppose  the  required  numbers  arc:  ux,  u2  and  //3.  If  these  numbers  are 
the  terms  of  a  geometric  progression,  then 

~  u,u3  (0 

and  if  they  are  the  terms  of  an  arithmetic  progression,  then 

2 u2  —  «*  4-  (2) 

Eliminating  uz  from  (1)  and  (2),  we  find  (t*i  4~  “3)"  —  4nj u3  or  (m,  —  t/3)3  =  0, 
whence  ux  —  u3,  and  from  (2)  we  find  u z  —  ux.  Hence,  u!  —  uz  —  u3. 

Answer:  possible,  if  the  three  numbers  are  equal. 
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Notation; 

vl”  =  total  number  of  permutations  of  m  elements  taken  «  at  a  time 
Pn  =  total  number  of  permutations  of  n  elemetns 
C&=  total  number  of  combinations  of  m  elements  taken  n  at  a  time 
7*114.1  =» C*na*txm~,i  is  (/f  4-  l)th  term  of  the  expansion  of  the  binomial  (x  4- ap» 
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358.  By  hypothesis, 

Pn  0.1  1-2.3...  n  1 

iV. 2~3  or  1-2-3  ...  n(n  +  l)(B  +  2)  30 

whence  (n-f-1)  (n4-2)  =  30.  The  roots  o!  this  equation  are:  nt  =  4,  n2=—l. 
The  second  root  does  not  suit. 

Answer :  n  —  4. 

359.  By  hypothesis,  5C^  =  <7^+2  or 

5n  (n — 1)  (n — 2)  (re-{-2)  (n  +  i)  n  (n—  1) 

1-2- 3  ”  1-2- 3-4 

whence 

5(n-2)  =  ("+2f  +  1) 


Answer:  nj  —  14;  3. 

360.  The  required  term 


r,-<-i)*c{,  (-2-)V)8= 


16- 15. 14- 13- 12-11. 10-9  a8 
1.2-3. 4- 5- 6- 7- 8  *  x1 


Answer :  12  870  . 

x 4 

361.  We  have 

^  n+i  = 


.  .  ..  n  ,  2(12  —  n) 

This  expression  contains  a  to  the  power  -\ - - - . 

~  — “*7,  whence  n  =  6,  i.e.  n-j-l=.7. 

Answer :  the  seventh  term. 

362.  We  have 


By  hypothesis. 


_  ,  .  n  21  —  n 

By  hypothesis,  - ^ — 

Answer :  the  tenth  term. 


Vb 

21  — n 


-  ,  whence  n  =  9. 


363.  After  simplification  we  get  (a3  — a  2)10.  We  have: 

l  l  10-n  n 


By  hypothesis,  - |-  =  0,  whence  n  =  4. 

Answer:  J5  —  210, 

364.  Let  x  he  the  exponent  of  the  first  binomial.  Then  the  sum  of  the  bino¬ 
mial  coefficients  is  2*.  The  sum  of  the  binomial  coefficients  of  the  second  hi  no- 
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<nial  is  23C+®.  We  get  the  equation 

2*  -}-  2*+3  =  144;  2X  (1  +  8)  =  144;  2*  =  2*;  z  =  4 


Answer :  4  and  7. 
365.  We  have 


i  (m —  1) 

T2  = 


105,  whence  m  =  15;  then 


r13=(-i)«c!S(^)12(Dx)3 


455 

x3 


.  **oo 

Answer:  — =-  . 
z3 

366.  By  hypothesis,  C^  —  C^,  hence,  w  =  15.  Then  we  have 
Tn+t  =  Ch  )n  (z2)i*-n  —  Chanx3°- 3* 


By  hypothesis,  30—  3n  =  0,  n  =  10. 

Answer:  =  3003a10. 

367.  By  hypothesis,  ^2L  =  ~,  i.e.  m2  —  5m  —  50  =  0,  whence  m  =  l0  (the 
coot  m  *=»  — 5  is  not  suitable).  The  medium  term 

T,  =  £■{,(- 1)*  |  Y -~Y)  5  (fl'</“)5=  ~252 

Answer :  the  medium  (sixth)  term  is  —252. 

368.  By  hypothesis,  1  +  w+  m  —  46.  Then  solved  in  the  same  way 

*s  Problem  367. 

Answer :  the  required  (seventh)  term  F 7  =  84. 

369.  By  hypothesis,  2”*=  128,  whence  m  =  7.  We  have 

-  ~  |  ( 7— n) 

?n+l  —  ^1*  x 

*>y  hypothesis,  — jf+'l'  (7  — «)  =  5.  "hence  n  =  3. 

Answer :  the  required  (fourth)  term  7’4=35z6. 

370.  We  have  u8  =  u,?&=  -~(1  +  Q6»  The  multiplicand  is  equal  to 

l  it 

— According  to  the  binomial  theorem  the  factor  (l*fi)5  is 

equal  to  i+Si+lO^+lO^-f  Henco, 

ut  =  -f  -  5i2  -  10i3  -  10i4  -  5^  -  t8 
Mow  replace  the  powers  of  imaginary  unit  by  their  expressions: 

(2  —  _ 1;  =  j2j  —  — j;  i*  —  t3i  =  — ii  —  +1; 

i6  =  i4f  —  i;  J8  =  —1 
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Vote.  In  the  given  example,  where  the  base  is  1  4  *  (or,  in  general,  when  the 
base  is  a  binomial  of  the  form  a  ±  at),  involution  may  be  done  in  a  much 
simpler  way.  Namely,  square  1  -f-  i.  We  get  (1  4  t)“  ~  2i,  hence  (1  4  0 
=  (4  4  04-(l  4  0  =  (20s *(1  4-  0  =  -4  (1  4  i). 

Answer :  ug  —  — *4  4  4i. 

374.  We  have  u7  =  i  (l  4  4-)6-  Since  T  =  “ *'  “7  *  1  (1  “  The*‘ 

we  may  proceed  in  the  same  way  as  in  the  preceding  problem.  We  may  find  the 
modulus  and  argument  of  the  product  of  six  factors,  each  being  equal  to  1  —  i. 
The  modulus  of  the  quantity  1  —  i  is  V2,  the  argument  being  equal  to  —45°. 
Hence,  the  modulus  of  the  product  is  equal  to  ("|/ 2)*  —  8,  and  the  argument, 
to  6  (—45°)  =  —270°.  Consequently, 

(1  _  f) •  =  8  (cos  (-270°)  +  i  sin  (-270°)]  =  8i 


Answer :  u7  —  — 8. 

372.  By  hypothesis,  the  numbers  C%\  C%  form  an  arithmetic  progression. 
Hence.  CJ,  4  ^  =  2 i.e. 


n  ( n —  1)  (n  —  2) 

_  s 


n  {n  —  1) 


Since  n  ==  0,  both  numbers  of  the  equality  can  be  divided  by  n.  We  get  the 
equation  n2  —  Oh  4  44  —  0  with  the  roots  =  7  and  n2  ==  2.  The  second  root 
is  not  suitable,  since  at  n  =  2  the  expansion  of  the  binomial  has  only  three 
terms,  whereas,  by  hypothesis,  there  is  a  fourth  term. 

Answer:  n  =  7.  . 

373.  Solved  in  the  same  way  as  the  preceding  problem.  On  reducing  ny 

n  (,n ^  (this  number  is  non-zero,  since,  by  hypothesis, 

we  get  n2 —  21  n  4  98  =  0. 

Answer:  n  —  14  or  n  =  7. 

4  x-1  5-z 

374.  Rewrite  the  first  addend  in  parentheses  in  the  form  a°  x  =aox  : 

a  JS+T  _  •  The  fourth  term  of  the  expansion  is 


the  second,  in  the  form 

5  -x  6x  5_ 

56a  -v  .  By  hypothesis.  56a 

5  —  x 


x+i  =56a5-5.  Consequently. 
6x 


*41 


=  5.5 


Answer:  i  =  2  or  — 5. 

375.  Represent  the  given  expression  in  the  form 
x—  1  2(3 -x) 

12*  +2  4~*  1= 


By  hypothesis. 


4(x-  1)  4(3 -x) 

15-2  *  2  4-x  =240, 
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i.e. 

Hence, 


4(x-l)  4(3 -g) 

2  *  4~*  =2* 

4  (J—  1)  ,  4(3—i)  t 
x  *  4  —  x 


Answer:  x=2.  ^ 

376.  The  seventh  term  7*7  of  the  expansion  of  the  binomial  (23-j-3  3)x  is 

l  _  l 

r7  =  C®  (23)x“6(3  3)« 
and  the  seventh  term  from  the  end  is 

1  _  J. 

T'.  =  C%  (23)«  (3  3)x-6 

onsequently, 

i  _  1  jc  —  1 2  x-  12  x-  12 

,  J1' _  (3  3^6 -(.v-6) _  2  3  3  __  (j  3 

izl*  .  *=*5  x_  |2 

fiy  hypothesis,  6  3j  ==-^-,i.e.  6  =6~*.  Hence,  — ^ 1. 

4/uuwr:  x  =  9. 

377.  By  hypothesis,  CJ.r3(j,OK*)2=108,  i.c.  t0i’+s“>**.-10*  „r  J3+=1“8*=i0i. 
Taking  logarithms  of  this  equation,  tvo  get  (3+2  log*)  log  j-=5.  Solving 
tho  last  equation,  we  got 

5 

(log x,)  —  1  and  (logxa)=— Y 
--  1 

Answer:  x,  =  10;  xs=10  2  =  )00 

378.  By  hypothesis, 

3  logx+7 

CliVx) lo{fx+l  (*>  x)3  —  200,  i.e.  20x4<i°sx'H)=*200 

Dividing  both  members  of  this  equation  by  20  and  then  taking  logarithms,  we 
get  after  simplifications 

(log  x)5  -f  3  log  x  —  4  =  0 

Hence,  (log  xi)  =  1,  (log  x2)  —  — 4. 

Answer:  xt  =  10;  x2  —  0.0001. 

379.  Solved  in  the  same  way  as  the  preceding  problem.  We  get  the  equation 
j.logx-2  _  1000.  Taking  logarithms  of  the  obtained  equality,  we  find 
(log  xt)  =  3  and  (log  x2)  =  —1. 

Answer:  i\  =  1000;  z2  —  0.1. 
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380.  Solved  in  the  same  way  as  the  two  previous  problems. 
Answer :  xt  —  10;  #■»=-— . 

"  Yw 

3S1.  Answer :  3^  =  100;  x2: 


Ym 

l 

yio ' 


30 


(a) 


382.  Answer:  xj  as  1000;  x~  = 

383.  By  hypothesis, 
where 

A  12~fe 

Tm=c\2x~  =  *  6 

By  hypothesis,  the  exponent  — ~~  is  twice  as  large  as  the  exponent  ~~2kr 


-Cl2 


and  TM=C\%', 


4-2  h 
.  3 


6— 2k 


4-2  k 


,,w* — 3 —  —  * — 3 — »  whence  fc=l.  Then,  after  simplifications,  the  equa¬ 
tion  (a)  takes  the  form: 

4  2 

2x^ —  1  5  =  0 


l  so  the  substitution  xs  —  y. 

—  1  /5 

Answer:  r,  —  5  V  5  ;  xt  =  xLZ  . 

3S4.  By  hypothesis,  5CJn  =  f.'J,,  consequently,  we  have  the  equation 
r,.„  _  m  (m  —  1}  (m  — 2) 

Jm - TiTs - 


Since  m  =*  0,  both  members  of  the  equation  can  ho  divided  by  m.  We  get  m,  = 
=  7  and  m.  —  —4.  The  second  root  is  not  suitable,  because  m  should  he  a  posi¬ 
tive  integer. 

By  hypothesis,  Tt  —  7.20;  hence. 


_  X  X-  1 

ci( 2  3P(2  2  )1=140 

Answer:  x  =  4. 

:J85.  By  hypothesis,  we  have  C%  —  m  =  20;  —  m  =■  20.  Out  of  the 

two  roots  —8  and  m*= — 5  only  the  first  one  is  suitable,  since  the  expo¬ 
nent  of  the  binomial  is  assumed  to  be  a  positive  integer.  Rewrite  the  binn- 
x  _  JL  JL  _  5 

uiial  in  the  form  (2Z  Ui-f-216  2)«,  By  hypothesis, 

T  a  Tq  —  56 


(h  -  D/(f  -  &_c|2»<£  -  IV  <!  -  £)=s 


k. 
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After  simplifications  we  get  56-2*  —  56-^j  —  56.  Putting  2*  =  y .  we  obtain 

the  equation  y-  —  y  —  2  —  0,  wherefrom  y,  =  2  and  y2  —  —  1.  Since  2X  ~  y 
cannot  be  a  negative  number,  the  only  suitable  root  is  y,  =  2  and,  hence,  2*  = 
—  2,  i.e.  x  =  1. 

4  nswer:  x  =  1. 

386.  Since  the  binomial  coefficients  of  the  terms  equidistant  from  the  be¬ 
ginning  and  the  end  are  equal,  instead  of  the  coefficients  of  the  last  three  terms 

we  may  take  those  of  the  first  three  terms,  i.e.  1  -f  m  -f  =  22,  whence 

—  t-~* 

m  =  6  (see  the  preceding  problem).  Hence,  the  binomial  is  (22  -+•  2  2  )«.  By 
hypothesis, 

T3  +  Ts  =  135 
or 

1 -x  X  l -X  X 

C|(2  2  )2(22)‘+C‘(2  2  )M22)2=135 
After  simplifications  we  obtain 

2*+i-f22-*  =  9  or  2-2*  +  ~  =  9 

As  in  the  preceding  problem,  we  find:  (1)  2X  =  4  and  (2)  =  . 

Answer :  xx  =  2;  x2  —  — 1. 

387.  The  numbers  ait  a3,  a$,  which  are  respectively  the  first,  third  and  fifth 
terms  of  an  arithmetic  progression,  form  an  arithmetic  progression  themselves, 
so  that  2a3  =  o,  -{-  <*5-  Since,  by  hypothesis,  at  =  Cxm\  a3  —  C%;  ab  —  C’*,,  then 

2m  (m  —  1)  m  (m  —  1)  (m — 2) 

1-2  H  TITTS 


Reducing  by  m  ( m  =£  0),  we  find  the  equation  m*  —  9m  -f  14  =  0,  wdiosc 
roots  are  rnt  —  7,  mz  —  2.  Since,  by  hypothesis,  the  expansion  of  the  binomial 
contains  at  least  six  terms,  then  m  >  5,  hence,  only  m,  =  7  is  suitable.  The 
binomial  is 


By  hypothesis 


-logtio-s*)  i^=iog3 

[22  +2  J  \< 


r«= 21 


or 


Hence  we  have 
consequently. 


C52<*-2)  log  32*06  (10-3*)  _  9j 


2(*-2)  log  3+log(10-3*)  _  |  _2i) 


(x  —  2)  log  3  -f  log  (10  —  3*)  =  U 


Taking  anlilogarithms,  we  get 

3*— ■  (10  —  3A)  =  1 
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or 

-g('l0-3*>  =  l 

Then  proceed  in  the  same  way  as  in  Problem  385. 

Answer:  x^  ~  2;  x2  —  0. 

14 

388.  By  hypothesis,  the  numbers  C% t,  and  constitute  a  geomet¬ 

ric  progression;  consequently. 

Both  members  of  the  equality  can  be  divided  by  m2  (m  —  l)2  ( m  —  2)  since 
none  of  the  factors  (m,  m  —  1,  m  —  2)  is  equal  to  zero  (it  follows  from  the  given 
condition  that  m  ^  3);  we  get  m  —  9.  By  hypothesis,  =  16.8,  or 

cp3  >OB(x-i)-|  log5]s6  [-  i  log  (6—  VE)]  =  i68 

Hence  we  get  the  equation 

4-log(x  — 1)  — logo  — log(6—  y'8x)=  —1 


Taking  antilogarithms,  we  have 

10  V-r  -1  =  5(6— 1/5) 


Hence,  x^  —  50  and  x2  —  2.  The  first  root  is  not  suitable,  since  at  x  ~  50  the 
number  6  —  ~\/ Sx  is  negative  and,  consequently,  has  no  logarithm 
Answer:  x  =-  2. 

389.  By  hypothesis, 

1°?  —  log  C]n  =  1 

or 

log  =  log  10 

vm 

3C3 

hence  -~p-  =  10.  After  simplifications  we  find  the  equation  m2— 3m  — 18  —  0, 
t'/n 

whose  roots  are  mj=  6  and  m.»= — 3.  Consequently  w  =  6.  From  the  condi¬ 
tion  9T3  —  T$  —  240  wo  get  the  equation 


whence 

or 


Hence, 


q .  23w-2 _ 23x+1  =  16 


9-23x 

_ 


— 23x.2  =  16 


Answer:  x  =  2. 


23x~2«  and  x  =  2 
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ALGEBRAIC  AND  ARITHMETIC  PROBLEMS 

390.  The  weight  of  the  round  is  made  up  of  the  weights  of  the  projectile 
charge^and^shell.  The  weights  of  the  projectile  and  shell  taken  together  make 

■J-  +  -T—  J2  of  tl,e  ,0,al  weight  of  the  round.  Thus,  the  weight  of  the  charge 

makes  1  —  li  =  A  of  the  weight  of  the  round,  which  amounts  to  0.8  kg.  Hence, 

the  weight  of  the  round  is  equal  to  0.8  kg:  ~  =  9.G  kg. 

Answer:  9.6  kg. 

391.  Out  of  the  total  number  of  workers,  men  make  100%  — -  35%  =  65%. 
The  number  of  men  exceeds  that  of  women  by  65%  — 35%  =  30%,  which 

amounts  to  252.  Consequently,  the  total  number  of  workers  is  equal  to  = 

-  840.  30 

Answer:  840  workers. 

392.  The  profit  percentage  is  calculated  in  relation  to  the  prime  cost  (taken 
for  100%).  Hence,  the  selling-price  (1386  roubles)  makes  100%  -j~  10%  =  110% 
of  the  prime  cost.  Consequently,  the  prime  cost  is  equal  to 

-  =  1260  (roubles) 

Answer :  1260  roubles. 

393.  The  loss  is  calculated  in  relation  to  the  prime  cost  (taken  for  100%). 
Hence.  3348  roubles  make  100%  —  4%  =  9G%  of  the  prime  cost.  Consequently, 
the  prime  cost  of  the  goods  was  equal  to 

3348-100  q/Q.  .  .  ... 

- - =  3487.5  (roubles) 

Answer :  3487  roub.  50  kop. 

394.  The  copper  content  of  the  ore  is  ^  ‘ 

Answer :  15.2%. 

395.  The  price  was  reduced  by  29  kop.  —  26  kop.  —  3  kop.,  which  amounts 
,0  ~W~  %  of  lhc  olJ  Iiricc'  Tlie  "unlb<!r  -ig-  “  10  ^  is  approximately  ropla- 
ced  by  a  decimal  fraction. 

Answer:  10.34%. 

396.  Solved  in  the  same  way  as  the  previous  problem. 

Answer:  10.94%. 

397.  By  hypothesis,  2  kg  of  raisins  make  32%  of  the  total  weight  of  the  gra- 

2-100  6 

pes.  The  weight  of  the  grapes  is  equal  to  =  6.25. 

Answer:  6.25  kg. 

398.  Let  us  denote  the  number  of  tourists  by  x.  In  the  first  case  the  collected 
money  amounts  to  75*  kop.;  hence,  a  sum  of  (75*  -f-  440)  kop.  is  needed  for 


=  3487.5  (roubles) 
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organizing  the  excursion.  In  the  second  case  the  collected  money  amounts  to 
80*  kop.;  hence,  (80*  —  440)  kop.  is  needed.  Consequently,  75*  -f  440  = 
=  80*  —  440. 

Answer:  176  persons. 

399.  let  us  denote  the  number  of  persons  by  x;  then  each  was  to  pay  — . 
By  hypothesis, 

(*-3)(^+4)  =  72 

Answer :  9  persons.  . 

400.  Let  the  price  of  one  copy  of  the  first  volume  amount  to  *  roub.,  and 
that  of  the  second  volume,  to  y  roub.  The  first  condition  yields  the  equation 
60*  -f  75y  =  405.  With  a  15%  discount  the  price  of  one  copy  of  the  first 
volume  amounts  to  0.85*  roub.;  with  a  10%  discount  the  price  of  one  copy  of 
the  second  volume  comes  to  0.9 y  roub.  From  the  second  condition  we  obtain 
the  equation 

60-0.85*  4-75-0.9^  =  355  y 


Solving  the  system  of  the  two  equations,  we  find  *  *=  3,  y  =  3. 

Answer:  the  price  of  the  first  volume  is  3  roubles;  the  price  of  the  second 
volume  is  also  3  roubles. 

401 .  Let  the  first  item  be  bought  for  *  roub.  Then  the  second  item  was  bought 
for  (225  —  *)  roub.  The  first  item  yielded  a  profit  of  25%.  Hence,  it  was  sold 
for  1.25*  roub.  The  second  item  which  yielded  a  50%  profit  was  sold  for 
1.5  (225  —  x)  roub.  By  hypothesis,  the  shop  sold  the  two  items  for  225  roubles 
and  made  a  total  profit  of  40%.  Hence,  the  two  items  were  sold  for  1.40-225  = 
=  315  roub.  We  get  the  equation 


l^.I+li(225-i)  =  315 


Answer :  the  first  item  was  bought  for  90  roubles,  the  second,  for  135  roubles. 

402.  40  kg  of  sea  water  contain  40-0.05  =  2  kg  of  salt.  For  2  kg  to  amount 
to  2%  of  the  total  weight,  the  latter  must  be  equal  to  2  :  0.02  =  100  kg. 

Answer :  60  kg  of  fresh  water  should  be  added. 

403.  Let  us  denote  the  lengths  of  the  legs  (m  metres)  by  *  and^y.  By  hypo¬ 
thesis,  x2  4-  y3  =  (3  V5)a.  After  the  first  leg  is  increased  by  133 y  %,  i.e.  by 


133  —  :  100  —  1  y  of  its  length,  it  is  equal  to  2  y*.  Increased  by  16  y%  the 
second  leg  is  equal  to  1  j-y.  Thus,  wo  get  the  equation  2  j  i  +  1  i-  p  =  14. 


404  If  we  take  12.5%  of  the  flour  contained  in  the  first  sack,  then  87.5% 
of  the  flour  is  left  in  it,  which  amounts  to  140  kg  :  2  =  70  kg.  Consequently, 
,  .  70-100 

the  first  sack  contains  -gj-g- . 

Answer:  tho  first  sack  contains  80  kg,  the  second,  60  kg. 
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405.  Both  factories  together  could  fulfill  —  of  the  order  per  day.  By  hypo- 

2  2 

thesis,  B  has  an  efficiency  of  66  y  %,  i.e.  y  of  that  of  A;  consequently,  the 

efficiency  of  both  factories  is  1  y  of  that  of  A.  Hence,  A  can  daily  fulfill 

{2  '  ly  =s  —  of  the  order,  while  B ,  ~*y  =  °f  the  order.  Before  A  was 

closed  down  —  y  of  the  order  was  fulfilled.  To  fulfill  the  remaining  — -  of 

the  order  B  needs  another  4-  :  tL  =  25  days. 

b  dO 

Answer:  the  order  will  be  completed  in  27  =  (25  +  2)  days. 

406.  The  14  students,  who  obtained  correct  solutions,  make  100%  — 
--{12%  +  32%)=  56%  of  the  total  number  of  the  students  of  the  class. 

The  total  number  of  the  students  is  =  25. 

Answer:  25  students. 

*07.  The  weight  of  the  cut-off  piece  makes  72%  of  the  total  weight  of  the 
rail,  hence,  the  weight  of  the  remaining  part  (45.2  kg)  amounts  to  100%  — 

— -  72%  =  28%  of  the  total  weight  of  the  rail;  1%  of  this  weight  is  ,  and 

72%  amount  to  %?.72  =  116  ~  kg  »  116.23  kg. 

Instead  of  determining  one  percent  of  the  weight  of  the  rail  we  may  set  up 
the  proportion  *  :  45.2  =  72  :  28. 

Answer:  the  weight  of  the  cut-off  piece  is  (approximately)  equal  to  116.2  kg. 
408.  The  weight  of  the  piece  of  the  alloy  (2  kg)  makes  100%  +  14  A  %  = 

2 

—  H4  y  %  of  the  weight  of  the  copper.  Hence,  1%  of  the  weight  of  the  copper 


amounts  to  - ^  kg.  Consequently,  the  weight  of  the  silver,  which  comes  to 

114  y 


14|-% 


of  the  weight  of  the  copper,  is  equal  to 


Instead  of  determining  one  percent  of  the  weight  of  the  copper,  we  may  set  up 
the  proportion 


z :  2  =  14 

Answer:  the  weight  of  the  silver  is 


_2 

7 

j_ 

4 


:  114 
kg. 


2_ 

7 


12* 
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3  17 

409.  The  money  received  by  the  second  worker  amounts  to  * 

of  that  of  the  first,  or,  in  percent,  ^.100%  =23-1%.  The  total  received 
by  the  three  workers  (4080  roubles)  makes 

100%  +  23  i  %  +43  i.  %  =  166  J  % 

of  what  was  paid  to  the  first  worker.  One  percent  of  the  money  received  by 
the  first  worker  comes  to  roub.,  hence  the  first  worker  was  paid 

i64 

100  =  2448  rouh. 

166| 

The  second  worker  received  23-|-%  of  this  sum,  i.e. 


The  third  worker  earned 


2448*23-— 

100 


=  571.2  roub. 


2448*43 j 
100 


=  1060.8  roub. 


Answer:  2448  roub.;  571  roub.  20  kop.;  1060  roub.  80  kop. 

410.  If  the  first  box  contains  x  kg  of  sugar,  then  the  second  contains 

i-x  kg,  and  the  third,  4 1 ' To4 =  55 *  kg'  Cy  h5'Pothesi3’  *  +  y*+gg*  = 
5°  4  17 

=  64.2,  whence  x  =  30  (kg).  Of  this  number  we  take  first  ,  and  then  . 


Answer:  30  kg;  24  kg;  10.2  kg.  <  . 

411.  Let  us  take  x  tons  of  the  first  grade;  it  contains  0.05x  tons  of  nickel, 
and  then  it  is  necessary  to  take  (140  —  x)  tons  of  the  second  grade,  containing 
0.40  (140— x)  tons  of  nickel.  By  hypothesis,  140  tons  of  steel  contains  0.30*140 
tons  of  nickel.  Consequently,  0.05x  -j-  0*40  (140  — x)  —  0.30*140.  Hence, 
x  =  40. 

Answer:  40  tons  of  the  first  grade  and  100  tons  of  the  second  grade. 

412.  The  piece  of  the  alloy  contains  12  kg-0.45  =  5.4  kg  of  copper. 
Since  in  the  piece  of  the  now  alloy  this  amount  of  copper  makes  40%  of  its 
weight,  the  piece  weighs  5.4  :  0.40  =  13.5  kg.  Hence,  it  is  required  to  add 
13.5  kg  —  12kg  =  1.5  kg  of  pure  tin. 


ItV.'solvMi  4i  the  same  wav  as  the  preceding  problem:  (1)  735  g-0.16  = 
1 17.0  g;  (2)  117.0  g  :  0.10  =  1176  g;  (3)  1176  g  —  735  g  =  441  g. 


Answer:  44 1  g. 
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414.  Let  x  denote  the  weight  of  copper  (in  kg).  Then  24  ~  x  is  the  weight 
of  zinc.  The  loss  of  weight  is  -i-x  (for  copper)  and  y  (24  —  x)  (for  zinc).  Conse- 

quently,  -i- x  -f  -i-  (24  —  jr)  =  2  .  Hence,  i  =  17. 

Answer:  17  kg  of  copper,  7  kg  of  zinc. 

415.  Let  us  denote  tne  number  of  25-metre  lengths  by  x,  and  that  of  12.5- 
metre  lengths,  by  y.  For  a  20-kilometre  (20  000-metre)  track  40  000  m  of  rails 
are  needed  (two  lines).  By  hypothesis, 

<> 

06  y 

25x-f-  0.50  *1 2. 5y  =  40  000  and  12.5 y  +  yyy  -25x  =  40  000 

Answer:  1200  pieces  of  25-metre  rails  and  1600  pieces  of  12.5-metre  rails. 

416.  Let  the  number  of  students  be  x.  During  the  exchange  each  student 
received  x  —  1  photographs  and  all  the  students  received  x  (x  —  1)  photo¬ 
graphs;  by  hypothesis,  we  have  the  equation  x  {x  —  1)  =  870. 

Answer:  30  students. 

417.  Let  us  denote  the  smaller  number  by  x  and  the  larger  number,  by 
y  {x  <  y).  The  first  condition  yields  V xy  =  x  +  12,  and  the  second  condition, 

=  y  —  24,  i.e.  y  — ■  x  =  48.  Solving  the  system,  we  find  x  —  6,  y  —  54. 

Since  6  <  54,  this  solution  is  suitable. 

Answer :  6  and  54. 

418.  Let  the  smallest  number  be  x,  the  next  one,  y,  and  the  largest,  z.  We 
have  three  equations 

y  —  x  —  z  —  y\  xy  —  85;  yz  —  115 


From  the  first  equation  we  find  z  =  2y  —  x;  substituting  it  into  the  third 
equation,  we  get  2«/2  —  xy  —  115  or,  by  virtue  of  the  second  equation,  2jr  — 
=  200.  Out  of  the  two  solutions  (xx  —  8.5,  yt  =  10,  z,  =  11.5;  x2  —  —8.5, 
yz  =  —10,  z2  =  —11.5)  the  first  one  is  suitable  (since  x,  <  yt  <  z,),  and  the 
second  is  not  (since  x2  >  yz  >  z2). 

Answer:  8.5;  10;  11.5. 

419.  Given 


j-fy  +  z 
3 


and 


J2  +  y2  4-  z2 


It  is  required  to  find  ZX  .  From  the  first  equation  we  have  x2-f  jr-J- 

+  z2  -f-  2{xy-\-  yz -f-  zx)  —  9  a1.  By  virtue  of  the  second  equation  we  have 
x2-f  z2  =  36.  Hence,  36-{-  2  (xy  -f  yz  -f-  zx)  =  9  a2. 

Answer:  *»+$«+“= 

420.  If  the  length  of  the  sheet  is  x  cm,  and  width,  y  cm,  then  the  box  has 
the  following  dimensions:  length — (x  —  8)  cm,  width — (y  —  8)  cm  and  height — 
4  cm.  By  hypothesis,  4  (x  —  8)  (y  —  8)  =  768  and  2x  -f-  2y  —  96. 

Answer:  32  cm  X  16  cm. 

421.  Let  the  tens  digit  be  x,  and  units  digit,  y  (x  and  ij  are  positive  integers 
less  than  10).  We  have  the  following  system  of  equations: 

l0,Til  ■  2-1 ;  (f0x+j,)-(10i,+i)  =  i8 

xy  a 
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Out  of  the  two  solutions  ^x  —  6,  y  =  4  and  i  =  |,i/=-  ~  J  only  the  first 

one  is  suitable. 

Answer :  64. 

422.  If  the  number  of  tens  is  x ,  then  the  number  of  units  is  equal  to  x  -f  2. 
We  get  the  equation 

[10x  +  (x  -f  2)1  [x  -f  (*  -f  2)J  =  144 
2 

whence  x  —  2  and  x  =  —3  ;  by  hypothesis,  the  second  solution  is  not  suitable. 

Answer:  the  required  number  is  24. 

423.  Let  the  required  number  be  x.  If  the  figure  5  is  adjoined  on  the  right 
of  it,  then  we  get  the  number  lOx  -f-  5.  By  hypothesis,  we  have 

iOx  -f  5  =  (x  +  3)  (x  -  13) 

Answer :  22. 

424.  Let  the  larger  number  be  x,  and  the  smaller,  y.  If  three  digits  (zero 
and  the  two  digits  of  the  smaller  number)  are  adjoined  to  the  larger  number, 
then  the  digits  of  the  latter  express  the  number  of  thousands,  and  thus,  finally 
we  get  lOOOx  -f-  y.  And  from  smaller  number  we  get  the  number  lOOOy  -j-  10x. 
By  hypothesis. 

lOOOx  -f-  y  =  2  (1000</  -f  10x)  -f  590;  2x  +  3y  =  72 

Solving  the  system,  we  find  x  =  21,  y  =  10.  Being  two-digit  numbers,  they 
satisfy  the  condition  of  the  problem. 

Answer:  21  and  10. 

425.  If  the  units  digit  of  the  factor  is  x  (x  an  integer,  less  than  10),  then  the 
tens  digit  is  3x.  The  factor  is  eaual  to  3*10x  +  x  =  31x.  The  incorrectly  writ¬ 
ten  factor  is  lOx  -f-  3x  =  13x.  The  true  product  is  equal  to  78  *31x,  the  product 
obtained  by  mistake  is  78*13x.  By  hypothesis,  78*31x  —  78*13x  =  2808. 
Hence,  x  —  2. 

Answer :  the  true  product  is  equal  to  4836. 

426.  The  speed  of  the  first  train  is  x  km/h,  that  of  the  second,  (x  —  12)  km/h. 
We  have  the  equation 

96  96  2 

x  — 12  x  ~  3 

Answer :  the  speed  of  the  first  train  is  equal  to  48  km/h,  that  of  the  second, 
to  36  km/h. 

427.  Let  the  rate  of  the  first  person  be  v  km/h,  then  the  rate  of  the  second 
is  equal  to  (v  —  2)  km/h.  The  first  spends  —  h,  the  second,  h.  We  obtain 
the  equation 

24  24 

v  —  2  v~l 

Answer :  8  km/h;  6  km/h. 

428.  Let  the  speed  of  the  train  be  x  km/h;  then  the  speed  of  the  boat  is 
(x  — 30)  km/h.  The  train  spends  h,  and  the  boat,  ~^h.  We  get  the  equation 

80.5  66  ,  ,  15 

x  — 30  x  4  +  60 
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Answer :  the  speed  of  the  train  is  44  km/h,  that  of  the  boat  is  14  km/h. 
429.  Let  the  first  tailor  shop  produce  x  suits  a  day;  then  the  second  shop 

makes  x  4-  4  suits  per  day.  The  first  shop  has  completed  its  order  in  ^9  days; 

hence,  the  time  given  for  the  fulfilment  of  the  order  has  been  ^912  +  3  j  days. 
The  time  given  to  the  second  shop  has  been  the  same.  Consequently, 


810  „  900  ,  R 

— +  3=7T4+6 


Answer:  the  first  shop  produces  20,  and  the  second,  24  suits  per  day. 

430.  Let  the  speed  of  the  ship  going  off  to  the  south  be  x  km/h,  and  that  of 
the  other  ship,  (x  -f-  6)  km/h.  Since  the  directions  of  their  travel  are  mutually 
perpendicular,  by  the  Pythagorean  theorem  we  have 

<2z)2  -f  [2  (x  -j-  0) )*  -  60- 


Answer:  the  speed  of  the  first  ship  is  equal  to  18  km/h,  that  of  the  second, 
to  24  km/h. 

431.  Two  dog’s  leaps  cover  4  metres;  three  fox's  leaps,  3  metres.  Consequent¬ 
ly,  each  time  the  dog  runs  4  metres  the  distance  between  the  dog  and  the  fox 
is  reduced  by  4  m  —  3  in  ~  1  m.  The  initial  distance  between  them  is  30  times 
greater.  Hence,  the  dog  will  catch  up  the  fox,  when  it  covers  4  ra  *30  =  120  in. 

Answer:  at  a  distance  of  120  in. 

432.  In  one  minute  the  minute  hand  turns  through  0°,  while  the  hour  hand, 
only  through  .  At  four  o’clock  the  angle  between  the  hands  is  equal  to  120°. 

During  x  minutes  the  hands  turn  through  Gjt  and  yi  degrees,  respectively. 


By  hypothesis,  Or - -  x  —  120. 

g 

Answer:  21  rr  minutes. 

11 

433.  Let  us  denote  the  time  spent  by  the  train  to  cover  the  A-C  section  by  t 
(hours)  and  the  required  speed,  by  u  (km/h).  By  hypothesis,  the  distance  AD  was 

covered  by  the  train  in  ~  h  at  a  speed  of  v  km/h,  and  BC,  in~-  h  at  a  speed  of 

0.75-y  km/h.  Hence,  AB  —  and  BC  —  0.75 -y -2  km.  By  hypothesis, 

on  the  return  trip  the  C-B  section  was  covered  at  a  speed  of  v ,  and  the  B-A  sec¬ 
tion,  at  a  speed  of  0.75i>.  Hence,  the  time  spent  on  thfe  C-B  section  was  :  v> 


i,e,  9: and  the  time  spent  on  the  B-A  section  was  ^  :  0.75  v,  i.e.  - h. 

2  2  2-0. to 

By  hypothesis. 


2-0.75 


+H5l=A+( 

I"  9 


Answer :  10  hours. 
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434,  Suppose  the  cyclist  travelled  at  a  speed  ol  v  km/h;  then  the  required 

speed  was  (e  —  1)  km/h.  The  cyclist  actually  travelled  —  h,  while  the  schedu- 

30  " 

led  time  was  h.  By  hypothesis. 


30  30  3 

v — 1  v  GO 

The  negative  solution  v  —  —24  is  not  suitable. 

Answer:  25  km/h. 

435.  Let  the  scheduled  speed  be  x  kra/h.  The  actual  speed  was  (x  +  10)  km/h. 
The  scheduled  time  is  y  h,  but  actually  it  was  i—.  h.  By  hypothesis, 

80  80  10 
x  x-f-10- GO 

Answer:  50  km/h. 

436.  The  first  half  of  the  distance  was  covered  by  the  train  in  x  hours.  Then, 
to  arrive  in  lime  the  train  had  to  cover  the  remaining  portion  of  the  route  in 

x  —  y  hours.  The  speed  of  the  train  in  the  first  half  of  the  route  was  —  km/h, 

420  •  X 

in  the  second,  - km/h.  By  hypothesis, 

x  T 


420  420 


9 


The  equation  has  only  one  positive  root. 

Answer:  21  hours. 

437.  Let  the  speed  of  the  first  train  be  x  km/h,  that  of  the  second,  y  km/h. 
In  the  first  case  the  first  train  covers  lOx  kilometres  before  they  meet,  the  second. 
10 y  kilometres.  Consequently, 

lOx  ~i~  10 y  =  650 

In  the  second  case  the  first  train  covers  8x  kilometres,  and  the  second  (which 
spent  eu  route  8  h  +  4  h  20  rain  =  12  —  h),  12  -iy.  Consequently, 

13— ■  y  =  650 


Answer:  the  mean  speed  of  the  first  train  is  35  km/h,  that  of  the  second  is 
30  km/h. 

438.  Let  the  speed  of  the  first  train  be  .v  km/h,  and  that  of  the  second,  tj  km/h. 
The  distance  of  600  km  is  covered  by  the  first  train  in  —  hours,  and  bv  the 

X 

second,  in  hours.  By  hypothesis, 

600  t  00Q  250  200 

x  r‘  tj  *  x  —  y 
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Answer:  the  speed  of  the  first  train  is  50  km/h,  that  of  the  second  is  40  km/h. 

439.  If  the  distance  is  *  km,  then  at  a  rate  of  3.5  km/h  the  commuter  would 

cover  this  distance  in  hours.  And  since  he  would  be  one  hour  late,  the  moment 


he  started  out  was  separated  from  the  train  leaving  time  by  (3^5  —  ^ )  hours. 

In  an  hour,  during  which  he  had  walked  3.5  km,  there  remained  (^5  “  hours 

till  the  train  departure,  and  he  bad  to  cover  the  remainder  of  the  distance  of 
(x  —  3.5)  km.  At  a  rate  of  5  km/h  the  commuter  covered  this  distance  in 

x—3  g 

— hours.  Since  he  arrived  half  an  hour  before  the  train  leaving  time,  we 
have 

x  0  x—  3.5_  1 
3.5~"  5  2 


Answer:  21  km. 

440.  Lot  the  speed  of  the  cyclist  he  x  km  min,  and  that  of  the  car,  y  km/min. 
The  car  had  travelled  10  minutes,  and  the  cyclist.  10  -j-  15  =  25  minutes  when 
he  was  caught  up  by  the  car.  By  this  moment  they  had  covered  one  and  the 
same  distance.  Consequently,  25r  ~  10,y.  By  the  time  the  car  on  its  return 
trip  encountered  the  cyclist  the  car  had  covered  50t/  km,  and  the  cyclist,  65x  km. 
The  sum  of  these  distances  is  equal  to  twice  the  distance  between  A  and  B. 
Therefore  65x  -j-  50 1/  ~~  38.  Solving  the  system  of  equations,  we  find  x  =  0.2: 
y  0.5. 

Answer:  the  speed  of  the  cyclist  is  equal  to  0.2  km/min  —  12  km/h,  and 
that  of  the  car.  to  0.5  km/min  =  30  km/h. 

441.  Let  the  trains  pass  each  other  in  x  hours  after  the  fast  train  departure. 
Then,  by  the  time  of  the  encounter  the  mail  train  had  travelled  (x  -f~  3)  hours. 
Each  train  had  covered  1080  :  2  —  540  (km)  before  they  met.  Hence,  the  speed 

of  the  first  train  is  equal  to  ™  km/h  and  that  of  the  second,  to  km/h.  By 


hypothesis,  —  -'-*-4  —  15.  Onlv  one  root  is  suitable:  x  —  9. 
x  x  -f*  3 

Answer,  in  9  hours  after  the  fast  train  departure. 

442.  Let  the  first  cyclist  travel  x  hours.  Reasoning  in  the  same  way  as  in 
the  preceding  problem,  we  set  up  the  equation 


36 

X  —  1 


X 


Answer :  the  speed  of  the  first  cyclist  is  equal  to  14  km/h  and  that  of  the 
second,  to  18  km/ft;  the  first  is  3  hours  on  route  prior  to  the  encounter,  the  second, 
2  hours. 

443.  Let  the  distance  AB  between  the  starting  points  be  x  km,  and  let 
the  first  hiker  cover  it  in  y  hours.  By  hypothesis,  the  second  hiker  covers 


the  distance  BA  in  <//  —  5)  hours.  Hence,  the  first  covers kilometres  per 

hour,  and  the  second,  — kilometres  per  hour.  During  an  hour  the  distance 
y  —  D 
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between  the  hikers  is  reduced  by  ^—4 - ZTjf)  km’  ^urinS  3 "3“  hours, 

1 


by;i3{( 
+ 


y — 5 


•C  \  1  i  /  X 

— sr  )  .  Since  they  meet  in  3t  hours,  we  have  3-x-l  —  4- 
t—o  /  3  3  V  y 

J  =  x.  Since  x  ^  0,  we  can  divide  both  members  by  x.  We  get: 

*t(7+»=tH 


Hence,  we  find  y .  The  value  of  x  remains  undetermined. 

Answer:  the  first  hiker  covers  the  whole  distance  in  10  hours  and  the  second, 
in  5  hours. 

444.  Let  us  denote  the  point  of  encounter  by  C.  Let  AC  ~  x  km;  then,  by 
hypothesis,  CB  ~  (x  4-  12)  km.  Furthermore,  by  hypothesis,  the  first  hiker 

covers  the  distance  CB  in  8  hours.  Hence,  his  rate  is  equal  to  km/h. 

o 


In  the  same  way  we  find  that  the  rate  of  the  second  hiker  is  -p  km/h.  Conse- 


x  |  AO  g x 

quently,  the  distance  A  C  is  covered  by  the  first  one  in  x  :  — — ^  =  — — — -  hours, 

O  X  -p  1  w 

while  the  second  covers  the  distance  BC  in  — hours.  And  since  the  second 

x 

travels  6  hours  more  than  the  first  one,  we  have 
9(x4-12)  8x 
x  x  +  12 


x  |  1^ 

When  solving  this  equation  we  may  introduce  an  auxiliary  unknown  —  2. 

We  get  9a  —  —  6.  Out  of  the  two  roots  =  -y  and  z2  the  second 

one  is  not  suitable,  since  both  quantities  x  —  AC  and  .r  4-  12  —  CB  must  be 
positive.  From  the  equation  —  y  we  find  x  —  36.  Hence,  AC  —  36  km, 


CB  —  48  km. 

Answer:  AB  —  84  km.  The  rate  of  the  first  hiker  is  6  km/h  and  that  of  the 
second  one  is  4  km/h. 

445.  The  problem  is  similar  to  the  preceding  one.  Let  the  dirigible  fly 
to  the  passing  point  x  km:  then  the  airplane  has  made  (x4-100)  km.  The 

speed  of  the  dirigible  is  equal  to  x km/h  and  that  of  the  airplane,  to 


— p  km/h.  From  its  terminal  to  the  passing  point  the  dirigible  flies 

1  T 

—  — - i— -  hours;  whereas  the  airplane  covers  the  distance  between 

3  x~j-l00 

1  -g-  (x  4- 100) 

the  airport  and  the  passing  point  in  -  hours.  We  obtain  the 
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Consequently,  — —7^  =  ±  ,  whence  x  —  200;  the  second  root  is  not  suitable. 

x-f-  iUu  o 

Answer:  the  distance  between  the  airports  is  equal  to  500  km;  the  speed 
of  the  dirigible  is  100  km/h  and  that  of  the  airplane  is  150  km/h. 
446.  First  method.  The  problem  may  be  solved  in  the  same  way  as  the  pre¬ 
ceding  one.  We  get  the  equation 

=  i.e. 

V  x  —  a /  m  x—a  ym 

Hence, 

a~[/n 

~V  n —  V m 

Then  we  find  the  speeds  of  the  hikers: 

x  —  a  ,  x 

Vi  = -  and  i>2  —  — 


Second  method.  Let  us  denote  the  point  of  encounter  by  C.  Since  the  first 
hiker  covers  the  distance  CB  in  m  hours,  we  have  CB  —  vxm  km.  Similarly, 
CA=-v2n  km.  By  hypothesis,  CA  —  CB  —  a.  We  get  the  equation  nv2  —  moi  =  a. 

The  section  AC  is  covered  by  the  first  hiker  in  hours;  hence,  the  dis¬ 
tance  between  the  starting  and  the  encounter  points  he  covers  in  hours. 
Similarly,  for  the  second  hiker:  hours.  Since  they  start  out  at  the  same 

time,  we  have  n  —  =  m  —  ,  whence  v2  —  '\/n:'\/m.  Let  us  solve  this 

Vi  v2 

equation  together  with  the  first  one.  For  the  sake  of  symmetry  it  is  useful 

to  make  the  following  substitution:  t=— 7=-=  — ' >— ■  .  Substituting  the  expres- 

y  n  y  m 

sions  i>1  =  'y'n7and  =  Vmt  into  the  first  equation,  we  get  (n  Vm  — m  V”)f  = 

—  a,  whence  t  — — - - —p ;  now  we  find 

nym.  —  rn  y  n 

a~\/n _  ^  _ _ aym 

n  ~/~m  —  m  “  n~)/  m-m^n 


Note.  The  problem  is  solvable  only  if  b  ]/m  >  m  ~]/ n\  dividing  both  mem¬ 
bers  of  this  inequality  by  the  positive  number  we  get  Vn  >  V™, 

i.e.  n  >  m.  This  condition  can  be  obtained  immediately  from  the  given  one: 
since  the  first  hiker  covers  a  greater  distance  before  they  meet,  his  rate  is  higher 
than  that  of  the  second  hiker.  On  the  other  hand,  the  first  hiker  has  to  cover 
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a  shorter  distance  to  arrive  at  B  than  the  second  to  arrive  at  A .  Consequently, 
the  first  will  reach  B  faster  than  the  second  will  reach  A. 

Answer :  the  speed  of  the  first  hiker  is  - — __  km/h  and  that  of 

_  nym —  my  n 

the  second,  - — __  km/h. 

n  y  m —  ml/ n 

447.  Let  the  first  body  make  x  degrees  in  one  second,  and  the  second,  y  deg- 

360  360  ° 

rees.  From  the  first  condition  we  find - =  5.  Each  second  the  distance 

y  x 

between  the  bodies  (as  measured  along  the  arc)  is  increased  by  (x  —  y)  degrees. 
Every  100  seconds  the  distance  must  be  increased  by  360°.  Therefore, 
100  (x  —  y)  ~  360.  The  obtained  system  has  two  solutions  (xj  =  18,  yi  ~  14.4; 
Xo  =  — 14.4,  y2  =  — 18).  Both  of  them  are  suitable,  since  they  have  one  and 
the  same  physical  meaning,  only  the  numbers  of  the  bodies  and  the  direction 
of  motion  being  changed. 

Answer:  18°;  14°24'. 

448.  Let  us  denote  the  speed  of  one  body  (in  ra/min)  by  x  and  that  of 
the  other,  by  y ,  assuming  that  x  >  y.  Let  the  bodies  move  in  the  same  direc¬ 
tion  and  come  together  at  some  point  A .  Let  the  next  nearest  encounter  take 
place  at  a  point  B  (these  points  may  coincide:  for  instance,  in  case  the  speed 
of  the  first  body  is  twice  that  of  the  second;  in  this  event  by  the  moment  they 
come  together  once  again  the  first  body  will  complete  two  revolutions,  whereas 
the  second,  only  one). 

Moving  from  A  to  B  (this  path  may  overlap  itself  for  one  or  both  bodies), 
the  second  body  lags  behind  the  first  one  so  that  by  the  moment  of  the  nearest 
encounter  the  delay  will  be  equal  to  the  full  circumference.  Since  the  bodies 
come  together  every  56  minutes,  during  which  the  first  bodv  covers  a  distance 
of  56x  metres,  and  the  second  one,  56 y  metres,  the  circumference  is  equal  to 
56x  —  56 y. 

Let  now  the  bodies  move  in  opposite  directions.  Then  the  sum  of  the  dis¬ 
tances  covered  by  them  during  the  interval  between  the  two  nearest  encounters, 
i.e.  during  8  minutes,  will  make  the  whole  circumference.  Consequently,  the 
circumference  is  equal  to  8x  -f  8y.  Thus  we  have  the  equation  56x  —  56y  — 
=  8.r  ~f-  8 y. 

By  hypothesis,  in  24  seconds  the  distance  (along  the  circumference)  between 
the  approaching  bodies  decreases  by  40  —  26  =  14  metres.  During  this  time 
the  bodies  do  not  come  together;  therefore  the  decrease  in  the  distance  bet¬ 
ween  the  bodies  equals  the  sum  of  the  distances  covered  by  them  in  24  seconds  = 

~  y  minute.  And  so  we  get  the  second  equation 
2  9 


Answer:  20  m/min;  15  m/min;  280  m. 

440.  Let  x  and  y  be  positive  numbers  expressing  the  speed  of  the  points 
in  corresponding  units  (if  c  is  the  circumference  in  metres,  then  the  unit  of  speed 
is  1  m/sec,  and  so  on;  it  is  not  clear  from  the  given  conditions  in  what  units  the 
length  is  measured).  Assuming  that  x  >  y,  we  have  the  system  of  equations 

,  .  c  c 

tx — ty  —  c: - =  n 

y  x 
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(for  the  setting  up  of  the  first  equation  ; 
a  substitution,  we  find  the  equation 

nty^  +  ncy  — 


the  preceding  problem).  Making 
=  0 

Its  positive  root  is  y  —  c  (Vn2+^n*  —  n)  second  root  is  negative  ) 


2  nt 

Answer:  the  higher  speed  is  numerically  equal  to 


c  ("l/n2  -f-  Ant  -f- «) 


the 


lower,  to 


c  ("V —  n) 


2  nt 


450.  Let  the  speed  of  the  ship  in  still  water  be  x  km/h.  Then  we  have  the 
.•  80  .  80  1 

equation  -^.+■—^-=8-^. 

Answer :  20  km/h. 

451.  Answer:  9  km/h. 

452.  Let  the  rate  of  the  current  of  water  be  x  km/h,  and  the  speed  of  the  boat 

20  20 

in  Stillwater,  y  km/h.  The  first  condition  yields  the  equation  — - f-  - - =  10; 

y  t  x  y  ~~~  z 

o  3 

the  second  condition,  the  equation  =  if  ,  .  In  solving  this  system  it  is 


convenient  to  put 

Solving  the  system, 
we  find 


1 

y+z  ’ 


y  +  x  ' 
1 


1 

5  : 


20u  +  20t-  =  10;  2t>  =  3u, 


3  .  ,  c  *0 

=  i0*ie'  *  +  *  = 


j> 

=  ti 

1 

6 

453.  Let  the  raft  float  down  the  river  over  the  distance  ( a  km)  between  A 
and  B  in  x  days.  Then  its  rate,  equal  to  the  rate  of  the  current  of  water  is 

~  km/day.  By  hypothesis,  the  speed  of  the  ship  going  downstream  is  equal 

to  km/day.  Consequently,  the  speed  of  the  ship  in  still  water  is  — 

—  —  j  km/day.  And  since  the  speed  of  the  ship  going  upstream  is  equal 

to  ~  km/day,  its  speed  in  still  water  is  +  km/day.  We  have  the  equation 

a  a  a  .  a 
_____  3  +  ^ 


Answer:  12  days. 
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454.  Let  the  speed  of  the  body  Af*  be  *  m/s,  and  that  of  Jtf2*  V  m/s.  By  the 
moment  of  the  first  encounter  Aft  has  been  in  motion  during  21  seconds,  and 
Mz,  during  21—15  =  6  seconds.  Thus,  we  get  the  equation 
21*  -f  6y  =  60 

By  the  moment  of  the  second  encounter  Mi  has  been  in  motion  during  45  se¬ 
conds,  and  Af 2,  during  45  —  15  —  30  seconds.  Let  C  be  the  point  of  the  second 
encounter;  then  Mi  by  the  moment  of  the  second  encounter  has  covered  the 
distance  AB  - f*  BC,  and  Af2»  the  distance  BA  -f-  AC.  The  sum  of  these  distan¬ 
ces  is  3^45,  i.e.  180  m.  And  so  we  obtain  the  second  equation 
45*  -f-  30y  =  180 


Answer:  the  speed  of  the  body  Mi  is  equal  to  2  m/s,  and  that  of  the  body 
M2,  to  3  m/s. 

455.  Let  the  speed  of  the  messenger  when  going  uphill  be  equal  to  *  km/h, 
over  the  level  ground,  to  y  km/h,  and  downhill,  to  z  km/h.  Before  returning 
the  messenger  has  covered  half  the  distance,  i.e.  14  :  2  —  7  km;  he  has  gone 
3  km  uphill,  4  km  over  the  level  ground,  then  (on  his  way  back)  another  4  km 
over  the  level  ground  and,  finally,  3  km  downhill.  By  hypothesis, 


1  +  A+A  +  £  =  33  e.  A+±+l  =  3  3 

x  y  '  y  r  z  5  ’  z  T  y  T  z  5 


The  other  two  conditions  yield: 


±  6  4.  5  4.  3  _,” 

*  h  i,+T-3  20  ’  T  +  TtT-320 


We  find  — ,  — ,  —  and  then  x,  y,  z. 
x  y  z 

Answer :  uphill— 3  km/h,  over  the  level  ground— 4  km/h,  downhill— 5  km/h. 
456.  Let  the  quota  be  *  pages  a  day  and  the  time  limit,  y  days.  Then,  by 
hypothesis, 

(*  -f  2)  (y  —  3)  —  xy  and  (*  4  4)  {y  —  5)  =  *y 
Answer :  120  pages,  15  days. 


457.  Let  the  operator  make  *  parts  in  y  days.  Then  he  produced  parts  per 
day.  By  hypothesis,  if  he  had  turned  out  y  4-  10  parts,  he  would  have  comple- 
ted  the  job  in  y  —  4 -j  days.  Hence,  to)  (y  —  4  -i- )  -  x.  The  other  condi¬ 

tion  yields  the  equation  (y  —  5)  (y  +  3)  =  x.  We  get  the  following  system 
of  equations 

J  lOg-4  4-y=45 
—  5f/-j-3  — 15 

Multiplying  the  second  equation  by  2  and  adding  the  product  to  the  first  one, 
we  get  —  =  50.  Substituting  this  value  into  the  second  equation,  we  find  y  — 
—  27.  Consequently,  *  —  50 y  —  1350. 
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Note.  This  problem  may  be  solved  in  the  same  way  as  the  preceding  one,  if 
instead  of  the  unknown  x  we  introduce  the  quantity  z  denoting  the  number  of 
parts  produced  daily.  We  would  obtain  the  same  system  of  equations,  where 

the  quantity  would  be  replaced  by  z. 

Answer :  the  worker  made  1350  parts  in  27  days. 

458.  Let  the  daily  quota  of  the  typist  be  r  pages,  and  the  time  limit,  y  days; 
then  the  job  involves  the  typing  of  xy  pages.  By  hypothesis,  typing  x  +  2  pages 
per  day,  the  typist  would  spend  y  —  2  days.  Hence,  the  job  involves 
(x  +  2)  (y  —  2)  pages.  Consequently, 

(x  +  2)  {y  -  2)  -  xy 

Reasoning  in  the  same  way,  we  get  another  equation: 

(x  +  0.60x)  {y  —  4)  =  xy  +  8. 


Answer :  the  quota  was  10  pages  per  day,  and  the  time  limit,  12  days. 

459.  Let  the  first  worker  complete  the  task  in  x  hours.  Then  we  have  the 

equation  2=T' 

Answer:  the  first  worker  can  do  the  job  individually  in  12  hours,  the  second, 
in  24  hours. 

460.  If  the  first  pipe  fills  the  swimming  pool  in  x  hours,  then  the  second 

fills  it  in  Or  +  5)  hours.  The  given  condition  yields  the  equation  ~  -g  • 

Answer :  the  first  pipe  fills  the  pool  in  10  hours,  the  second,  in  15  hours. 

461.  Let  the  first  worker,  working  individually,  be  able  to  complete  the 
task  in  x  hours,  and  the  second,  in  y  hours.  Then  in  one  hour  the  first  ful¬ 
fills  _L  of  the  whole  assignment,  and  the  second,  —  .  By  hypothesis, 


7  J — — Ji.  .  Since  then  they  worked  together  for  another  4  hours,  they 
x  y  9 

did  ^  the  j°b*  which  was  equal  to  l  —  Thus, 

we  have  the  second  equation  ~  +  — =  X-  Subtracting  it  from  the  first 


3  3  It 

equation,  we  get  —  whence  x=18.  Then  we  find  —=24  an<^  y--24- 

Answer:  it  would  take  the  first  worker  18  hours  and  tfie  second,  24  hours 
to  do  the  whole  assignment. 

462.  Let  us  denote  the  required  numbers  by  x  and  y.  Four  high-power  cranes 
operated  2  +  3  =  5  hours;  two  low-power  cranes  worked  three  hours.  There¬ 
fore  (see  solution  of  the  preceding  problem) 


4.5._i  +  2.3.-i-=l 

*  y 

The  second  condition  yields 

4.4.5._L  +  2.4.5— =1 
x  y 


Answer :  24  hours,  36  hours. 
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463.  Let  one  three-ton  truck  be  able  to  deliver  the  load  during  x  hours,  and 
one  five-ton  truck,  during  y  hours.  By  hypothesis  (see  solutions  of  Problems  461 
and  462), 

30.8-—  +  9.6-— =1  and  9-8-— +30.6— =  — 
x  y  y  '  x  15 

Answer:  x  =  300;  y  =  270;  30  five-ton  trucks  will  deliver  all  the  material 
in  270  :  30  =  9  hours. 

464.  Let  it  take  the  first  typist  x  hours  and  the  second,  y  hours  to  do  the 
whole  job.  When  the  first  was  busy  typing  for  three  hours,  the  second  was  busy 

only  for  2  hours.  Both  of  them  did  1  of  the  whole  work.  We  get 

the  equation 

JL,  JL_  11 

y-  20 


When  the  assignment  was  completed,  it  turned  out  that  each  typist  had  done 
half  the  work.  Hence,  the  first  spent  hours,  and  the  second,  hours.  And 
since  the  first  had  begun  one  hour  before  the  second,  we  have 


~-4-=i 


The  system  has  two  solutions,  but  one  of  them  is  not  suitable,  since  it  yields 
negative  value  for  y. 

Answer:  10  hours  (the  first  typist),  8  hours  (the  second  typist). 

465.  The  problem  is  similar  to  the  preceding  one.  We  get 


2  ,  1.5  __li, 
x  ^  y  30  ’ 


where  x  and  y  are  the  times  (in  hours)  for  each  train  to  travel  the  distance 
between  A  and  B.  Out  of  the  two  solutions  yielded  by  the  system  only  one  is 
suitable. 

Answer:  10  hours;  9  hours. 

466.  Let  x  litres  of  water  per  minute  flow  in  through  the  first  pipe,  and  y 
litres  per  minute  flow  out  through  the  second  pipe.  By  hypothesis,  a  full  bath 
containing  2  X  9  X  2.5  =  45  litres  can  be  emptied  in  one  hour,  if  both  pipes 

are  open.  Hence,  the  amount  of  water  is  reduced  bv  -r-  litre  per  minute. 

*  bO  4 

3 

Consequently,  y—x  —  ~.  On  the  other  hand,  when  only  the  first  pipe  is 

used,  the  bath  can  he  filled  in  ~  minutes;  when  only  the  second  pipe  is  used, 

the  bath  can  be  emptied  in  ^  minutes.  By  hypothesis, 

45  45  _  r 

x  ~~ 


The  system  of  equations 
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45  45 


has  two  solutions  (*,=>2±;  „  =3  and  *2  =  -3;  ,,  =  -2  ±)  .  The  second 
solution  is  not  suitable  (x  and  y  must  be  positive  numbers). 

Answer:  2-y  l/min;  3  i/min. 

4 

467.  Let  the  time  limit  be  x  days;  then  the  daily  plan  is  ~  cubic  metres. 
The  of  navvies  completed  the  job  in  x  _  8  days;  hence,  "the  daily  output 
was  JITg  cubic  metres.  By  hypothesis,  §2251 — §22?  _  50i  0ut  o[  tbe  Uvo  r(,0(s 
yielded  by  this  equation  (xi  =  40  and  x2  =  -32)  only  the  positive  one  is  sui¬ 
table.  Hence,  the  daily  plan  amounted  to  — ^  =  200  cubic  metres.  The  over- 
fulfilment  by  50  m3  made 


50-100 

200 


=  25% 


Answer:  the  original  time  limit  was  40  days,  the  daily  overfulfilment  of 
the  plan  being  25  per  cent. 

468.  The  first  team  repaired  x  km  per  day;  then  the  second  repaired 

(4.5— x)  km  per  day.  The  first  worked  —  days;  the  second,  dav(!  nv 

1  4.5  — x 


hypothesis,  —  —  =  1.  This  equation  yields  two  roots:  xj  =  2  and  x2~ 

-  22.5.  The  second  root  is  not  suitable,  since  the  number  4.5  —  x  must  be 
positive. 

Answer:  the  first  team  repaired  2  km,  and  the  second,  2.5  km  daily 
469.  Let  the  first  worker  be  able  to  do  the  whole  job  in  x  hours,  and  the  se¬ 
cond,  in  y  hours.  Hence,  half  the  assignment  was  done  by  the  first  in  ~  hour<‘ 

the  remaining  half  will  be  done  by  the  second  in  y  hours.  By  hypothesis, 
~  +  JL  =  25.  The  other  condition  (see  solution  of  Problem  461)  yields 


10 


— +— 
*  V 


Answer:  one  of  the  workers  (either  the  first,  or  the  second)  can  do  the  whole 
job  in  20  hours,  the  other,  in  30  hours.  11010 


13-01338 
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470.  Let  one  tractor  be  able  to  plough  the  field  in  x  days,  and  the  second, 
in  y  days.  We  have  (see  the  preceding  problem)  the  system  of  equations: 


It  can  be  replaced  by  the  system  3+y  =  2&;  xy  =  2Jct. _ 

Answer:  it  would  take  one  of  the  tractors  (fc  +  l/&2~  2fci)  days  and  the 


other,  {k  —  ’\/k2 — 2kt)  days.  Tbo  problem  is  solvable  for  -y>f. 

471.  Let  all  the  three  dredgers  working  together  be  able  to  complete  the  job 
in  x  days.  Then  the  first  one  working  alone  can  do  the  job  in  {x  +  10)  days,  the 
second  alone,  in  (x  4*  20)  days,  and  the  third  alone,  in  6x  days.  In  one  day  the 

first  dredger  alone  fulfills — ^-77- of  the  job,  the  second  alone,  — and  the  third, 
3+10  x+20 

and  ail  of  them  together,  —  of  the  job.  Thus  we  have  the  equation 
ox  x 


x  +  10 


■+ 


_ L_+ J_=J_ 

3  +  20  *  6x  3 


Answer :  the  job  can  be  done  by  the  first  dredger  alone ‘in  20  days,  by  the 
second,  in  30  days,  and  by  the  third,  in  60  days. 

472.  The  second  worker  can  complete  the  assignment  in  x  days,  the  first 

7 

can  do  it  in  (x  +  3)  days.  In  7  days  the  first  worker  will  fulfill  — r-5-of  the  job, 

3  +  0 

1  5t 

-  5  77-  days  the  second  worker  will  do - of  the  whole  job.  Thus, 


we  obtain  the  equation 


3  +  3 


Answer :  it  would  take  the  first  worker  14  days  and  the  second  one,  11  days 
to  do  the  job  individually. 

473.  Let  it  be  possible  for  the  first  tractor  to  plough  the  whole  field  in  x 
days,  for  the  second  one,  in  y  days.  The  first  condition  yields 

JLlJL.1 

x  '  y  8 

The  first  tractor  can  plough  half  the  field  in  days,  the  remaining  half  will 
be  ploughed  by  both  tractors  in  4  days  (the  whole  field  was  ploughed  by  them 
in  8  days).  And  so  we  have  the  second  equation  -^-+4=10,  hence  x  —  12 

(days).  From  the  first  equation  we  find  y  —  24  (days). 

Answer:  it  would  take  the  first  tractor  12  days,  and  the  second,  24  days  to 
plough  the  field. 

474.  Since  the  workers  began  working  one  after  another,  the  intervals  bet¬ 
ween  the  starting  times  being  the  same,  and  the  first  to  begin  worked  five  times 


Chapter  VII.  Algebraic  and  Arithmetic  Problems 


as  long  as  the  last  to  begin,  the  number  of  workers  was  equal  to  5.  If  the  last 
to  begin  worked  x  hours,  then  the  total  of  the  working  hours  amounted  to 
*  +  .2*  -f  3x  -f-  4x  >f  5x  =  15x.  By  hypothesis,  the  men  could  have  finished 
the  job  in  6  hours,  if  they  had  begun  at  the  same  time.  Consequently,  lex  — 
—  5*6,  whence  x  =  2.  The  job  lasted  as  long  as  the  first  worker  digged  i.e 
for  5x  hours. 

Answer :  they  worked  iO  hours. 

475.  Let  the  first  worker  be  able  to  complete  the  task  in  x  hours;  we  get 
the  equation 

1  1  1  1 

x+x  +  l  +  2x  ~  t 

Answer :  x  =  (5/  — 2-f  V^bt2  +  4/  +  4). 

476.  Let  the  first  tap  fill  the  tank  in  x  hours,  and  the  second,  in  y  hours. 
In  one  hour  the  first  tap  fills  —  of  the  tank,  and,  by  hypothesis,  it  was  open 

1 

/ 1  \  3  y 

hours;  hence,  the  water  from  the  first  tap  filled  — -  of  the  tank.  Similarly, 


we  find  that  the  water  from  the  second  tap  filled -  of  the  tank.  Since,  when 

13  ^ 

this  was  done,  the  tank  was  yg  full,  we  have 

1  JL .  JL 

3  *  x  +  3  *  y  “18 

The  second  condition  yields  the  equation 

-L+-U! 

X  y  18 

The  system  may  be  solved  in  the  following  way.  If  we  put  —  =  r,  then  the 
first  equation  takes  the  form 

1  .11  13 

Tz+3  ‘7“  18 


whence  z,  =  —  ; 


Transform  the  second  equation  to 


Substituting  =  we  find  y  =  9;  hence,  x=~-*,  =  6.  Substituting 
V  2 

WC  ^'n(*  ^  ^  and 

Antwer.  one  of  the  taps  fills  tho  lank  in  6  hours,  the  other,  in  9  hours. 
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477.  If  the  daily  quota  of  bricklaying  was  x  thousand  bricks,  and  the  actual 
number  of  bricks  laid  daily  was  y  thousand,  then  we  have  the  system  of  equa¬ 
tions 


(120 

120  4 

y 

U;,- 

-Ax  — 5 

Answer:  the  daily  quota  of  bricklaying  was  10  000  bricks  and  the  actual 
number  of  bricks  laid  amounted  to  15  000. 

478.  The  consecutive  amounts  of  water  (in  litres)  in  the  three  vessels 
(l,  II,  III)  are  tabulated  below: 


1  ri  /  t  \  .  i  .  2 

I  1 

X 

T* 

To  Lt(ti+!,)+2J+t* 

3/1  ,  \ 

3/1  \ 

II 

y 

T  \Tx~y) 

1/1  ,  \  , 

9  r  l  /  1  \  ,  1 

III 

2 

T 

To  LTlTI+i')+2J 

By  hypothesis,  each  of  the  expressions  in  the  last  column  is  equal  to  9. 

Alternate  solution.  First  find  the  amount  u  of  water  contained  in  the  second 
vessel  after  the  first  pouring.  By  hypothesis,  the  second  pouring  reduced  this 
1  3 

amount  by-^-u,  leaving  there  9  litres  of  water.  Consequently,  —u  =  9,  i.e. 

u  —  12.  Now  find  the  original  amount  z  of  water  in  the  third  vessel.  The  first 

1 

pouring  left  it  unchanged;  the  second  one  increased  it  by-^-u  =  3  litres,  so  that 
the  third  vessel  turned  out  to  contain  ( z  +  3)  litres.  The  third  pouring  reduced 
this  amount  by^  {=  -f  3).  Consequently,  —  (z  -f-  3)  =  9,  i.e.  2  =  7.  Then 

find  the  original  amount  of  water  x  in  the  first  vessel.  The  first  pouring  left 
2 

in  it  -  x  litres;  the  second  pouring  left  this  amount  unchanged;  the  third  pouring 
1  2 

increased  it  by  (3  -f-  3)  =  1.  Consequently,  ji-j-  1  =9,  i.e.  x  —  12. 
Finally,  find  the  original  amount  y  of  water  in  the  second  vessel.  After  the  first 
pouring  it  was  increased  by  -^x—A  and  became  equal  to  12  litres  (as  it  has  been 

found).  Consequently,  y  —  12  —  4  =  8. 

Answer:  12  litres;  8  litres;  7  litres. 

479.  If  for  the  first  time  x  litres  of  alcohol  was  poured  out,  then  (64  —  x) 

64— x 

litres  of  alcohol  was  left;  for  the  second  time  — ^ — x  litres  of  pure  alcohol  was 

gjj _ x  I 

poured  out,  leaving  64  —  x - — x  =  ^-(64— x)2  litres  of  pure  alcohol. 
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We  get  the  following  equation 

i  (64-1)*  =  49 

Answer :  for  the  first  time  8  litres  of  alcohol  was  poured  out  and  for  the 
second,  7  litres. 

480.  Having  poured  x  litres  of  alcohol  into  the  second  vessel  and  made 
it  full  by  adding  water,  we  have  in  the  second  vessel  ^litres  of  alcohol  per 

litre  of  the  mixture.  Then  x  litres  of  the  mixture,  containing  55 I  =  55lilr"s 

of  alcohol,  is  poured  back.  Asa  result,  the  first  vessel  now  contains  ^20 —  ,r-f~  j 
2 

litres  of  alcohol.  Then  6  —  litres  of  the  mixture  is  poured  out  from  the  first 

(4  ,  ) 

vessel  \  ~2Q~  make  ^  of  the  total  amount  of  the  mixture J  .  Thus,  the  amount 

of  alcohol  is  reduced  by  ,  i.e.  now  the  first  vessel  contains  ~  ^ 20  —  j 

litres  of  alcohol.  Since  the  amount  of  alcohol  contained  in  both  vessels  is  con¬ 
stant  and  is  equal  to  20  litres,  and  by  hypothesis,  both  vessels  now  contain 
the  same  amount  of  alcohol  (i.e.  10  litres  each),  we  have 


3(211  jr+2(>)“ 


Answer.  10  litres. 

481 .  Let  x  litres  of  air  he  let  out  of  the  vessel,  and  the  same  amount  of  nitro¬ 
gen  put  in.  The  remaining  amount  of  air  of  (8  —  x)  litres  contains 
(8  —  x)  0.16  litres  of  oxygen.  Thus,  8  litres  ol  the  mixture  contains  this  amount 

of  oxygen,  i.e.  1  litre  of  the  mixture  contains  — — 1  of  oxygen.  Conse¬ 
quently,  when  for  the  second  time  x  litres  of  the  mixture  is  replaced  by  .r  litres 
of  nitrogen,  the  remaining  amount  of  the  mixture  of  (8  —  x)  litres  contains 

•  (8  —  x)  ~  (8  —  a)2  0.02  litres  of  oxygen.  Hence,  in  relation  to 


the  total  amount  of  the  mixture  (8  litres)  the  oxygen  content  is— — ^  x 

8 

X 100  — .  By  hypothesis,  ^  ~9.  Out  of  the  two  roots  (j,  —  2, 

x2  =  14)  only  the  first  one  is  suitable,  since  it  is  impossible  to  let  out  mure 
than  8  litres. 

Answer :  2  litres. 

482.  Let  the  first  woman  have  x  eggs,  and  the  second  one,  y  eggs.  If  the  first 
had  sold  y  eggs,  then,  by  hypothesis,  she  would  have  received  72  roubles.  C<»nse- 
72  l‘> 

quently,  she  sold  her  eggs  at  —  roub.  per  piece  and  received  ~x  roub.  Reasoning 


in  the  same  way,  we  find  that  the  second  woman  received  —  y  roub.  Thus  we 
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have 

two  equations 

32  72 

—  y  = —  x;  x+y—  100 
x  y 

From 

the  first  we  find 

(*x)  ~P’  w*ience  ““  =  *!■  (the  negative  value 

!L=r. 

— is  not  suitable^ 

2  i 

)  . 

X 

i 

Answer:  the  first  had  40  eggs;  the  second,  60  eggs. 

483.  With  the  notation  of  the  preceding  problem  we  get  the  following 
system 


From  the  first  equation  we  find  x:y  =  '\/n :  ~[/m.  Divide  then  a  into  parts 
proportional  to  ~fn  and  ~\/m . 


Answer :  the  first  had 


2  "l/n 


litres;  the  second,  . 


litres. 


T/Vl  +  Vn  ’  Vm  +  Vn 

484.  Let  the  first  engine  consume  x  grams  of  petrol  per  hour,  and  the 
second,  y  grams;  then  600  grams  of  petrol  was  consumed  by  the  first  engine 

in  2?  hours,  and  384  grams,  by  the  second  in  hours.  By  hypothesis, 
If  the  first  engine  bad  consumed  y  grams  of  petrol  per  hour, 

x  ij 

then  during  —  hours  of  operation  it  would  have  consumed  —  •  y  grams  of 


petrol,  and  if  the  second  had  consumed  x  grams  per  hour,  then  during  — 
384 

hours  it  would  have  consumed  — x  grams  of  petrol;  by  hypothesis, 


COOy  384x 
x  ~  y 

Answer ;  the  first  engine  consumes  60  g/h;  the  second,  48  g/h. 

2 

485.  Suppose  we  need  x  kg  of  the  first  alloy.  Then  x  kg  will  contain  ^  x  kg 

3 

of  gold,  and  (8  —  x)  kg  of  the  second  alloy  will  contain  (8  —  x)  kg  of  gold. 

5 

By  hypothesis,  8  kg  of  the  new  alloy  must  contain  — -8  kg  =  2.5  kg  of  gold. 
2  3 

Consequently,  -^-x  —  ^  (8  —  x)  =  2.5.  Hence,  x  =  1  (kg)  and  8— x  =  7  (kg). 

Answer:  i  kg  of  the  first  alloy  and  7  kg  of  the  second. 

486.  See  solution  of  the  preceding  problem. 

Answer:  9  pails  from  the  first  barrel  and  3  pails  from  the  second. 

487.  Let  the  third  alloy  contain  x  parts  of  the  first  and  y  parts  of  the  second 
alloy,  i.e.  x  kg  of  the  first  and  y  kg  of  the  second  alloy.  Then  (x  y)  kg  of  the 
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third  alloy  will  contain  (y*  kg  of  the  first  metal  and  ^ ~xA  ~y^j  kg 

of  the  second.  By  hypothesis, 


Reducing  the  dividend  and  divisor  to  a  common  denominator  (15)  and  dividing 
them  by  y,  we  get 

(57+6M,n7+9H7:27 

whence  —  =  ^  . 
y  3a 

Answer:  9  parts  of  the  first  alloy,  and  35  parts  of  the  second. 

488.  Let  the  larger  wheel  make  x  revolutions  per  minute,  and  the  smaller 
one,  y  r.p.m.,  y  >  x.  We  have  two  equations: 


y  —  x  =  400; 


jj _ 5 

x  ~y  60 


The  second  equation  may  be  transformed  to  xy  •—  300  (y  —  .r),  i.e.  xy  --  120,000. 
Answer:  The  larger  wheel  makes  200  r.p.m..  the  smaller  one,  600  r.p.m. 
489.  Let  the  circumference  of  the  front  wheel  he  equal  to  x  dm,  and  that 
of  the  rear  wheel,  to  y  dm.  We  have  two  equations: 


180 

x 


y 


and 


180  180 

x  +  6  y — 6 


The  first  one  is  transformed  to  18  (y  —  x)  =  xy,  the  second,  to  39  (y  —  x)  — 
—  xy  • f  504.  From  them  we  find  y  —  x  —  24;  xy  —  432. 

Answer:  the  circumference  of  the  front  wheel  is  12  dm;  that  of  the  rear  wheel. 
36  dm. 

,  2 

490.  600 •■y'—  ^00  tons  was  unloaded  during  the  first  aud  the  third  days; 

600  tons  —  400  Ions  =  200  tons  was  unloaded  during  the  second  day.  Let  x 
tons  he  unloaded  during  the  first  day;  then  (400  ~  x)  tons  was  unloaded  during 
the  third  day.  The  reduction  of  the  amount  of  goods  unloaded  on  the  second  day 

(as  compared  with  the  first  day)  came  to  (x— 200)  tons,  which  made  % 

x 

of  the  amount  unloaded  on  the  first  day.  The  reduction  of  the  amount  of  goods 
unloaded  on  the  third  day  relative  to  that  on  the  second  day  was 

200~(400  —  jr)  —  (x  —  200}  tons,  which  made  lf-Z.J^>100  «0  or  izJjgf?  % 

of  the  amount  unloaded  on  the  second  day.  By  hypothesis, 


x  —  200  (x  — 200)  100 


We  find  two  roots:  xj  --  250;  xj  —  160.  The  second  one  is  not  suitable,  since, 
by  hypothesis,  the  amount  of  the  unloaded  goods  was  reduced  from  day  to  day, 
whereas  at  x=  160  the  amount  of  the  unloaded  goods  would  he  160  tons  oil 
the  first  day,  200  tons  on  the  second  day,  and  240  tons  on  the  third. 
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Answer :  250  tons  was  unloaded  during  the  first  day,  200  tons  during  the 
second,  and  150  tons  during  the  third. 

491.  Let  the  first  solution  weigh  x  kg,  then  the  second  weighs  (10  —  x)  kg. 

The  percentage  of  anhydrous  sulphuric  acid  in  the  first  solution  is  -•8'100^ 
an£*  tkat  in  the  second,  =  By  hypothesis, 


4.  Since,  by  hypothesis. 


The  equation  has  two  positive  roots  xj 
x  <10,  the  first  solution  is  not  suitable. 

Answer:  4  kg  and  6  kg. 

492.  The  first  alloy  contained  x%  of  copper,  the  second,  (x  -f  40)  %.  The 
first  alloy  weighed  5-95  kg,  and  the  second,  —  '  ^  kg.  We  get  the  following 
equation:  529  + =  50. 

Answer:  20%  and  60?o. 

493.  Let  the  speed  of  the  freight  train  be  x  m/s,  and  that  of  the  passenger 
train,  y  m/s.  In  28  seconds  the  freight  train  covered  28.r  (m),  and  the  passenger 
train,  28 y  (rn);  we  obtain  the  first  equation 

28x  +  28y  =  700 


The  freight  train  passes  the  signal  lights  during  —  seconds,  and  the  passenger 

210  X 
train,  during  ~~  seconds.  Thus,  we  get  the  second  equation 

490  210  or 


Answer:  the  speed  of  the  freight  train  is  equal  to  10  m/ s,  i.e.  30  km/h  and 
that  of  the  passenger  train,  to  15  m/s.  i.e.  54  km/h. 

494.  if  the  number  of  the  eight-wheel  tank-cars  is  equal  to  x,  then  that  of 
the  tour-wheel  cars,  to  (r  -f-  5).  If  one  four-wheel  car  weighs  y  tons,  then  one 
eight-wheel  car  weighs  3 y  tons.  The  net  weight  of  the  oil  contained  in  a  four- 
wheel  car  is  equal  to  (40*0.3)  tons,  i.e.  to  12  tons.  An  eight-wheel  car  filled 
with  oil  weighs  (3 y  -f  40)  tons,  and  a  four-wheel  car,  (y  -f  12)  tons.  We  have 
the  first  equation 

x  (3 y  -f-  40)  -f  (x  -j-  5)  ( y  -f  12)  =  940 

The  weight  of  oil  contained  in  all  the  eight-wheel  cars  is  40x  tons,  and  that  of 
all  the  loaded  four-wheel  cars  is  (x  -f-  5)  (y  12)  tons.  Thus,  we  have  the  second 
equation 

40x  -  (x  -f  5)  (y  4-  12)  —  100 

Answer:  there  are  10  eight-wheel]  tank-cars,  each  weighing  24  tons,  and  15 
four-wheel  cars,  each  weighing  S  tons. 

495.  Let  the  first  machine  drive  x  in  per  day,  and  the  second,  y  in.  In  the 
first  case  the  first  machine  would  have  done  30?o  of  the  work,  i.e.  it  would 

have  driven  =  18x  (m),  and  the  second,  i’0'*'— .  =  16y  (m).  We  have 
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the  first  equation 

18x  +  16y  =  CO 

In  the  second  case  the  first  machine  would  have  driven  ~-60</(m)  in  4--60-.iL 

3  3  x 

days.  The  second  machine  would  have  done  the  work  in  — -60-—  days.  And 
so  we  have  the  second  equation  J 

40y_18x 


The  obtained  system  is  easily  solved,  if  we  put  JL  —  Only  the  positive  value 

3  x 
z  —  -r-  is  suitable. 

4 

Answer :  the  first  machine  drives  2  metres  of  the  tunnel  per  day.  the  second. 
1  y  metres  per  day. 

496.  Let  the  first  crow  be  able  to  repair  the  whole  section  of  the  track  in 
x  days,  and  the  second,  in  y  days.  By  hypothesis,  we  have  the  followin''  system 
of  equations 

fK4 

I  40g  40 ;/ 
l  UK)  300 

Answer',  the  first  crew  can  complete  the  whole  repair  job  in  10  days  the 
second,  in  15  days. 

■597.  Let  the  first  portion  of  the  goods  ^amounting to  690=  375  tons) 
be  transported  in  *  hours,  and  each  thrcc-ton  truck  accomplish  y  trips  per  hour. 
Then  each  1  y-ton  truck  made  (y  +  1)  trips  per  hour.  By  hypothesis,  the  remain¬ 
ing  portion  of  the  goods  (i.e.  690  —  375  =  315  tons)  was  transported  in  (x  —  2) 
hours,  the  three-ton  trucks  making  (y  +  1)  trips  per  hour,  and  |i~ton  trucks, 
(V  +  1)  +  1  =  (it  +  2)  trips  per  hour.  Wo  got  the  system  of  equations 

{5-3x1,+  10-1  i-xfy-f  1)=37S 

5-3 (x  — 2)  (y  +  l)  +  tO-t  (y  +  2)  =  315 

After  simplifications  these  equations  take  the  form 
(  2xy  +  z  —  2b 
\  2xy-{-3x  —  4y  =  27 

Subtracting  the  first  equation  from  the  second  one,  we  get  2x  — 4 y  ---  2.  Hence 
2y  —  x  —  1.  Substituting  it  into  the  first  equation,  we  get  x2  =  25,  i.e.  x  --  5. 
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The  first  portion  of  the  goods  was  transported  in  5  hours,  the  second,  in  5  ~  2  = 
*=  3  hours. 

Answer:  all  the  goods  were  transported  in  8  hours;  at  the  beginning  the  three- 
ton  trucks  made  2  trips  per  hour  and  1-^-ton  trucks,  3  trips  per 
hour. 

498.  If  x  is  the  width  of  the  track,  then  the  area  of  the  sports  ground  together 
with  the  track,  is  equal  to  (a  -f-  2x)  (6  +  2x)  m2.  And  so  we  have  the  equation 

+  2x)  (6  -f  2x)  =  lab. 

Answer:  I  ~\/(a  -f-  6)2  -f-  4fl6  —  (a  -f-  6)) . 

499.  Let  x  denote  the  number  of  chairs  in  each  row;  then  the  number 
of  rows  is  —  .  We  get  the  equation 

(x-i-b)  |  - - =l.la 

After  simplifications  we  have 

10cx2-{-(a-rf06c)x — 10a6  =  0 

Hence, 

_  —  (a-f  10M±  VoH-  106c)-  +  400abc 
20c 

If  the  radical  is  taken  with  the  minus  sign,  then  x  <  0;  if  it  is  taken  with  the 
plus  sign,  then  x  >  0. 

Answer:  the  number  of  chairs  in  each  row  is  equal  to 

V  (a  +  10  be)2  +  AQQabc  —  (a  -f  lQfrc) 

20 c 

500.  Let  us  denote  the  speeds  of  the  bodies  (in  m/s)  bv  i>,  and  iy,  let  vt  be 
higher  thau  r3.  The  first  condition  yields  the  equation*  av.  4-  avz  —  d;  the 
second,  be t  —  bv2  ~  d. 

Answer:  ij  ^  ^  ;  i?2  =  ~  /—■ - ~  j  .  The  problem  is  solvable  only 

if  a  <fc. 

501.  Let  us  denote  the  speed  of  the  motorcyclist  (in  km/h)  by  x,  and  that 
of  the  cyclist,  by  y.  We  get  the  following  system  of  equations 


Answer:  the  speed  of  the  motorcyclist  is  equal  to  d  1  4  +  Vl6-H? i.m/h, 

*  _  4< 

and  that  of  the  cyclist,  to  d  V^+  *2 

502.  If  it  takes  the  cyclist  x  hours  to  cover  the  whole  distance,  then  the 
hiker  requires  (x-j-c)  hours.  Let  us  denote  the  distance  AB  (say,  in  kilomot* 

res)  by  y.  The  hiker  covered  +  km  before  ),,,  mol  Ihe  cycjj,t,  while 
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the  latter  covered  —  km.  We  have  the  equation  y  4. ^  Since  y 

*  Z-fc  X  » 

¥=0,  we  have  ^±^  +  -  =  i,  or  x-—(a  +  2b-c)x—bc  =  0.  This  equation  has 

one  positive  and  one  negative  root  (since  the  product  of  the  roots  is  equal 
to  tlie  negative  number— 6c).  Here  only  the  positive  solution  is  suitable: 

_ a-f-26  —  c-j-  l/(a-4-26 — c)2-j-46c 

* - - - . 

The  distance  y  remains  undetermined.  The  quantity  x  +  c  may  be  found  either 

from  the  above  expression,  or  from  the  equation  — LL 4-  L.  —  t,  nuttin^ 

*-fc  *  0 

X  +  c  =  z.  We  get  the  equation  &  -j - =t.  We  take  only  the  posi- 

z  z  —  c 

tive  solution. 

Answer:  it  takes  the  cyclist 

ff  +  26  — c  + V(a  +  26— c)2  +  46c  , 

2 

and  the  hiker 

a  -f-  26 -f-  c  -j-  *\/ (a-j-26  — c)2-|-46c  _  (a-j-  26 -f-  c)  -j- ~\ / {a-\-  26  +  c)2  —  4  (a-j-6) 


hours 


hou 


to  cover  the  whole  distance  AB. 

503.  Let  us  denote  the  distance  (in  kilometres)  by  x.  By  hypothesis,  accor¬ 
ding  to  the  schedule  train  A  must  catch  up  with  train  B  in  —  hours  after 

v 

departure.  Actually,  it  caught  up  with  train  B  after  having  covered  (x  — a)  km, 
i.e.  in  — - —  hours.  Consequently,  both  trains  travelled  hours  less  than 

required  by  the  schedule  before  they  met.  Train  B  had  to  travel  —  hours  to 


meet  train  A,  but  actually  it  covered  a  distance  of  —  x  at  a  speed  of  r,  and 

a  distance  of  ~x~ a  at  a  speed  of  ~  w,,  covering  the  whole  distance  in 
2  1 

x"a  \ 

hours.  Consequently, 


Answer:  the  distance  to  the  torrainal  station  is  equal  to 
The  problem  is  solvable  only  if  vj<2e. 
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504.  Let  the  interest  he  x%.  Then  the  originally  deposited  sum  was 
roub.  At  the  beginning  o!  the  second  year  the  total  sum  was  — — — {- 

-{-154-85,  i.e.  1 1555 4- 100^  roub.  At  the  end  of  the  second  year  this  sum 

turned  inte  ^1^4- 100^  +  r°ub.  Hence,  we  get  the  equation 


/ 1500 


+100)(1+®)= 


420 


Answer :  300  roub.,  5%. 

505.  Let  us  denote  the  output  of  machines  A,  B,  C  by  x,  y,  z,  respectively. 
By  hypothesis, 

X=r55(!'+I)’  9=T5o(I+s) 

We  find  x  and  y  in  terms  of  z  from  these  equations;  adding  them,  we  get 

,  100  (m-r-n)-{-2mn 

X~ry  10  000  —  mn  “ 

The  required  percentage  is  equal  to  j-j~100. 

.  10  000  — mn 

Answer:  100  - - - — ^ -  . 

100  (m-{-n)4-2mn 

500.  Let  us  take  for  the  unit  of  measurement  the  output  for  the  preceding 
year.  Then  the  output  for  the  first  year  is  And  compared  with  it,  the 

output  for  the  second  year  is  increased  by  ,  i.e.  by  1 1  -f  ^  ,  to  be  equal 

to 

v  moo/  ■  \  moo/ ioo  v  moo/ V  moo/ 

If  the  output  for  the  third  year  is  increased  by  x%,  the  increase  amounts 

t0  (‘+M5)(1+l-5o)l®-By  hypothesis’ 

3  Lioo  1  \  M00/ 100  1  \  M00/  V  M0Q/ 100  J  100 


»)( 


1+iBo) 


507.  Let  the  prime  cost  of  the  total  quantity  of  goods  amount  to  m 

ma 

roubles.  Then  the  prime  cost  of  the  first  batch  sold  makes  a%  of  m,  i.e. 
roubles.  By  hypothesis,  the  profit  made  by  selling  this  batch  is  /?%  of  this 
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ma  p  .  . 

sum,  I,e*  loo'm  roub*  Tie  pr,me  cost  of  the  rest  °*  tbc  ®°ods  is  equal 
to  m — Joo'=m  I  *  — 100 /  r0ubIes'  Tbe  Prime  cost  °f  the  second  batch  sold 
amounts  to  b%  of  this  sum,  i.e.  to  m  (l  — A  roubles.  The  profit  made 
on  selling  the  second  batch  is  q%\  consequently,  this  profit  amounts  to 
m  (l-jgg)  {5o*j|o  roubles.  The  prime  cost  of  the  remaining  goods  is  equal  to 

(4  too)  ioo==m  ( 1  Too)  ( 1  ~“uju)  roub* 


100 


Let  the  remaining  goods  be  sold  at  a  profit  of  x%.  Then  the  profit  made  on 
their  selling  amounts  to  m  (l— ~  roub.  The  total  profit  is 


\JL. 

7  , 

/,  a  \  i 

r  b  \  x  ■) 

)  100 

'  100 

\  100/  ' 

l  100/  lOoJ 

By  hypothesis,  the  total  profit  must  be  of  m  roub,  i.e.  roub.  Con¬ 
sequently, 


[iS5-I&+(*-l55)  555*ife-  (‘-fSo)  (*-i®)  j 


too 


The  quantity  m  is  reduced. 

.  100  100  \  100/ 
Answer:  - — - - 

(•-A)(*-ra) 


508.  First  method.  Let  us  assume  that  each  of  the  cut-off  pieces  weighs  x  kg. 
For  the  sake  of  brevity,  let  us  call  the  first  alloy  (weighing  m  kg)  "alloy  A", 
and  the  second,  “alloy  B".  Out  of  the  two  newly  produced  ingots  the  first  one 
contains  { m  —  x)  kg  of  alloy  A  and  x  kg  of  alloy  B ,  and  the  second,  x  kg  of  alloy 
A  and  (n  —  x)  kg  of  alloy  B.  By  hypothesis,  the  copper  content  in  both  alloys 
is  the  same,  which  is  possible  only  if  the  amounts  of  alloy  A  and  alloy  ft,  contai¬ 
ned  in  the  new  alloys,  are  proportional.  We  get  the  equation 


m — x  x 

- ss - ,  whence  x 

x  n — x 


mn 

m  -f-  n 


Second  method.  Let  u  kg  he  the  weight  of  copner  in  1  kg  of  alloy  A  ,  and  u  — 
the  weight  of  copper  in  1  kg  of  alloy  B.  Then  the  first  ingot  contains  (m  —  x)  u  + 

+  xv  kg  of  copper,  i.e.  1  kg  of  the  first  ingot  contains  u~{~ Jt>.  kg  of 

copper.  The  weight  of  copper  contained  in  1  kg  of  the  second  ingot  is  expressed 
in  a  similar  way.  Equating  the  two  expressions  thus  found,  we  get  the  equation 
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in  three  unknowns  ( x ,  u,  y): 

n  [(m  —  x)  u  -{-  xt>]  =  m  i(/i  —  x)  v  -f-  xu] 
which  may  be  transformed  to 

(a  —  v)  (mx  -f-  nx  —  mn)  =  0 

By  hypothesis,  alloys  A  and  B  are  of  different  copper  content,  i.e.  the  quan¬ 
tity  u  —  v  cannot  be  equal  to  zero.  Consequently, 

mx  -f-  nx  —  mn  =  0 

Answer :  each  of  the  cut-off  pieces  weighs  kg. 

509.  Let  there  be  originally  x,  roubles  in  the  first  pile,  x2  roubles  in  the 
second  and  so  on,  and  xn  roubles  in  the  nth  pile.  As  is  obvious,  the  first  pile 
is  treated  in  a  special  way,  since  at  first  an  nth  part  of  the  money  is  taken  from 
it  and  only  by  the  last  shifting  operation  an  nth  part  of  the  nth  pile  is  put  into 
it,  whereas  each  of  the  rest  of  the  piles  first  is  enlarged  on  the  account  of  the 
preceding  pile  and  then  an  nth  part  of  it  is  taken  away.  Therefore,  let  us  consider 
any  pile,  except  for  the  first  one.  Let  k  designate  its  number.  Originally,  it  had 
xh  roubles,  then  some  amount  of  y  roubles  of  ( k  —  l)th  pile  was  put  into  it, 
and,  finally,  an  nth  part  of  the  total  sum  y-fn  was  taken  from  it.  After  this 

operation  pile  k  had  (y  +  xk)  ~~~~  roubles.  By  hypothesis,  we  have  the  equation 

(»  +  *k)^— 4  (0 

A  roubles  must  remain  in  the  preceding  ( k  —  1  )th  pile,  if  it  is  not  the  first 
(i.e.  if  A  =£  2)  (the  money  in  the  first  pile  amounts  to  A  roubles  only  after  it 
is  replenished  from  the  nth  pile).  Hence,  prior  to  the  shifting  operation  it  had 
A  -}-  y  roubles.  By  hypothesis,  the  money  taken  from  it  makes  an  nth  part  of 
A  +  y,  i-e- 

i ,  =  ±(.4  +  |,)  (2) 

1 

Hence,  y  -  n_\  A-  Substituting  it  into  (1),  we  get  xk~A. 

Thus,  each  of  the  piles,  except,  perhaps,  for  the  second  and  first  (previously 
excluded  from  consideration)  originally  had  A  roubles: 

x3  =  x4  =  ...  =  xn  —  A  (3) 

The  unknown  xx  may  be  found  in  the  following  way.  By  hypothesis,  at  first 
an  nth  part  is  taken  out  of  the  amount  of  xt  roubles.  There  remains  Xj  —  roub¬ 
les.  At  the  end  of  the  shifting  process  a  certain  amount  of  money  (y  roubles) 
from  the  last  pile  is  put  into  the  first  pile.  We  obtain  the  equation 


n 


lt  +  x  i 


(4) 
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Reasoning  (conformably  to  the  nth  pile)  in  the  same  manner  wo  find  as 
before  — j-A.  Substituting  it  into  (4),  we  get 

(n  —  2)  n 

(3> 

to  find  X2  we  have  the  equation 

(i*1  +  I,)i_!  =  ,l  (6) 

where  i,  is  determined  by  the  formula  <5).  Solving  the  equation,  we  find 
n  (u  —  1)  — (n— 2)  . 


n2  —  2/i  «2-2n  +  2  ,  , 

Xl  =  J^7p  A'  *•— (1=1 TA; 


PART  TWO 


GEOMETRY  AND  TRIGONOMETRY 


CHAPTER  VIII 

PLANE  GEOMETRY 


510.  Let  a  and  b  be  the  legs  of  the  right-angled  triangle  and  c,  its  hypotenuse. 
By  hypothesis,  a  -f-  b  +  c  =  132  and  a2  4-  b2  -f  c2  =  6050.  Since  a-  -f-  62  = 
=  c2,  then  2c2  =  6050,  whence  c  —  ~\/S025  —  55.  Therefore  a  -f-  b  =  77. 
Squaring  this  equality  and  taking  into  account  the  relation  a2  +  b2  =  3025, 
we  get  ab  ~  1452.  Consequently,  a  and  b  are  the  roots  of  the  equation 

*2  _  77x  1452  =  0 

Answer:  the  legs  of  the  triangle  are  equal  to  44  and  33  respectively,  the 
hypotenuse,  to  55. 


511.  The  altitude  BK  (Fig.  1)  of  the  parallelogram  ABCD  is  equal  to 
20N~2p.  Since  Z, BAK  =  a ,  AB  =  -3^-  .  Similarly,  AD  —  A^- 


We  find: 


S  —  AD-BK  — 


Amp 
sin  a 

The  diagonals  are  found  by  the  law  of  cosines. 

Answer',  5  =  4^ 
sin  a 


BD-. 


2  "l/p2  +  w2  —  2 m p  cos  a 


AC-- 


2  VW  m-  -j-  2m  p  cos  a 


512.  By  hypothesis,  AC  =  30  cm  and  BD  —  20  cm  (Fig.  2).  The  altitude  AB 
may  be  found  proceeding  from  the  similarity  of  the  right-angled  triangles  BDC 
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and  A  EC  (having  the  common  angle  C),  or,  which  is  easier,  hv  comparing  two 
expressions  of  the  area  S  of  the  triangle  ABC.  Namely,  ' 

S  =  jAC-nu  and  S  —  -BC-AE 


Answer:  24  cm. 

M3.  From  the  triangle  BDE,  wlicre  BD~  12  cru  and  BE  -  13  cm,  we  find 
0£  =  y  132  — 122  =  5  (cm)  (Fig.  3).  Consequently,  AD=AE—  DE  =  ^-  AC  — 


B 


H  J>  £  C 

Fig.  3 


.  60 — 5  =  25  (cm)  and  DC  ~  EC  -j-  DE  =  35  (cm).  The  sides  are  found 
from  the  triangles  ADB  and  DCB. 

Answer :  All  =  V 7G9  =&  27.7  cm.  BC  -  Vl3(»9  =  37  cm. 

514.  Lot  ABC  he  the  given  triangle 
(AC  =  CB  —  b).  It  is  required  to  deter¬ 
mine  the  area  S  of  the  triangle  OiO^O^ 

(Fig.  4). 

We  have  .S'=~  O203*0|C\  where  0/)3— 

AB  and  0%C -■■■■  AB.  Hence,  S ~~  AB 2  ----- 6^. 

Alternate  solution.  The  triangle  0t02C 
is  equal  to  the  triangle  0{BC,  since  they 
have  the  common  base  OtC  and  equal 
altitudes.  The  triangle  0t03C  is  equal 
to  the  triangle  0,AC  (for  the  same  rea¬ 
son).  Hence,  the  triangle  0t0203  is  equal 
to  the  square  ()\BCA. 

Answer:  S  b‘l. 

515.  By  hypothesis,  the  line-segment  ... 

AB  -  a  is  divided  by  the  point  M  in  ** *£•  1 

the  ratio  m:n  (Fig.  5).  Therefore  AM-  and  MB  —  na  .  in  the 

m  -f  n  m  4-  n 

same  way 

US.  CK  nr,.- -HI-  and  SC  -.KD  I.A 

m+n  m+« 


14-01338 
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Consequently, 

LM  —  AIN  =  NK  s 


=  AL  = 


■/. 


_ I _ _ 

(m  -f-  n)2  '  (m  -f-  n)2  m-j-n 


-2fl2 


”\/  m2  - 


Furthermore,  all  the  angles  of  the  quadrilateral  LMNK  are  the  right  ones  (since 
the  triangles  ALM  and  BMN  are  congruent,  we  have  z LMA  =  £MNB=  90°  — 
—  z NMB\  hence,  Z LMA  -f-  /iNMB  =  90°;  therefore  /.LMN=  90°). 
Consequently,  the  quadrilateral  LMNK  is  a  square. 


,  „  o2(m2-fn2) 

Answer :  A  =  — - — ? — rs~  . 

(m  +  n)* 

Alternate  solution.  Subtract  the  total  area  of  the  four  triangles  from  the 
area  of  the  square  ABCD. 


516.  By  hypothesis,  z  LMA  =  30s  (Fig.  5).  Consequently, 


AL  - 


ML  and  AM 


_V3 


ML 


Hence , 


AB  =  AM  +  MB  =  AM  +  AL  =  y  (1  +  V5)  MB 


Consequently, 

area  ABCD  :  area  LA/  ArA'  —  A  A2  :  M  L2  =  (l  -j-  F  3)“ :  4, 


area  IMNK=  ygp  area  ABCD 
Answer:  the  ratio  is  - - —  2(2 — t/3)  j^sO.54. 

(1+V3) 

517.  Let  us  denote  AM  (Fig.  5)  by  x.  Then  AL  —  MB=a  —  x.  Consequently, 

area  KLMN  =  LA/2  =  AL2  -f  AA/2  =  (a  —  x)2  -f  x2 
25 

By  hypothesis,  (a— x)2-fx2  =^a2.  Solve  this  equation. 

Answer:  the  required  segments  are  equal  to  y  and  y  . 

518.  A  preliminary.  It  will  become  clear  from  the  solution  how  to  find  the 
position  of  the  vertices  of  the  inscribed  rectangle  KLMN  (Fig.  6).  At  the  moment 
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sUSc“7ho°ro“lyf«^a'Ving  Sd"all>'-  ginning  with  the  con- 
Solution.  Find  the  line-segments  MB  —  x  and  BN  =  y.  Since  AB  =  /, 

n.f/n* iZ  n,1-  »C»,,"a"gleSJ'D^  aDl1  Z,A'W  are  congruent  (prove  it!);  conse¬ 
quently  DL  —  BN  —  y  and  LA  =  3  —  y.  The  triangles  LA  M  and  MNB 
are  similar,  since  their  acute  angles  ALM  and  NMB  are  equal  (as  angles  with 
mutually  perpendicular  sides).  And  since,  by  hypothesis,  ML  is  three  times 
greater  than  AIN ,  we  have  LA  —  3 MB,  and,  also,  AM  —  3B.\!,  i.e.  3 _ y  -s  3* 

and  4— x  =  3s.  Hence,  x  =  -|,  y  =  •  Now  we  C 

have  8  8  J\ 

— /(INI)2=^  /fs\ 


3  y  toe  Z _ 1^  \ 

ML - ^ —  A  L  B 

Fig.  7 

Anmir.  the  sides  of  the  rectangle  are  equal  to  ,VIU-^1.2i)  m  and 

3  y  tuti  .,07  8 

-g -  0,0/  m. 

t  r,V3Th0vT  0t  th°  °quitalcral  tria,‘8l°  ABC  (F<g-  7)  is  equal  to 
T«.Jll0  =  Z_o2.  The  triangle  ANL,  in  which,  by  hypothesis,  dt  =  i, 

2  ^ 
and  /liV=  ja  has  its  angle  /I  in  common  with  the  triangle  ABC.  Heme, 

their  areas  are  in  the  same  ratio  as  the  products  of  tile  sides:  S ANL  „ 


,  Therefore 


_  1  2 

-  3  'T 


■S-v'-«  -  sahc—3Sakl  =  ^Sadc^'!-J~ 

Note.  The  triangle  /.A/ A',  as  well  as  the  triangle  ABC.  is  an  eauilalenl  „„„ 
T  10  “T1”  mclh«d  m,Jr  1,0  used  for  determining  the  area  of  the  triangle 

-^dtnnfe^  lri“,,gl1' ABC  is  an  arli,rary  sas 


14* 
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520.  We  have  (see  Fig.  8)  a  +  b  +  c  —  2p;  hence  a  +  b  —  2p  —  c  and 
_|_  2ab  -r  b-  =  (2 p  —  cf.  But  a-  +  b-  —  c-  and  ab  =  eh  (see  solution  of 
Problem  512).  Therefore  c2  +  2 ch  =  ip1  —  4 pc  +  <r,  whence 

_  2  p- 

C  =  hTfp 
2  pV, 


,  ,  ,  2 p(h-{-p)  , 

Now  we  have  a-{-b  = — rnrr-  and 


of  the  equation 


T+2p  h  +  2p 

«  2 p  (h-fp)  2PVi 


.  Hence,  a  and  b  are  the  roots 


h  +  2p 


h-i-2p 


2p2 


h  +  2p 

«  =  +  P  +  V (p— /»)-— 2/i2] 

b ^  h'}p~p  \hJrP—  V(P  —  b)2  —  2lfi] 

The  problem  is  solvable  only  if  p  ^  h  ( ~\/2  +  1  • 


Fig.  9 

521.  Either  of  the  sides  AC  and  BC  (Fig.  9)  of  the  triangle  ABC  is  equal 
2  P--  2a 


P  —  a.  Let  x  be  the  length  of  the  line-segment  CM  {x  ~~  CM-—  CN). 

Tiie  perimeter  2 p  of  the  trapezoid  AM.XB  is  obtained  from  the  perimeter  2P 
of  the  triangle  ABC  by  subtracting  CM  -I-  CN  —  2.r  from  2 P  and  then  adding 
MN  to  t lie  difference  thus  obtained.  From  the  similarity  of  the  triangles  ABC 
and  MXC  we  find 

....  ABM  C  lax 


Hence, 


2  P- 


* hence 


Answer.  CM  -  CA  — - 


jP-a){P-p) 


P  —  2a 


(/>  —  a)(P—  p) 
P—2a 
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It  IS  required  to  determine  the  distance  A7>  =  x  between  the  point  N 
.10)  and  tire  base  AD  =  a*,  and  lire  distance  NM  =  y  between  tile  point  .V 
tile  side  AB~c,  From  the  similarity  of  tile  triangles  AMS'  and  ABC 


522. 


Fig.  10 


Fig.  II 


(where  BC-»)  we  find  ,  i.e.  and  from  tire  similarity 

of  tire  triangles  1 VPD  and  DAD  we  have  ~  ~~  ,  i.e.  —  =  ,J  .  then  we 
solve  these  two  equations. 

.  ac  ab 

Answer:  x  —  — — -  ;  u  — - . 

a  |  b  *  a-\-b 

523.  Lot  ABC  (Fig.  11)  is  the  given  triangle.  Since  DE  is  a  midline  of 
the  triangle  and  DE  =  CD,  we  have  CD^i-AC.  Consequently,  t  CAD  =  3B‘. 
AO  VS 


Therefore  CD 


3 


i  vs 


Answer:  S  ==■- 12  1/3  era2. 

52/i.  Put  x  BO,  y--AO  (Fig.  12). 

Then  the  area  S  of  the  rhombus  A BC D 
is  equal  to  2xy.  By  hypothesis,  x-f  y  = 

;  besides,  from  the  right-angled 
triangle  AOB,  where  AB  =  1-  2 p  =  •£,  we 
f  ind  x2  -)  y2  —  j  ,  Sq  uaring  both  mem¬ 
bers  of  the  first  equation  and  subtracting  the  second  one,  we  find  2 


Fig.  12 


Answer:  S  = 


cm2. 


*  The  solution  is  independent  of  whether  a  is  tire  larger  or  the  smaller  base. 
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523.  Let  x  denote  the  altitude  BE  (Fig.  13).  Then  AE=x  and  FD  =  xy  3- 

Since  AD  —  AE-\~EF+FD ,  a  =  z+b+x  ~\/3.  Hence,  x=— - — 

1/3  +  1 

(a  —  6)  (VS—  l) 

III. 

4 

526.  By  hypothesis,  AD  —  44  cm  and  BC  —  16  cm  (Fig.  14).  Hence,  AE  + 
-f-  FD  =  28  cm.  Denoting  the  length  A  E  (in  centimetres)  by  x ,  we  have  FD  = 


■  28  —  x.  By  hypothesis,  AB  ■ 
:  172  -  ar2  and  CF2  =  252  - 


=  17  cm  and  CD  —  25  cm.  Consequently,  BE 2 
(28  —  a:)2.  And  so,  we  get  the  equation 


I72  _  *2  =  25s  -  (28  -  *)3 
whence  x  —  8  (cm).  Hence,  we  find  the  altitude  h: 

h  =  BE  =  V 172— *2  =  15  (cm) 
(a4-6)  /i 

Now  we  find  F  =  - — ^ - . 

Answer :  S  —  450  cm2. 


E^Hi 


527.  Denote  the  side  of  the  inscribed  square  (Fig.  15)  by  x .  From  the 
similarity  of  the  triangles  AKL  (  wherein  AK  =  ^  ^  =  ft...  ...x.  ,  and  LK  —  X  \ 
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and  AEB( wherein  and  =  we  get  the  equation  ^ : -i  = 

<*1/3,,  a  1/1 

^ar:—  wherefrom  we  find  *  =  £I^  =  «  V3(2- V5)- 

«f,en  ^  =  3“1 (2~  V3)2  =  3  (7-4  Va)  A 

v  rJ*  cBy  r*JrJP0tJl?s,s,.‘4^  =  36  cm  and  DC  =  14  cm  (Fig.  16)  The  areas 

;V„rdrafi2o°islh,hetrbat:Snofi/i  and  "Uh  3  “>™»  ■«  in^the 

S,:S2  =  36: 14=^ 

t 

Consequently,  ^ ’  w^ere  5‘  =  .S’,  S-,  is  the  area  of  the  triangle  ABC. 

By  hypolhesis  the  straight  line  EC  divides  the  area  S  into  two  equal  parts 
which  means  that  this  line  intersects  the  base  AC  between  the  points  A  and  D 


(but  not  between  D  and  C).  We  get  the  triangle  ACE,  whose  area  S,  is  equal 

10  JS'  S,BC0  tl*t‘  arcas  of  the  similar  triangles  AGE  and  ADB  are  in  the  same 
ratio  as  the  squares  of  the  sides  AC  and  Al),  then 


whence  we  find 
Hence, 


18  1 

%S:jS  =  3»:AG* 
AG  ■- 


20 


30  (cm). 

GC  —  AC  —  AG  —  (36  -J-  ]/,)  _  30  , 

Amwer:  30  cm  and  20  cm. 

529.  See  the  solution  of  the  preceding  problem.  From  the  condition 
AU  :  DC 1:8  we  find  that  the  area  of  the  triangle  BDC  (Fig.  17)  is  1  0( 
the  area  3'  of  the  triangle  ABC.  Since,  by  hypothesis,  BD  -----  /,.  wc  |lavc° 

BFi  -.Ui=±.S  :  is 

Answer.  EF  =s  3,  9 

is  fflf  fte  sL1i\srithc8aroffiof 
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the  triangle  ABC .  Since  these  triangles  are  similar,  EB2  :  DB2  :  AB2~  i  :2:Z. 

By  hypothesis,  AB~a\  hence,  EBz=~^—  and  DB  —  -  . 

y  3  "[/  3 

Answer :  the  side  AB  is  divided  into  the  following  parts:  , 

and  -^(VS-VS)- 

531.  By  hypothesis,  the  area  of  the  triangle  ABC  (Fig.  19)  is  equal  to  S, 
and  that  of  the  triangle  KBM,  to  q.  Three  vertices  of  the  quadrilateral  coincide 


G 


with  the  points  A\  /?,  and  M:  and  the  fourth  vertex  I.  may  be  arbitrarily  taken 
on  the  side  A C.  Indeed,  the  area  St  of  the  quadrilateral  LKBM  is  the  sum  of 
the  area  q  of  the  triangle  KBM  and  the  area  of  the  triangle  KLM ,  and  the  latter 
remains  unchanged  as  the  vertex  L  moves  along  the  straight  line  AC  parallel 
to  the  base  KM.  Let  the  altitude  BE  of  the  triangle  ABC  pass  through  the  point 
E  of  the  base  AC.  Placing  the  point  L  at  the  point  E,  we  get  the  quadrilateral 
KBM E.  whose  diagonals  are  mutually  perpendicular;  consequently,  S% 

s=a  ~  KM 'BE.  And  since  q-~  —  KM-BD.  S\  :  q  --  BE  :  BD.  But  since  the 


triangle  ABC 
Consequent  ly, 


is  similar  to  the  triangle  KBM,  we  have  S 


.sy 


BE 

q’im 


\/Sq 


7 


BE2  :  BD'. 


Note.  If  the  point  L  does  not  coincide  with  the  point  E,  the  solution  is  modi¬ 
fied:  find 

S,  4 -KMBD  +  ^KMXl.-  ~  KM  {BD  X  I.)--  KM -BE 


and  then  proceed  in  the  same  way  as  above. 

Answer:  ]/  Sq. 

532.  Let  the  line-segment  EF  —  j-  (Fig.  20)  divide  the  area  of  the  trapezoid 
A  BCD  {AD  a,  BC  -  b)  into  two  equal  parts.  Then 


(o  -L  x)  EL  (x  y  b)  FM 
2  r "  2 


(a  y  J)  EL  —  (x  -  j-  b)  FM 
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The  altitudes  FL  and  FM  cannot  be  found  separately  (the  length  of  one  of  them 
may  be  taken  arbitrarily),  but  the  ratio  FL  :  FM  is  of  a  definite  value.  Namely, 
from  the  similarity  of  the  triangles  HFD  and  CFK  (wherein  HD  «  «  —  x 
and  CK  —  x  —  6)  we  find 

a — x  x  —  b 

~FT  =  Tm 

Multiplying  this  equality  by  the  preceding  one,  we  gel 
fl2„x2==a2_62 

whence  _ 

f!i±2 

Alternate  method.  Extending  the  nonparallel  sides,  we  get  the  similar  triangles 
BGC .  EGF  and  AGO.  Their  areas  S2,  S3  are  proportional  to  the  squares  of 


and  since  q  =/■-  0, 


q  (x‘  —  Ir)  ■■ 

X 2  -  1-  : 


q  (a-  —  I1) 


DC 


Answer'.  z=j/^±£  . 

533.  By  hypothesis,  BE  —  BF  —  a  (Fig.  21)  and  EF~-b.  Hence,  EG  — 

/Mlf 


and 


By  the  theorem  on  proportional  lines  in  the  right-angled  triangle  ( BDh ) 
jfp'i  a2 

we  find  —  ~ ,  Now  wo  find  the  side  of  the  rhombus 


/-(if 


(AD).  The  isosceles  triangles  ADD  and  BEF  are  similar,  since  their  angles 
(all  of  them  are  acute)  are  respectively  equal  (as  the  angles  with  mutually 
perpendicular  sides).  Consequently, 

AD  :  BD  —  BE :  EF, 
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AD  : 


/ “2-(4) 


r~a ;  b 


wherefrom  we  find  AD  and  then  the  area  of  the  rhombus  S- 
Answer: 


AD-a. 


b  ~[/4a2  —  b2  ' 

534.  Let  AB  =  27  cm  and  AC  =  29  cm  (Fig.  22);  then  the  median  AD  = 
r.™™- E^end  AD  as  long  as  DE  =  AD.  The  quadri- 
lateral  ABEC  is  a  parallelogram  (prove  itl)  with  sides  of 
27  and  29  cm. 

The  area  of  the  triangle  ABC  constitutes  half  the 
area  of  the  parallelogram  obtained,  on  the  other  hand, 
the  area  of  the  triangle  ABE  is  also  equal  to  half  the 
area  of  the  parallelogram  ABEC.  Consequently,  the  area 
tDc  ABC  is  equal  to  the  area  of  the  triangle 

A whose  sides  are  known  {AB  =  27  cm;  BE  =  29cm; 
AE  —  52  cm).  Now  the  area  of  the  triangle  may  be 
computed  by  using  Heron’s  formula: 


s  =  V'piP—a)  iP—b)  ( p  —  c ) 


Answer:  270  cm2. 

535.  By  the  law  of  cosines  a-=  26c  cos  A,  and 

since  S  =  ~bc  siu  A.  i.e.  sin  A  =  -|L  =  i. ,  we  have 


Fig.  22 


cos  A  = 


•  ±  V*  — sin2  A  = 


We  get  two  solutions;  both  of  them  are  suitable  (in  one  case  A  is  an  acute 
angle,  in  the  other  it  is  an  obtuse  one). 

Answer:  a=]/~  i2+c2_i.  be  or  a  =  -j- c2 JLfo. 

536.  From  the  triangle  ABC  (see 
Fig.  23)  we  have 

m2  —  b2  4-  c 


and  since  cos  B  ■■ 
=  —cos  A ,  then 


—  2  be  cos  B 
cos  (180°  —  A)  ■■ 


m-  =  b"  -f-  c-  -i-  2 be  cos  A 
From  the  triangle  ADC  we  find 
m~  —  a-  -f-  d-  —  2 ad  cos  D 

Equating  this  expression  to  the  preceding  one,  we  get 
2 be  cos  A  +  2ad  cos  D  =  a2  —  62  +  dr  —  c2 


(1) 
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In  the  same  way,  considering  the  triangles  ABD  and  CBD,  we  get 

lac  cos  A  +  2 bd  cos  D  —  a2  —  b2  —  {d2  —  c2)  (2 ) 

Equations  (1)  and  (2)  yield  cos  A  and  cos  D,  and  then  we  find  mr  and  «*.  Proceed 
as  follows:  multiply  (1)  by  6,  and  (2),  by  a ,  and  then  subtract  the  first  equation 
from  the  second.  We  get 

2  (a2  —  b 2)  c  cos  A  —  (a2  —  b2)  (a  —  b)  —  (d2  —  c2)  (a  4-  b) 

Dividing  both  members  of  the  equality  by  (a2  —  b2)  [#0],  we  obtain 

0  rf2_c2 

2c  cos  A~a-~b - r— 

a  —  b 


Now  we  find 


m*  =  62  -f  c2  +  (2c  cos  A )  b  =  c2  +  at,  — 


(d*  -C*)b_ 


a(c2  —  b*)+b(aZ~-<P) 
a  —  b 


Similarly,  we  find 


Id  cos  D  —  a  —  b  4 


rf2-c2 
a  —  b 


and  then 


n2  =  fc24d2-j-(2d  cos  £)&== 


Q(d2_fc2)^-/)(fl2-c2) 
a  —  b 


Note.  The  line-segment  AD  —  a  is  smaller  than  the  broken  line  A  BCD. 
Therefore  the  problem  is  solvable  only  if  a  <  b  -j-  c  d.  But  this  condition 
alone  is  not  sufficient,  which  is  seen  from  the  following.  Let  a  >  6  and  c  >  d 
(if  these  inequalities  are  not  fulfilled  then  we  can  always  change  the  notation 
to  make  the  inequalities  valid).  Draw  a  straight  line  BL  parallel  to  the  side  CD 
to  complete  the  parallelogram  DCBL.  Now  we  find:  BL  —  CD  —  d  and  DL  — 
«  CB  —  b.  In  the  triangle  ALB  the  side  LA  -  DA  —  DL  —  a  —  b  is  larger 
than  the  difference  of  the  sides  AB  =  c  and  BL  «  d.  Therefore  another  condi¬ 
tion  should  be  satisfied,  namely  a  —  b  >  c  —  d.  If  either  of  the  conditions  is 
not  fulfilled,  then  at  least  one  of  the  expressions  obtained  for  m*  and  /r  will 
turn  out  to  be  negative. 

The  two  conditions  a<&4c4danda  —  b  >  c  —  dare  quite  sufficient 
for  the  problem  to  be  solvable.  Indeed,  the  first  condition  may  be  written  in  the 
form  a  —  b  <  c  +  d.  Consequently,  we  can  construct  a  triangle  ABL  with 
the  sides  AL  —  a  —  b,  AB  —  c  and  BL  —  d.  Extending  the  side  AL  by  LD  =  b 
and  constructing  a  parallelogram  DLBC,  we  get  a  quadrilateral  A  BCD,  which 
is  a  trapezoid  with  the  bases  AD  —  a,  BC  —  b  and  nonparallel  sides  AB  —  c 


and  DC  —  d. 
Answer:  m2  ™ 


a  (c2  —  IP)  -f-fr(a2-rf2) 
a  —  b 


a  (<f2  —  b2)-{-b  (a2  —  c2) 

nl  — - r - 

a  —  b 

537.  For  the  notation  in  Fig.  24,  where  £A  —  60°,  we  have 
BD 2  =  AD2  4-  AB2  —  2 -BA  • AD  -cos  60°  —  a2  4-  b-  —  ah, 
AC2  —  dl  4-  b2  4*  &b 
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Since  AC  is  longer  than  BD,  the  given  ratio  ~  is  equal  to  I  but  not 

BD*  \  „  ' 

to  — j  .  From  the  equation 

at  +  bZ+ab  19  (  V  )  19 

02  +  i2_a6  ~  7  or  TTp  r~T 

(v)  +1-t 

we  find  an(*  ~b~~3'  °f  these  values  give  one  and  the  same 

parallelogram  (we  may  alter  the  notation  in  Fig.  24,  denoting  AB  by  a  and  AD, 
Answer :  the  sides  are  in  the  ratio  3  :  2. 

538.  Let  O  be  an  arbitrary  point  within  the  equilateral  triangle  ABC 
(Fig.  25).  Join  the  point  0  with  the  vertices.  The  sum  of  the  areas  of  the  Iriang- 


B 


les  AOB,  BOC  and  COA  is  equal  to  the  area  of  the  triangle  ABC.  Denoting  the 
side  of  this  triangle  by  at  and  the  altitude,  by  h,  we  get 


(OK+OL  +  OM)j=^ 

Hence, 

h  =  OK  -f  OL  -f  OM 

539.  By  hypothesis,  BC  —  47  m  and  CA  —  9m 
(Fig.  26;  the  drawing  is  made  not  to  scale);  hence, 
BA  ~  56  m.  Consequently,  AD  • AE  =  9  -56  —  504. 
Let  AD  —  x\  then  DE  —  x  +  72  and,  hence, 
A  E  ~  2x  4-  72.  From  the  equation  x  (2x  +  72)  — 
-—504  wo  find  s  —  6. 

Answer:  AE  =  84  m. 

540.  The  problem  is  reduced  to  finding  one  of 
the  legs  of  the  triangle  OAB  (Fig.  27),  given, the 


hypotenuse  OA  —  m  and  altitude  BD  —  .  Let  us  denote  the  larger  leg  by  x. 


and  the  smaller  one,  by  y.  The  area  of  the  triangle  OAB  expressed  in  two 
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different  ways  (see  solution  of  Problem  512)  gives  the  equation  xy  ~  a—  ,  i.e. 

2 xy  =  am\  besides,  x-  y2  —  m*.  Adding  and  subtracting  these  equations  by 
members,  we  gel 


and 


X  —  y=  Y  m2  —  fl«| 

Both  *  and  y  can  serve  as  the  required  radius. 

Answer'.  am  -j-  ~\/ m2 — am),  or  —  ( w2  -j-am —  "|/m2 —  am). 


Fig.  27  Fig.  28 


541.  Since  the  radius  of  the  circle  is  equal  to  13  cm  and  MO  ~  5  cm,  then 
Ml)  8  cm,  MC  -18  cm  (Fig.  28).  Let  us  denote  MB  by  x.  Then  AM  ••25— x. 
Since  AM  *  M If  =  AID  •  MC,  we  have 


(25— x)  x  ~~  18-8 
Hence  xj  -- 1(5,  x2  =  9. 

Answer:  the  segments  are  10  cm  and  9  cm 

long. 

542.  From  the  triangle  EBOo  (Fig.  29), 
wherein  BE  AB,  we  find 


/./  Fig.  29 

From  the  triangle  ADOt,  wherein  /.  D/&)\  £  t)AB~~  ^90®  —  ~  j  , 

we  find  W*  ^ 

r  —  OJ)  =  AD‘ tan  (  4^tv- 
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Since  AD^AB>sm~-  (from  the  triangle  ABD ),  we  have 


cot 


R  :r  —  ~ 


n 

Answer:  — == - - - 

r  sin  a 

543.  By  hypothesis,  a  —  BC  =  13  cm,  b  =  CA  =  14  cm,  c  —  AB  = 
—  15  cm  (Fig.  30).  Denote  OE  —  OF  by  B.  The  area  of  the  triangle  ABC  is 


1. 


equal  to  the  sum  of  the  areas  of  the  triangles  BOC  and  AOC.  Since  the  areas  of 
these  triangles  are  equal  to  and  -i^-,  respectively,  then 


$  ARC  ~ 


27/? 

o 


On  the  other  hand,  by  Heron’s  formula 

Sarc  «  V 2i  (21  - 15)  (21  - 14)  (21  - 13)  =  84  cm* 

Equate  the  two  expressions  for  the  area. 

•> 

Answer:  7?=-:6-^-  cm. 

544.  In  the  right-angled  triangle  OEB  (Fig.  31)  the  angle  EBO  is  equal 
to  60° .  Therefore 


Hence, 


BO  —  EO- 


1/3 


B0="(,+-w)= 

From  the  triangle  ABD  we  find 


2  It 

"  V3 

/?  (1/34-2) 
1/3 


2/?  (1/3  +  2) 

1/3 


and  AD=nC\/A+l) 
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hence, 

AC  =  2R{Y$  +  2) 

Answer.  AB  =  BC  =  ---O'  3  +  2)  4C  =  2/i  ( 1/3  +  2). 

ys 

545.  From  the  triangle  (Fig.  32)  we  have 

BD==l/BAi-.\DZ=  18  cm 

Since 

BC -BD  —  BA^, 

then 


Consequently, 


BA 2 

50  cm 


AC  -yBC2- —BA2  =  40  cm 


/tnswx?r:  the  scmicircuniferencc  is  equal  to  20n. 

546.  Since  the  angles  Z>,  and  E  of  the  quadrilateral  ODBE  are  the  right 
ones  and  DO  =  OE  (Fig.  33),  this  quadrilateral  is  a  square.  The  sought-for 


B  B 


Fig.  32  Fig.  33 


arc  DE  is  equal  to  one  fourth  of  the  circumference  of  the  circle.  Let  us  denote 
its  radius  by  B.  From  the  similarity  of  the  triangles  ADO  and  OEC  we  have 

AD  QE 
AO  ~  OC 

Since 

ad^Yaoz-od*  =  Vis*-/?*, 

then 

yt52_/*2  n 
15  ~  20 


Hence,  /?  — 12. 
/I  newer:  On. 
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547.  The  area  S  of  the  quadrilateral  ADEB  (Fig.  34)  is 


We  have 


S  =  Sa.bc — S  dec 


era2 


To  find  SDEC ,  let  us  notice  that  the  triangles  DEC  and  DBC  have  the 
common  vertex  D  and  one  and  the  same  altitude  (not  shown  in  the  drawing) 
1 

and  that  S DRC  ~  —  S.\ bc  =  ^  era2.  Consequently,  S DEC  :  &  —  CE  :  CB.  The 


B 


Fig.  35 


unknown  segment  CE  is  found  proceeding  from  the  property  of  secants  drawn 
from  one  point  (C).  We  have  CE-CB  ^CD-CA,  whence  CE  ~~ — .  Hence, 


^  CE  CD-CA 

°T 


CB 


'  22-f02 


-  1 .2  cm2 


■4nsH*er:  .S’  %■=  10.8  ctn2. 

548.  The  area  .S’  of  the  triangle  ABC  (Fig.  35)  is  equal  to  the  product  of 
its  perimeter  2a 4- 2  ~\C  a~  -}■- A2  and  —  (r  is  the  radius  of  the  inscribed  circle): 


On  the  other  hand, 


S  ~  (a  a- -f-  A2)  r 
S=~AC-BG  =  ak 


Equaling  the  two  expressions,  we  find 

ah 

a  -j-  V  +  A2 

The  segment  HE  is  found  from  the  proportion 
DE  :  AC  BE  :  BC, 
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where 

AC=2at  BF  =  h  —  2r  and  BG^h 

Note.  We  may  find  r  in  a  different  way:  the  straight  line  AO  i«  the  hi  serf  nr 
of  the  angle  A.  Hence,  the  line-segments  GO  =  r  and  OB  ~  h -r  are  nronor 
tional  to  the  sides  AG  and  AB ,  iTe.  propor- 


Vfl2  4-  A2  -f-  a 


Va2  +  /,2 


.  2a(y„2  +  f!2_a)2 
*2  ■ 


1/a2  +  /i2+a 

549.  Since  OB-OA  =  OC-OD  (Fig.  36)  and  OB  -  OC  then  n,l  -  nn 
The  opposite  sides  AB  and  CD  o(  the  quadrilateral  ABCD' are  equal  to  eacli 


Fig.  37 

other;  hence,  the  given  lengths  (6m  and  2.4m)  belong  to  the  sides  AD  and  nr 
[AD  -  tint  BC  -  2  4m).  The  lines  He  and  vto  cutting  equal  segment,  off 
dsnn'h"  |  k  “"‘t’,0,'1  0l?  are  parallel,  which  means  that  the  quadrilateral 
BOC ^  and  ,f‘,SC<?l<!S  0n,i,•  Fr°m  5irailaril»-  <>f  Tiangle! 

,  BO  ;  AO  —  BC  :  AD 

whence 

HOAD  20  , 

A  O  =  —  ---  ..——.I  —  5  m 

BC  2.4 

hence,  A  B  -  3  in.  Now  find  tlie  altitude  of  the  trapezoid 


h--  BK  ==  YaBZ—AK2 : 

Answer’.  S  —  10.08  m2. 

550.  By  hypothesis,  AB  —  6m, 


=/  *-( 


0-2. 4\2 


•  2.4  in 


»  =  um,  AC  =  7m,  =  9m  (Fig  37)  Tot  /? 

/?fl  and  /fc  be  the  required  radii  of  the  circles  with  their  centre? at  A,  B  and  C. 
15-61338 
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Then  RA  4-  RB  =  6,  Rc  —  RA  —  7,  Rc  —  RB  =  9,  wherefrom  we  find  the 
radii  RA,  Rjj  and  Rc. 

Answer :  RA  —  4m,  R&  =  2m,  Rc  —  Hm. 

551 .  Draw  02E  parallel  to  AB  and  02P  parallel  to  DC  (Fig.  38).  By  hypo¬ 
thesis,  AB  =-—  CD.  Denote  CD  by  x.  Then  02P  —  x»  02E  —  ~x.  From  the 
triangles  0i£02  and  0iP02  we  have 

0,0|  =  0,£2  +  4-i2  and  0lOl  =  O,P2  +  xi 


Equate  these  two  expressions  and  take 


than  the  sum  of  their  radii,  but  exceeds  1 
intersect  each  other;  hence,  they  have 


into  account  that 
OxE  =  OiA  —EA=  OiA  -  0ZB  — 
=  5  —  2  =  3  cm 
and,  similarly, 

0\P  ~  0\C  -j-  OzD  =  /  cm 
Then  we  get 

9  +  -|-:r2  =  49-f*2 

whence  x2  =  32.  Therefore 
0,02  =  49  -f-  32  =  81 

Answer:  0j02  ~  9  cm. 

552.  Since  the  distance  between 
the  centres  of  the  circles  is  less 
b  difference  between  them,  the  circles 
i  common  exterior  tangent  and  (no 


common  interior  tangent.  Put  0\C  =  x  and  02C  —  y  (Fig.  39).  We  have 
x  —  y  =  0S02  =  21  cm  and  x  :  y  —  O^A  :  OzB  =  17  :  10 

nsirer:  0\C  —  51  cm,  02C  —  30  cm.  ,  .r 

553.  Two  tangents  to  the  circle  0,  ( MD  and  MA)  pass  through  the  point  M 
(Fig.  40).  Hence,  MD  =  MA.  In  the  same  way  we  prove  that  MD  =  MB. 


Consequently, 

MN  =  2MD  =  A  M  -f  MB  =  A  B 

To  find  AB  draw  the  straight  line  02C  parallel  to  ,1£.  From  the  triangle  O.O-C, 
wherein  OzC  —  AB,  0,02  =  B  *+•  r  and  0,0  =  H  -  r,  we  get 

AB  =  y(/?-j-r)2-(fi-r)2 

or 

Answer:  MN  —  2  ~[/lRr. 

554.  Let  A/ A'  be  a  common  tangent  to  the  two  circles  (Fig.  41).  Since  A  M  — 
—  A/P  =-  MB ,  MN  is  the  median  of  the  trapezoid  A  BCD.  We  have  MN  = 


Fig.  40  Fig.  41 


~  Ali  -  2V^r  (see  solution  of  the  preceding  problem).  Let  us  now  find  the 
altitude  BG  of  the  trapezoid.  According  to  the  theorem  on  proportional  lines 
in  the  right-angled  triangle  ( EAB ). 
we  have  ff 

BG 


\BE**OxOt=R  +  r 


Denote  the  radius  of  the  required  circle  by  x.  Draw  the  straight  lino 
MB  \\AB  through  its  centre  09  (Fig.  42).  Since  AB  is  perpendicular  to  the 
radii  0,A .  OzB  and  03D,  then  AM  =  £LV  =  r,  and,  hence,  0,,4/  ^  p  —  x 
and  0*N  -  r  —  *.  Furthermore,  we  have  0,03  =  /?  4-  .r  and  0,0,  =  r4-  * 
Consequently,  ~  J  ~ 

M03  =  V(7<  +  x)2_(//_a.)2  =  2  y  ^ 


15* 
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similarly, 

m3= tVTx 

And  since  MN  —  2~\/Rr  (see  Problem  553),  we  have 
2  ~[/Ri  +  2  y7x  =  2  V T, 
Yr? 


whence 


V5- 


Answer :  the  radius  of  the  circle  is 


VR  +  Vr 

Rr 

(Yn+Yrf 


556.  Since  5'  =  ^-a6sinC,  where  C  is  the  angle  between  the  chords,  the 
problem  has  no  solution  for  S >  -i ab.  If  S<~ab,  then  we  find  sinC  2S 


ab  ’ 

and  there  exist  two  triangles  with  the  sides  a  and  b  and  area  S :  in  one  tri¬ 
angle  C  is  an  acute  angle,  in  the  other  it  is 

'  a2b2  * 


obtuse.  In  the  first  case  cosC  = 


■/< 


in  the  second  case  cosC  = 

Hence, 

C2  ^  Qi  b2  _  2o6  cos  C  =  a2  -f  62  =F  2  V  a262  „  452 
(the  minus  for  an  acute  C,  the  plus  for  an 
obtuse  one).  At  S  —  ab  we  get  a  right-angled 

triangle,  so  that  c2  =  a2  +  fc2.  The  radius  of 
the  circle  circumscribed  about  the  triangle  is 

found  by  the  formula  R  = 


2  sin  C  ' 


Answer:  R  = 


:  2  V  fl2^2— 45-  1  ,  . 

— - .  I*  or  S  >  —  there  is  no  solu¬ 


tion,  for  S<C.-^ab  —  two  solutions  (the  minus  sign  if  the  angle  between  the 

chords  is  acute,  the  plus  one  if  it  is  obtuse).  At  S~~ab  we  have  one  solution 
(the  chords’are  mutually  perpendicular). 

557.  By  hypothesis  (Fig.  43),  Aii?i  =  a6  =  R,  AnB*  —  <*4  =  B  V  2  and  -^3^3  = 
ssfl3ss!  /?  The  altitudes  of  the  triangles  OAtB2  and  OA3/?3  are 

OC|=  ;  OC3  =  —,  respectively.  Hence,  we  determine 


the  areas  of  these  triangles.  Then  we  find  the  area  of  the  sector  OAxDBx:  it 
is  equal  to  one  sixth  of  the  area  of  the  circle;  therefore 

SoaiDB1~~q 


Similarly,  SqAzDB2  —  jiR2  and  SOA3DBi~~  nR2.  Subtracting  the  area  of 
each  triangle  from  the  area  of  the  respective  sector,  we  find  the  area  of  the 


s2~n-  (-5  y) 


The  area  of  the  portion  of  the  circle  contained  between  the  chords  AtBt  and 

»2  ,  & 

>V!-4'i  =  -^-(:i  +  31/.:i_G)  /K 

the  area  contained  between  do/?,  and  /  YS. 

A'B* is  ,  A  )N\ 

■S.1— V— f-(*- 3V3+C)  /V  J 

Answer:  the  ratio  of  the  areas  is  equal  A  OK  C 

,  n  +  3(2- 1/3) 

‘"a-SO-VS)  ' 

.w8.  For  determining  (lie  radius  OAr  =  r  (Fig.  44)  of  tho  inscribed  circle  let 
us  make  use  of  the  formula  for  the  area  of  the  triangle:  S  ---  pr  (p  is  the  semincri- 
meter  of  the  triangle).  By  liy|iotliesis,  AD  ,  l/,.4  cm,  DC  25.0  cm.  therefore 
AC  -  40  cm.  Hence,  Mi  =  \/ AD -AC  =  24  (cm),  UC  m.  )  77F..U  =  32  (cm) 
Consequently,  p  ~  4 8  cm  and  A’  =  384  cm-. 

dnsimr:  the  area  of  the  circle  is  equal  to  G4n  cm*. 


SipS 

Pa 


The  hne  LJV  joining  the  points  of  tangency  of  the  two  parallel  lines  AB 
d  CD  (r ig.  4.j)  is  the  diameter  of  the  circle.  Therefore  the  inscribed  angles 
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LEN  and  LMN  (and,  similarly,  the  angles  MLE  and  MNE)  are  the  right  ones. 
Hence,  the  quadrilateral  LENM  is  actually  a  rectangle.  ABD  is  an  equilateral 
triangle  (since  AB  =  AD  and  Z-4  =  60°);  the  line-segment  LN  (the  altitude 

of  the  rhombus)  is  equal  to  the  altitude  of  the  triangle  ABD ,  i.e.  LN  =  . 


The  area  S  of  the  rectangle  is 
equal  to 

—  ZJV2*sin  Z  LOE  — 

=  -liJV2-sin  Z  bad 


(the  sides  of  the  angles  LOE  and 
BAD  are  mutually  perpendicular). 

1  /  o  V  3  > 


Hence,  S 


_  1  /  o  K3 \ 
“  2  \  2  / 


Answer:  S  — 


2 

3a2  ~\/Z 
16 


sin  60°. 


560.  It  is  required  to  determine  the  area  Si  of  the  figure  MCNF  (Fig.  46) 
and  the  area  Sz  of  the  figure  KDNE  (the  areas  of  the  figures  KALG  and  LBMN 
are  equal  to  Si  and  S«,  respectively).  Since,  by  hypothesis,  AC  =  4R,  then 


B  G 


OC  =  'l-OM\  hence,  z  OCM  ==30°.  Then  we  have  z  MON  =  1803— 2-30°=  120° 
and  /,  KON  ~  603.  The  area  of  the  quadrilateral  CMON  is  equal  to  R2  l/3» 
and  the  area  of  the  sector  A/ONF,  to  y  nR~.  Hence,  St  —  R2]/^—  ; 

similarly,  S2  =  R2  —  —g—  • 


Answer :  S 


fls(3  ys— n). 


S2 


/?2(2  V3- 


3  ’  “  6 

=  30°  (Fig.  47),  the  altitude 


A  of  the  trapezoid  is  equal 


561.  Since  z  .4  = 

to  -y/lfi.  By  the  property  of  the  circumscribed  quadrilateral,  BC-rAD~ 
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=  AB+CD=AB.  Therefore 

S=  AB  +  CD  h  =  ±AB 2 

Answer:  AB  =~[/2 S. 

562.  Given  the  area  5  =  20  cm2  and  altitude  BE~2r  =  4  cm  (Fig.  48),  we 
find  the  half-sum  of  the  bases  BC  =5  cm.  Consequently,  AD  — 5  cm 

(see  the  preceding  problem).  Now  we  find  AE  —  V AB2  —  BE*  =  3  cm.  But  AE 


B  C 


is  the  half-difference  between  the  bases  of  the  trapezoid.  Knowing  the  half-sum 
and  the  half-difference,  we  find  the  bases  themselves. 

Answer:  AD  =8  cm 
BC —  2  cm 
AB  —  CD  =  5  cm 

5(53.  The  area  <?  of  the  trapezoid  ABCD  (Fig.49)  is  equal  to 


BC  A-  AD 
2 


BM  —  {BC  AD)  R 


(/?  is  the  radius  of  the  inscribed  circle).  Since  this  trapezoid  is  circumscribed 
about  the  circle,  BC+  AD  =  AB  +  CD.  But  ,\B=  2H  — J  iR 


Therefore 


2  R 

"sin a  ’ 


and  CD  = 


sin  P 


=  2/?2 


,  no  ■  a  "b  ft 
4R£  sin  — ——  cos  - 

sin  a  sin  (1 


sin  a-+-sin  p 


Answer: 


-V-s 

y  sm — ^ 


sin  a  sin  0 


2  2 

564.  Since  the  lateral  side  AB  (Fig.  50),  perpendicular  to  the  bases,  is  equal 
to  2r,  the  inclined  side  CD  is  greater  than  2r.  Consequently,  the  least  side  of 
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preceding  problem).  Since 


OC 


the  trapezoid,  equal  to  y  r,  is  the  (smaller)  base  BC.  To  find  the  larger  base 

AD  draw  straight  lines  OC  and  OD  which  are  respectively  the  bisectors  of  tiio 
angles  MCD  and  XDC  whose  sum  amounts  to  tSOS^ence 7z‘t7co  +  /0o"v‘= 
p  90  '  Fri™  the  right-angled  triangle  ODN  we  find  CNOD  +  ZoDX-  V 
C  uBequently  /AOiJ  =  Zi/CO,  and  the  triangle  OZtiV  is  simillrto  the  triangle 
0CM-  "e  obtain  ‘he  proportion  KD  :  OK  =  OM  :  MC,  where  ON  =  OM*=r 
and  MC  =  -  (by  hypothesis).  Hence,  KD  =  2r,  and  AD  =  AX  +  KD  = 
=  r  +  2r  =  3r. 

9r2 

Answer:  5  =  . 

o6.).  Tho  triangle  OMC  is  similar  to  the  triangle  OSD  (Fig.  50)  (see  the 
OD  4  XD  „  O.V 

r=~=2' thcn  oir=2  a”d  |r=2’  u- 

A  />  =  20.1/  2r  and  MC~ 
ON  1 

==“T‘=Tr-  From  l*,e  right- 

angled  triangle  OND  we  find 
r2 (2r)2  =  42,  whence, 

r=W (cm) 

Now  we  find  AD—AX+XD— 

40 

=  r  2r  —  3r  --  — 1—  cm  and 

c  15 

BC  —  cm.  The  altitude 

ys 

A/ A  of  the  trapezoid  is  equal  to 
8 

Jr  —  — cm 

V5 

Answer,  S  —  14.4  cm2. 

561*.  The  centre  0  of  the  first 
circle  (Fig.  51)  divides  the  aiti- 
j  •  Consequently,  the  diameter  MN  is  equal 

BM -~-rr h.  The  second  circle  is  inscribed  in  the  triangle 


tude  BN 
to  —  h  and  hence 


Fig.  51 

h  in  the  ratio  BO :  ON 


o  ^ 

BDE,  whoso  altitude  is  equal  to  one  third  of  the  altitude  It  of  tile  triangle  ABC 
Hence,  the  radius  r,  —  O.Xf  is  ono  third  „.__/vv  'ru 


..  '  ■  , .  '  w  wilt.  UUIU  Ut  lilfdHRmilWI  Ul  _  _ _ .... 

Hence,  the  radius  r,  = OtM  is  one  third  of  the  radius  r  -^OX.  Therefore, 

tlien  the  area  of  the 


if  A’  js  the  area  of  the  circle 
1 


/  «  1/3  \  2  J|«3  J 

L 

\0/  12  J 

circle  0\  will  be  St  —  —  S.  And  since  there  are  three  such  circles,  their  total 
area  (Ji  will  be 


^=TS 
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Reasoning  in  the  same  way,  we  find  the  total  area  of  the  next  three  circles 
0*  S  an(*  soon. 

Thus,  we  obtain  an  infinite  sequence  of  addends 

S  j[-QiJrQz~L  @3-}- . ..  =S-\-  S  -f  S  S-\- ... 

The  terms  of  this  sequence,  beginning  with  the  term  ~  S  (the  addend  S  is 
treated  separately),  form  an  infinitely  decreasing  geometric  progression 
|ai~  9~"32r)  •  The  sum  °f  this  progression  is  equal  to 

i-q  8_  _  8  5 
9 


To  get  the  required  area  the  addend  S  should  be  added  to  the  above  su 

Answer:  the  required  area  is  equal  to  -^5=~jta2. 

O  Jli  » 

567.  To  find  the  area  of  the  trapezoid 
BMNC  (Fig.  52>  it  is  required  to  find 
the  base  BM  and  altitude  AIN,  since  CN 
is  known.  First  determine  CD- -x.  We  have 

x(DC-\-x)=AD* 
or 

x  (5  1  x)=  150 
CD-^x  — 10  (cm) 


Hence, 


From  the  similarity  of 
HMD  and  CND  it 
BM  CN  BM  6 


the  triangles 
follows  that 


w  =  _  _  =  _,  whence  UM 

.  1L  ..  MN  ND 

lrom  the  proportion  — -  ~  ri  r~- ,  where 


9  (cm).  The  altitude  MN  is  found 
~BC~~  ~CD~  ’  w,,ure  iV lJ  =  VCDZ—Cm.  We  get 

MN  —  4  cm. 

Answer:  S  —  30  cm2. 

568.  Let  0„  02  and  O3  be  the  centres  of  equal  inscribed  circles  and  let  r 
be  their  radius  (Fig.  53).  Since  AOx  and  C02  are  the  bisectors  of  the  angles  A 
and  C,  each  being  equal  to  60°,  then  jLO^AD^  30°;  hence,  AD  =  EC ^  r  1/3. 
Furthermore,  />£  — 0j02~2r.  Therefore  2r(l  4-  "\/3)=^  a. 

Answer:  r  = - ? - -  11  . 

2(V3+1)  4 
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569.  The  required  area  LMN  (hatched  in  Fig.  53)  is  obtained  bv  subtracting 
the  total  area  of  the  three  sectors  0\ML ,  0%LN  and  03NM  {which  is  equal  to 
the  area  of  a  semi-circle  of  radius  r)  from  the  area  of  the  triangle  0\0Z03,  whose 

side  is  equal  to  2r  =  . a  ^1-1?  (see  the  preceding  problem);  therefore 

C  «2V3(y3-l)2 


The  total  area  of  the  three  sectors  is  equal  to 

nr2  no2(l/3  — l)2  na2  (2  —  1/3) 
_____  _  _  — 


Answer:  S  —  r2 


(vs-y) 


fl2(2-V3)(2  1/3-n) 
=  16 


570.  Solved  in  the  same  way  as  the  preceding  problem  (Fig.  54). 

4  a2  (4— jx) 

Answer:  o  - - -r? -  * 

16  . 
Alternate  solution.  The  required  figure  A LMN  is  equal  to  the  one  which  is 
U.i.lwwl  Tl.o  lat i or  io  nMainorl  hi-  inff  lu-ft  i-r.irr  Ip*  from 
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"The  area  S  of  the  segment  is  equal  to  the  area  of  the  sector  less  the  area 
of  the  triangle  OAB,  so  that 


m  i/3 


Answer:  S  ■■ 


3p2(to  —  3  V3) 


4(2n  +  3  V3)2 

572.  To  find  the  sides  AB  and  BC  of  the  triangle  ABC  (Fig.  58),  it  is  suffi¬ 
cient  to  determine  EB  ~  BG  =  x}  since  AE  —  AD  =  6  cm  and  CG  =  CD  — 


B 


=  8  cm.  For  this  purpose  let  us  compare  the  following  two  expressions  for  the 

area  of  the  triangle:  _ _ 

s  =  rp  and  S  =  ~V  P  (f>  —  a)  (p  —  b)  (p  —  c) 

Twhere  p  is  the  semiperimeter  of  the  triangle,  i.e. 

i  (EA  +  AD  +  DC  +  CG  -|-  GB  +  BE)  =  y  (28  +  2x)  =  14  +  x 

We  get  the  equation  _ 

4(14  +  i)  =  V(14  +  x).x.6.8 

Hence,  *  =  7  (cm). 

Answer:  AB  —  i'i  cm;  0C  =  15  cm. 

573.  Let  CD  :DB  —  m:n  (Fig.  57).  Then  DD  :  BC  —  n  :  (m  +  n).  Consequently, 

COS  B=  —  — —  .  Since  Z(  =  180“-2C,  co3  2C  =  cos(f80’-C)  = 

AB  BC  m  +  n 

_ - H - Hence 

m  n  _ _  _ 

„  i/’l+cos2C  m 

cosC=r  ___ — =  j/  I___ 

Answer :  /?  =  arccos — 7 — 
m-\-n 

C  =  arccos  l/^ -rrr-~ — -f  =  4"  arccos  ( - T“  )  ] 

V  2  (m  + «)  2  \  m  +  n  /  J 
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574.  The  circle  is  divided  into  four  pairwise  equal  arcs:  AB  =  BC  and  CD  = 

~DA  (Fig.  58).  Let  the  arc  BC  be  less  than  90°  we  do  not  consider  the  simplest 
case  m  :  n=*  i,  when  all  the  arcs  are  equal  to  90°  each).  Find  the  central  angle 


a  —  /_BOC  measured  by  the  arc  BC.  By  hypothesis,  DE  :  EB  —  m  :  n.  Taking 
the  quantity  —  for  the  unit  of  length,  we  have  DE  =  m  and  EB  —  n.  Hence, 

m 

DB  m+n 
2  ”  2 
and 


Hence, 


and 


OE=DE-DO=m~— i-2- 


m-—n 

__ 


cos  a  = 


OE  _  m  —  n 
OC  m  -{- « 


to  —  n 

a = arccos  — • — 
to  -f-  n 

The  arc  CD  contains  180°  —  arccos— — -  (degrees),  i.e. 

m-j-n 

to  —  n  , 

n— arccos -  (radians) 

to  -f  -  « 

Answer:  the  arc  smaller  than  is  equal  to  arccos  ~  n  (to  >  n);  the  arc 

,  n  .  .  .  to  —  n  n  —  to 

larger  than  is  equal  to  n  —  arccos - —  arccos - . 

A  to  -f-n  to  - f-  n 

575.  Let  a  (Fig.  59)  be  the  angle  of  the  parallelogram.  Then 
hi  —  BM  —  A#-sin  a 
and 


hn  —  BN =  SC. sin  a 
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Hence,  hl  a-  h2  —  {AB-\  BC)  sin  a  —  p  sin  a,  whence  sin  a  —  ■■■■■"• .  If  a  is  an 
acute  (or  right)  angle,  then  a —  arcsin  .  Then  the  obtuse  (or  right)  angle 

of  the  parallelogram  will  be  n  —  arcsin  . 

Note.  The  problem  has  no  solution  if  ht  +  /*;*>  p ■  If  ^1  +  ^2  </>.  the  problem 
is  solvable  (at  h^h-z  —  p  we  have  a  rectangle). 

ll .  _L.  /}., 

Answer:  one  of  the  angles  is  equal  to  arcsin  -A-l — = ,  the  other,  to 

n— arcsm  — — =  . 

P 

576.  By  hypothesis,  BD  :  BE  =  40  :  41  (Fig.  60).  Let  us  take  ~  part  of  BD 
for  the  unit  of  length.  Then  BD  =  40,  BE  =  41.  Since  the  triangle  ABC  is 


a  right  one  and  BE  is  the  median  of  the  right  angle,  AE  —  BE  =  41.  BDE  is 
a  right-angled  triangle,  therefore 

DE  =  V  BE*  -Bin  ~  9 

Consequently,  AD  ^  AE  —  DE  —  32.  From  the  similarity  of  the  triangles  ABD 

.  i  a, r-  i  AB  AD  32  4 

und  ABC  we  f,„d  — 

4  /!/?  4 

/iwwcr:  —  • 

577.  Since  /O  (Fig.  Gl)  is  the  bisector  of  the  angle  a  -  /  CMD,  BAO=ss 
-y  •  In  the  same  way  we  get  Z  <90°  —  a)  —  45°— .  From  the 

triangles  ADD  and  BOD  we  have 


Consequently, 


AD^ODcot-j  and  DB  -  OO. rat  («■“ — |.) 


=  4B  =  4D  +  DB=0/)[cot  y  (  cot  (45°-y  )  J 
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wherefrom  we  find  r  = 


cot  ~ -{-cot  1 45° — *  ) 
reduced  to  a  form  convenient  for  taking  logarithms: 

(  45' 


The  denominator  may  be- 


cot cot  ^45° — = 


a  ( 

1T+C0S( 


-t) 


sin  { 45 ‘ 


a  .  i 

cos  -Ty-  sin  { 

[45°-- 2-1 
r  2 1 

,  .  .  a  , 

l  +  sin  —  cos  1 

■  sin  45° 

.  a  .  . 

sm  sin  | 

.  a  .  j 
sin  —  sm  | 

Answer :  r  =  c  ~\/2  sin  sin  ^45° — . 

Note.  By  using  the  formula  r  —  S  :  p  (S  is  the  area  of  the  triangle;  pr 
semiperimeter),  we  could  get  a  solution  in  the  equivalent  form 


c  sin  a  cos  a 
1-fcosct-t-sin  a 


578.  Let  us  denote  the  sides  of  the  triangle  by  a .  b  and  c,  and  let  a  =  7  cm, 
b  as  24  cm  and  c  —  25  cm.  Since  o2-f-  b 2  —  c2,  the  given  triangle  is  a  right- 


angled  one.  Consequently,  the  radius/?  of  the  circumscribed  circle  is  equal  to--* 


The  radius  of  the  inscribed  circle  is  found  by  the  formula  r  = 

the  area  of  the  triangle  and  />,  semi  perimeter. 

Answer:  R  —  12.5  cm,  r  =  3  cm. 


A 

P  ’ 


where  S  is 


579.  By  hypothesis,  Z  BAE  =  <?  (Fig.  62).  Consequently,  Z  BAOx  —  ~^. 

It  is  required  to  determine  R~OtB  and  r  —  OX. 

We  have 


R  -j-  r = 0, F  4  F0»  =  0, 0*  =  d 
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and 

R-r*=0tB-0%C=0tD 
From  the  right-angled  triangle  0{D0 2,  wherein 


lo^d^lbao^ 


we  find 


0tD  =  0|02*sin -j  ,  i.e.  R- 


-d  sin  - 


From  the  two  equations  obtained  we  find 

<i(l  +  sin|) 


R  = 


2 


and 


l  (l—  sin  —  ) 


Substituting  cos|90°— -yj  for  sin  ~  we  may  transform  these  expressions 


Answer:  R  =  d  cos2  ^  45°  —  •—  j 

r  =  d  sin2  1 45°  — ^  j 
580.  From  Fig.  63  we  have 

DE  _  AIN 
AD  ~  /4D  : 


sin  z  BAD  = 


By  hypothesis,  MN-DC  —  Q,  i.e.  2 ra  =  Q  and. 
furthermore,  nr2  —  S.  These  equations  enable 
us  to  determine  r  and  a  separately,  but  since  it 

is  sufficient  to  know  the  ratio  — ,  it  is  better 
a 

to  divide  by  terms  the  second  equation  by  the 

whence  S.  —  HL  . 
a  nQ 

Answer :  /,BAD~ arcsin 


4.9 

nQ 


581.  The  area  of  the  inscribed  regular  2n-gon  is  equal  to  nil2  sin 

The  area  of  the  circumscribed  regular  n-gon  is  equal  to  nR2  tan  — — 
hypothesis, 

nR 2  | 


« 

■  By 


f  180°  •  <80° 

|  tan - sin 
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Hence, 

yn  (tan  a— sin  a) 

180° 

where  a  =  — — The  expression  tana— sin  a  may  be  transformed  in  l he 
following  way 

tan  a  — sina=tan  a  (1— cosa)  =  2  tan  a  sin2  y 

Answer: 


582.  Regular  polygons  with  equal  number  of  sides  are  similar;  therefore 
(Fig.  64)  their  areas  (5*  is  the  area  of  the  inscribed  polygon,  <S2,  the  area  of  the 


circumscribed  one)  are  in  the  same  ratio  as  the  squares  of  the  radii 
Sf :  So  =  0Z)2:CM2 
But  from  the  triangle  OAD  we  have 


OP 
OA  ~ 
,  180° 


cos  Z  DO  A  —  cos 


1802 


Answer:  S  t :  S2  —  cos2 
583.  Let  AB  —  a  (Fig.  65)  be  the  side  of  the  regular  /i-gon.  Then 


Z  BON  ==a  — 


180° 


,  and  Z  NAM  - 


90° 


(as  the  inscribed  angle  subtended  by  the  arc  a).  The  area  of  the  annulus  is 
Q  =  mOA2— 0;l/=)  =  n-, 1/1/2  =  n  (-1)2 
The  width  d  of  the  annulus  may  be  found  from  the  triangle  NAM, 
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Answer:  Q=^~  :  i  =  4  tan  -HI  . 

4  in 

584.  Denote  the  required  radius  by  x  so  that  (Fig.  66)  O.A  =  0.2B  =  x.  From 
the  right-angled  triangle  Oft^A,  wherein  Z020,A^~  and  O,0t  =  O,B— 

—  OzB-H  —  z,  we  have  OtA  =  0,0, sin  -j- ,  i.e.  x=(fl— x)  sin  —  . 


585.  The  area  S,  of  the  quadrilateral  ABOC  (Fig.  67)  is  equal  to  2-^-OBy 

X  AB—RZ  cot  a.  It  is  necessary  to  subtract  from  it  the  area  S.  of  the  sector 
COBD ,  whose  central  angle  is  equal  to 
(180  — 2a)°.  We  have 


180 -2a 
360 


90- 


180 


x  na 
'  2  + 180 


(a  is  measured  in  degrees). 

Answer:  S  *=  St  —  St  —  It 2  [cot  a  - 
,  L  ^  iou j 

where  the  angle  a  is  measured  in  degrees,  or 

*S  =  y?2  [cot  a' — —  -f  a’  j  where  a'  is  measured 
in  radians. 

586.  By  hypothesis,  the  area  of  the  triangle  ABF  (Fig.  68)  is  equal  to  one 
Q  °rea  ^ ,e.  rhombus  A  BCD,  i.e.  two  thirds  of  the  area  of  the  trial, - 

we  haCC'  S"'Ce  ,rlanslM  ABC  and  /,ir  1,avc  the  common  altitude  AG 


Fig.  68 


IiF  = 


_2_ 

3 


16-01338 
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Therefore 


AF*  =  AB*  -t  BF* — 2AB .  BF  cos  ( 180°  -  a)  =  at  -f- 


9 


a2  cos  a 


Answer:  AF  ~AE  —  ^l/ 13 -j- 12  cos  a. 

587.  Extend  BM  (Fig.  69)  to  intersect  the  side  OA  of  the  angle  AOB  at  the 
point  R.  From  the  triangle  AMR,  wherein  A AMR  —  A  AOB  —  60°  (as  the 
angles  with  mutually  perpendicular  sides),  we  find  MR  —  2AM  —  2a.  Conse¬ 


quently,  RB  —  RM  +  MB  ~  2 a  -f-  b .  Now,  from  the  triangle  ROB ,  wherein 
OR  -=  20B,  we  find  (2 OB)-  —  OB 2  —  (2a  -f  b)-.  Hence, 

1/3 

The  sought-for  distance  OM  is  determined  from  the  triangle  OBM. 

Answer :  OM  --- - 


1/3 


^  a~  —  ab-^bP, 


588.  The  problem  is  reduced  to  finding  ACB  —  la.  (Fig.  70).  Extending 
AC  and  drawing  BL  ||  DC,  let  us  prove  (in  the  same  way  as  in  the  theorem 
on  the  bisector  of  an  interior  angle  of  a  triangle)  that  CL~BC  =  a.  From  the 

similarity  of  the  triangles  ADC  and  ABL  wo  get  BL  =  ^  - ,  and  from  the 

(a-*-- b)  t 

isosceles  triangle  BCL  we  have  BLr=2a  cos  a.  Consequently,  2a  cos  a™ — g — 

wherefrom  we  find  cos  a;  then  we  find  sin  a  and 

i  1  1 

5  =  —  at  sin  a  -f  y  bt  sin  a  =  tt  t  (a  b)  sin  a 

Alternate  solution.  The  area  -^-ai>sin2cc  of  the  triangle  ABC  is  the  sum  of 
the  areas  ~bt  sin  a  and  —  at  sin  a  of  the  triangles  ADC  and  BCDt  respecti- 
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vely.  Consequently,  a6sin  a  cos  a  =  sin  siQ  a  whence  we  find 

cos  a. 


Answer:  S  =  *  V  4a262  —  (a  -  --  6)2 12 . 

589.  Let  the  rays  CD  and  CE  (Fig.  71)  divide  the  angle  ACS  into  three  equal 
parts;  /.BCD  —  /DCE  —  /ECA  =  a.  By  hypothesis,  AC  =  CB  -  a  and 
CE  —  CD  —  t.  In  the  same  way  as  in  the  preceding  problem  we  find  from  the 


c 


area  is  the  sum  of  the  areas  of  tin*  triangles  ACE',  DCE ;  BCD. 

Answer :  S  ~  (2a -j  t )  V(^a  /)(«  —  <)• 

590.  In  the  triangle  ABC  (Fig.  72)  CE  is  an  altitude  and  CO  is  a  median. 
Let  us  denote  the  required  angle  OCE  by  q.  and  the  angles  of  the  triangle  bv 
A,  B  and  C.  From  the  triangles  ACE,  BCE  and  OCE  we  find  the  following 
expressions  for  the  segments  of  the  base:  ** 

AE  =  EC *cot  A 
BE  EC -rot  !i 
and 


OE — EC  *tan  <j 

Since  AO  -  OB,  we  have 

AE  ~  BE  ~  (AO -f  OE)  -  (OB  -  OE)  2 OE 
Substituting  the  expressions  found  for  these  segments,  wo  get 
EC  *  cot  A  —  EC  ■  cot  //  -  -  2 EC  -  ta  n  q 


cot  A  —  cot  B  —  2  tan  q 


Answer:  tan  q  —  (cot  A  —  cot  fi)> 


or 


244 


Answers  and  Solutions 


591.  The  required  area  S  (hatched  in  Fig.  73)  is  equal  to  the  three-fold 
area  ot  the  figure  EMFB.  By  hypothesis,  0E=—  AB=—  .  In  the  right-angled 
triangle  OED  the  leg  OD  (the  radius  of  the  inscribed  circle)  is  equal  to 
consequently,  OD=OE 3^.  Hence,  z  D£0  =  6O°.  Similarly,  Z  KFO= 
=  60°.  Since  the  angle  EBF  is  also  equal  to  60°,  OE\\BF  and  0/’||B£,  and 


the  quadrilateral  OEBF  is  a  rhombus  with  the  side  ~  and  the  angle  60'  at 
the  vertex  0.  Subtract  the  area  of  the  sector  EOF,  equal  to  -1  n  (-2-) 2  , 


from  the  area  of  the  rhombus  (yj  and  multiply  the  difference  thus 

obtained  by  3. 

Answer:  S  —  (3  1/3—  jt). 

592.  It  is  required  to  find  S-^AB-DC  (Fig.  74).  The  angle  CFB  is 
a  right  one  (as  an  inscribed  angle  subtended  by  the  diameter).  Consequently, 
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DC  =  AF,  and  thus,  S  = 


i 

9 


AB-AF.  But,  by  the  property  of  the  secant,  we  have 


-4/)-.4F  =  /l£2=(A)2 


Answer :  S~ 


593.  Since  /DCA  =  / OBC  (Fig.  75)  and  z BCO  ~  zO£C  (for  the  median 
OC  is  equal  to  half  the  hypotenuse),  we  have  /DCA  —  /.BCO.  But,  by  hypothe¬ 
sis,  z ACE  —  /BCE.  Subtracting  the  former  equality  from  the  latter  one 
we  get  /DCE  =  z OCE ,  i.e.  CE  bisects  the  angle  DCO. 

594.  The  diameter  2 R  of  the  circle  circumscribed  about  the  right-angled 
triangle  ABC  (Fig.  7G)  is  equal  to  the  hypotenuse  AB.  The  diameter  2 r  of 
the  inscribed  circle  is  equal  to 


MC  -f-  CK  (since  MOKC  is  a 
square).  Hence, 

AC  +  BC  =  (AM  +  BK)  + 

(MC  -!-  CK)  —  (A  L  Ar  LB)  -f 
-f  (MC  -f  CK)  =  2/?  +  2r. 

595.  In  the  same  way  as  in  the 
preceding  problem,  prove  that 
a+6—  2(r-\-B),  i.e.  a-j-6= 

=  2(-|/?  +  /?)=-lc.  Further- 

more,  2  =  c2. 

Hence, 

3 

a  —  —  c, 

o 


Answer:  sin  A  =  ,  sin  B  =  . 


,  *>9{L  Let  us  construct  (Fig.  77)  the  triangles  OEO ,  and  0F02  (E  and  F  are 
the  midpoints  of  the  sides  of  the  parallelogram).  They  are  congruent.  Indeed 
OE  =  FC ,  and,  by  hypothesis,  FC  =  02/’.  Hence,  0£  =  0«F.  Similarly,  wo 
prove  that  0\E  =  0/*.  The  angles  0E0\  and  0F0Z  (both  of  them  are  obtuse)  are 
congruent,  since  their  sides  are  mutually  perpendicular.  From  the  congruence 
of  the  triangles  0E0t  and  OFOz  it  follows  that  00,  =  00 ,  and  z  00* E  = 
i4?20/,‘  Ar,d  sinc0  °tE  and  0F  form  a  riSht  angle,  the  straight  lines  00. 
and  002  also  form  a  right  angle.  Hence,  the  triangle  0,020  is  an  isosceles  right- 
angled  one.  The  same  refers  to  the  triangles  0203O,  0.0,0  and  0,0,0.  which 
means  that  the  quadrilateral  0j020304  is  a  square. 
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CHAPTER  IX 

POLYHEDRONS 

Notation  (for  this  and  next  chapters): 

V  —  volume 

S  or  Sfase  =  area  of  the  base 

S/at  ~  area  of  the  lateral  surface 
S fatal  ”  tota^  area 

a  ~  side  of  the  base 
r  radius  of  the  inscribed  circle 
R  —  radius  of  the  circumscribed  circle 
H  =  altitude  of  a  solid 
h  —  altitude  of  the  base 

If  the  above  quantities  are  denoted  otherwise,  this  fact  is  mentioned  each 
time.  In  the  accompanying  figures  invisible  lines  are  presented  by  broken  lines 
with  short  dashes,  and  auxiliary  lines,  by  broken  lines  with  longer  dashes. 


597.  The  projection  of  the  diagonal  AtC  of  the  parallelepiped  (Fig.  78)  on 
the  plane  of  the  base  A  BCD  is  AC  (the  diagonal  of  the  base).  Therefore  the  angle 
a  between  A%C  and  the  plane  A  BCD  is  measured  by  the  angle  AtC  A.  From  the 
triangle  A  AtC  we  find 

A  At  —  AC  ■  tan  a  ==  \  a2  -Cb-  tan  a 

Substitute  it  into  the  formula  Stat  =  (2a-'r2b)-AA{. 

Answer :  Siat  -  2  (a  -f  b)  V a2  —  b -  tan  a . 

598.  From  each  vertex  of  the  prism,  say  from  A  j  (Fig.  79),  we  can  draw  three 
diagonals  (.4 XE,  AtD,  AtC).  They  arc  projected  on  the  plane  ABCDEF  as  the 
diagonals  of  the  base  (/ii’,  AD,  .4C)-  Out  of  the  inclined  lines  AtE,  AtD,  AtC 
the  greatest  is  the  one  having  the  longest  projection.  Consequently,  the  greatest 
of  the  three  diagonals  taken  is  ^4  *£>  (the  prism  has  other  diagonals  equal  to  A\Di 
but  there  is  none  longer  than  ^i/>). 
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From  the  triangle  AtAD  wherein  Z  DAxA  =  tt  and  AtD  =  d,  we  find  H  = 
=  i4i4j  =  dcosa,  AD  —  d  sin  a.  The  area  of  the  equilateral  triangle  AOli  is 

V3.  The 


equal  to  -j~i40*.y3.  Hence  Sbasc  = 
volume  r«5»//  = 


fi.-L.Oi2.  V3  =6 


1  /  •')0  \2 
4  l  2  ) 


Answer : 


sy'3 


d3  sin2  a  cos  a 


iVo/e.  For  graphical  representation  of  a  regular  hexagon  (the  base  of  the 
prism)  we  may  construct  an  arbitrary  parallelogram 
BCDO.  Extending  the  lines  DO,  CO,  BO  and 
marking  off  the  segments  OA  —  OD.  OF  —  OC  and 
OE  OB,  we  obtain  the  hexagon  ABCDEF.  The 
point  0  represents  the  centre. 

599.  (a)  Drawing.  The  square  serving  as  the 
base  is  represented  by  an  arbitrary  parallelogram 
A  BCD  (Fig.  80).  The  point  0  of  intersection  «>f  the 
diagonals  represents  the  centre  of  the  square. 

Joining  the  midpoint  F  of  the  side  AB  with  the 
vertex  of  the  pyramid  E,  we  get  the  slant  height  EF. 

(b)  Solution.  We  have 


V 


\ 


*27/ 


where  .r  is  the  side  of  the  base  (AB  in  Fig.  80)  and 
II,  the  altitude  of  the  pyramid  (OE).  The  angle  a  is 
Problem  597).  From  the  triangle  EBO  we  find  II 
triangle  OAB, 

x—OIt-Y 2  =m  |/ 2-cos  a 
/n3sin  2a  cos  a 


Z EBO  (see  solution  of 
-  m  sin  a;  from  the 


Answer :  V  = 


7i 3  cos2  a  sin  a 


'  3 . "  . . "  3 

600.  Denoting  the  required  lateral  edge  by  m,  in  the  same  way  as  in  the 
preceding  problem,  we  find 

y_  m3  sin  2q  cos  a 

whence  we  determine  m. 

Answ 


r  sin  2a  cos  a 
601.  Let  us  introduce  the  following  notation: 


AB^x;  EF-  y  (Fig.  80). 


Then  we  have  S~2xy.  From  the  right-angled  triangle  OFF,  wherein  OE  ■.=  //. 
we  find  y-  4  IF1.  Eliminating  y  from  the  found  equations,  we  get 

*44-4/72*2— £2^0 

This  equation  has  two  real  solutions,  but  only  one  of  them  is  positive. 
Answer:  x  —  Y  1/4//*-;  S'l  —  2Il2  cm. 
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602.*  Joining  the  midpoints  M  and  N  (Fig.  81)  of  the  sides  BC  and  FE, 
we  obtain  the  graphical  representation  MN  of  the  diameter  of  the  inscribed  circle 

so  that  MN  —  d  and  =  Since  OM  is  the  altitude  of  an  equilateral 


S 


triangle  with  the  side  a  (=  BC  =  UC  =  OB),  4  =  ^4^  ;  whence  a  =  . 

2  2  -1/3 

The  altitude  //  —  OS  is  found  from  the  triangle  SCO: 

n  =  Vc^-oc2  =  2  =  j,/  r-  _  iE. 

The  slant  height  m  =  SM  of  the  pyramid  is  found  from  the  triangle  SCM: 
"‘=1 

Answer:  V  =  '\/dl2—d2,  S lat  =  — 

603.  (a)  Drawing.  The  baso  may  be  represented  by  any  triangle  ABC 
(Fig.  82).  The  centre  of  the  base  is  represented  by  the  point  0  of  intersection  of 
the  medians**. 

1  1  1  _ 

(b)  Solution.  We  have  V  =*j-Sbase- //==_._  a2  y3  //,  The  reiat jonship 
between  a  and  H  is  found  from  the  triangle  AOD,  wherein  AD  =  a,  and  AO 
is  the  radius  R  of  the  circle  circumscribed  about  the  base;  thus  <z  =  i?  V3. 


*  For  graphical  representation  of  a  regular  hexagon  see  Note  to  Problem  598 
on  page  247. 

**  Then  two  of  these  medians,  which  are  of  no  importance  for  solving  the  pro¬ 
blem,  may  be  erased,  leaving  only  the  point  O  on  tlie  median  AE  as  is  done  in 
Fig.  85  on  page  250. 
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We  have  Il2=AD2— A02~a2—~~  —  -j  a-.  Substituting  a2  —  ^  II2  into  the 

V3 

expression  of  V,  we  get  V———1I3. 

o 


3  /  V 

Answer:  II  —  2  i  /  — —  . 

y  V3 

604.  (a)  Drawing.  As  distinct  from  a  rectangular  parallelepiped,  all  the  faces 
of  which  are  rectangles,  the  base  of  a  right  parallelepiped  is  a  parallelogram, 
only  the  four  lateral  faces  being  the  rectangles.  But  in  drawing  a  rectangular 
parallelepiped  (see  Fig.  78  on  page  246)  we  are  forced  to  represent  the  base  also 
in  the  form  of  a  parallelogram.  Therefore  the  drawing  of  a  right  parallelepiped 


does  not  essentially  differ  from  that  of  a  rectangular  parallelepiped,  which  crea¬ 
tes  additional  difficulties  for  reading  such  drawings:  it  is  necessary  to  remember 
that  the  acute  angle  of  the  parallelogram  shown  in  the  drawing  corresponds  to 
the  actual  acute  angle  of  the  figure  represented.  For  the  sake  of  clarity  it  is 
recommended  to  make  this  angle  too  acute,  as  in  Fig.  83,  and  mark  it  obligatory 
with  a  letter  (in  the  given  case— with  the  Greek  letter  a). 

(b)  Solution.  In  a  right  parallelepiped  the  diagonals  (four  in  number)  are 
equal  pairwise:  A,C  —  AC,  and  HI),  —  B,D  (in  Fig.  83  AC,  and  DB,  are  not 
shown).  Let  /_  DAD  =*  a  be  an  acute  angle  of  the  base  ABCD\  then  i.  ABC 
=■■=  180°  —  a  is  an  obtuse  one  and  AC  >  BD.  Hence,  Bl),  is  the  smaller  diagonal 
of  the  parallelepiped  (since  BD\  —  IDA-  BD2,  whereas  A,C2  —  ID  -f-  AC2; 
hence,  BD\  <  A,C2).  From  the  condition  BD,  —  AC  we  may  find  II.  Namely, 
from  the  triangle  BDl),  we  have 

ID  =  BD\  -  BID  —  AC2  —  BID 
From  the  triangle  ADI)  we  find 

BD2  —  a2  Ar  b2  —  lab  cos  a 
and  from  the  triangle  ABC  we  find 

AC2  —  a2  -j-  6-  —  lab  cos  (180°  —  cc) 

Consequently,  ID  —  4 ab  cos  «. 

Answer:  V  —  2  sin  a  V (ab)3  cos  a. 

605.  Let  us  denote  the  larger  side  of  the  base  (AB  in  Fig.  84)  by  a  and  the 
smaller  one  (BC),  by  b.  By  hypothesis,  a  -j  6  =  9  cm.  To  find  a,  6,  and  the 
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acute  angle  a,  let  us  compute  the  diagonals  of  thejbase.  As  has  been  proved 
in  the  solution  of  the  preceding  problem,  the  smaller  diagonal  [SO,  =  YFd  (cm)) 
of  the  parallelepiped  is  projected  on  the  plane  of  the  base  as  the  diagonal  BD. 
Therefore 

BD2  —  BD\ — DD\  =  ( *\/33)2—  4-  —  17  (cm2). 

In  the  same  way  we  find  .-1C2~65  (cm2).  And  so  we  get  the  following  two 
equations: 

a2  -r  b2  —  2ab  cos  a  —  17;  a-  r  b2  -j  •  2  ab  cos  a  =  65 

Adding  them,  we  find  which,  together  with  a -f  6  =  9,  yields  a  =  5, 

b  —  A  (we  have  denoted  the  larger  side  by  a).  Subtracting,  we  find  4a6cosa  = 

=  48,  i.e.  cos  a  =s-^~ =:  0.6.  Consequently, 

^6<is<»::=fl&sina  =  4*5  0.8  =  lt)  cm2 
Answer:  V--C4  cm2,  Stotai~  i04  cm2. 

606.  (a)  Drawing.  For  constructing  the  point  O  see  Problem  603  (Fig.  82). 
To  construct  the  plane  angle  of  the  dihedral  angle  at  the  edge  BC  (Fig.  85),  join 


the  midpoint  /•'  of  the  segment  BC  with  the  points  D  and  A ;  since  CDB  and 
CAB  are  actually  the  isosceles  triangles.  DE  and  A  E  are  perpendicular  to  BC , 
i.e.  _  DEA  q  is  the  required  plane  angle.  The  altitude  of  the  pyramid  DO  — 
h  lies  in  the  plane  DEA . 

(in  Solution.  We  have  tan  q  ,  where  OD  =  h,  ami  OE=^~AO  (the 

medians  are  divided  in  the  ratio  I  :  2).  .40  is  found  from  the  triangle  AOD, 
wherein  .40  =  /. 

.  2h 

Answer:  (r  -  a  rc  1 0  n - - . 

60 < *  I  he  angle  a  is  measured  by  the  angle  OBE  (Fig.  86),  because  OB  is 
the  projection  of  the  edge  BE  on  the  piano  of  the  base.  To  construct  the  plane 
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angle  q>  of  the  dihedral  angle  at  the  edge  AB,  join  the  midpoint  F  of  the 
side  AB  with  0  and  E  (see  the  explanation  to  Problem  60b).  Since  Sbase  = 

—  $2— to  compute  V'  we  have  to  find  II  — OE  and  d—BD.  From  the 
triangle  QBE  we  find  //  =  y  tanct,  and  by  hypothesis,  ~  II  ~S.  Multiplying 


these  equations  and  then  dividing  them  termwise,  we  find 

t  d  \2 


//2  —  S  tan  a  and 


(4) 


S  col  a 


Hence, 


■  •S~  cot  "a 


The  angle  q>  is  determined  from  the  triangle  OIL,  wherein 

oi  a  ^ 

'"'2  ~  2V2 


OE  .. 
tan  --  ypr  ‘I 


:  —  —  VS  tan  ct :  •— "  \'  S  cot  rr.  \/t  tai 


Answer:  1'  —  ~  Sl  cot"a;  tan  <f  ==*  \,Tl  tan  ot. 

608.  (a)  Drawing.  The  base  of  the  pyramid  is  a  regular  pentagon  (from  the 
equation  180°  (n  —  2)  -  540°  wo  find  n  f»).  And  in  the  regular  pentagon 
ABODE  (Fig.  87a)  each  diagonal  (say.  AD)  is  divided  by  each  of  the  other  diago* 

1/5—1 

nals  (for  instance  BE)  in  the  extreme  and  mean  ratio.so  thal/Mf  ~  — ~ — AD  « 
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~  0.6  AD.  Furthermore,  each  diagonal  is  parallel  to  one  of  the  sides  (for  instance 
AD\\  BC).  The  centre  0  is  the  point  of  intersection  of  CM  and  EN.  Therefore, 
the  drawing  of  the  regular  pentagon  may  be  constructed  in  the  following  way. 

Construct  an  arbitrary  triangle  ABD  (Fig.  876).  Divide  the  sides  AD  and  BD 
by  the  points  M  and  N  in  the  extreme  and  mean  ratio— approximately  in  the 
ratio 

A  M  :  MD  =  2  :  3 


for  this  purpose  it  is  sufficient  to  divide  one  side  and  then  to  draw  MN\\AB. 
Draw  AE\\  BD  to  intersect  the  extension  of  the  line  BM  at  the  point  E.  Point  C 

is  constructed  likewise.  The  centre  is 
represented  by  the  point  0  which  is  the 
point  of  intersection  of  CM  and  EN. 

(b)  Solution.  From  the  triangle  COF , 
wherein  /_OCF= a  and  CF  —  l ,  we  find 
H  =  OF ss  l  sin  a;  OC  =  l  cos  a.  The  area  of 

the  base  S  =  5-^-  OC  OD  x  sin^COD  — 
—  JL.0C2.sjn  72°  =  A  12  cos2  a  sin  72®. 


Answer: 


r~3T"r‘ 


6 


P  sin  72°  x 


FC  = 
side  OC 


Xcos-asma. 

Fig.  SS  609.*  The  angle  a  is  determined  from 

the  triangle  COF  (Fig.  88),  wherein 
CB  a  (by  hypothesis,  the  triangle  CBF  is  an  equilateral  one).  And  the 
(the  radius  of  the  circumscribed  circle)  is  expressed  in  terms  of  a 


from  the  triangle  COU ,  wherein  the  angle  COB  is  equal  to  36°  and  CB  —  y. 

...  *  a  ,  OC  1 

We  have  OC  ~  ,  hence,  cos  a  =  -7777-  —  ,  . 

2  sin  3b*  CF  2  sin  36 

The  angle  <p  is  determined  from  the  triangle  OBF,  wherein  FU  — a 

(as  the  altitude  of  an  equilateral  triangle  with  the  side  a),  and  OB  =  — ft 

(from  the  triangle  COB).  We  have 

OB  a  cot36: 

__  _  ; 


COS  (p  - 


Answer :  a  --  arcc os 


1 


2  sin  36° 


a  ~\/3  cot  30' 
2 

cot  36° 

w 


Vs 


610.  We  have  (see  Fig.  88):  BC  —  a ,  OB cot 


180° 


The  area  of  the  base 


9  -iifL  JLcot™:  naZ  cot 
2  2  n  4  n 


biem. 


For  graphical  representation  of  a  regular  pentagon  see  the  preceding  pro- 
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From  the  formula  V  - 


-  SH  we  find 


12 V  180° 


Denoting  the  required  angle  OCF  by  a,  we  have 

H 


where 


OC 


OC  =  - 


2  sin 


18U° 


.  180°  ,  180° 
24V  sin - tan - 


Answer:  a  =  arctan- 


Preliminary  Notes  to  Problems  611  through  616 

If  all  the  lateral  edges  of  a  pyramid  form  equal  angles  with  the  base,  then  (t) 
all  the  lateral  edges  are  equal;  (2)  a  circle  can  be  circumscribed  about  the  base; 
(3)  the  altitude  of  the  pyramid  passes  through  the  centre  of  this  circle. 


S 


Proof.  Let  the  edges  SA,  SB,  SC  and  so  on  (Fig.  89)  form  equal  angles  with 
the  plane  ABCDE.  Consider  the  right-angled  triangles  AOS  and  BOS  ( OS  is 
the  altitude  of  the  pyramid).  They  have  a  common  altitude,  and  the  acute  angles 
OAS  and  OBS  are  equal  to  each  other  (since  they  measure  the  angles  of  inclina¬ 
tion  of  the  edges  SA  and  SB  to  the  base,  respectively).  Consequently,  A  S  ~  BS. 
Likewise,  we  prove  that  BS  —  CS  and  so  on.  From  the  same  triangles  A  OS  and  BOS 
we  find  AO  ~  OB.  Likewise,  we  prove  that  OB  —  OC  and  so  on.  Hence,  the  circle 
of  radius  OA  and  with  0  as  the  centre  will  pass  through  the  points  B ,  C,  and  so  on 
fill.  As  has  been  proved,  the  altitude  EO  passes  through  the  centre  of  the 
circumscribed  circle,  i.e.  through  the  point  0  of  intersection  of  the  diagonals 
(Fig.  90).  The  area  of  any  parallelogram  is  equal  to  half  the  product  of  the 
diagonals  and  the  sine  of  the  angle  contained  between  them.  Therefore  Sb  -= 
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j 

—  Tr^siiia.  Front  the  triangle  AOE  we  find: 

//  =  i40-tan  p  =  4"tan  P 

Answer:  V  —  ^  b3 sin  a  tan  p. 

612.  (a)  Drawing.  According  to  the  Preliminary  Notes,  the  altitude  of  the 
pyramid  must  pass  through  the  centre  of  the  circle  circumscribed  about  the 
isosceles  triangle  ABC  (Fig.  91).  Since  the  angle  a  ~  £  CAB  at  the  vertex 


B 


U 


remains  arbitrary,  the  centre  0  may  be  represented  by  any  point  of  the  line- 
segment  AE  (E  is  the  midpoint  of  BC)  and  even  of  its  extension  (in  the  latter 
case  the  actual  angle  a  is  an  obtuse  one). 

(b)  Solution.  The  altitude  DO  is  determined  from  the  triangle  AOD,  wherein 
A  OAD  p,  and  AO  B  is  the  radius  of  the  circumscribed  circle.  According 
to  the  law  of  sines  the  side  BC  is  equal  to  the  product  of  the  diameter  2 R  of 

the  circumscribed  circle  bv  the  sine  of  the  opposite  angle  «,  so  that  R  ~-z—. - . 

ir  2sina 

The  quantity  —  BE  is  found  from  the  triangle  ABE  i  —---a  sin  —■  \  .  Hence 


//  --  R  tan  6  = 


a  sin  tan 


The  area  of  the  base 


a2  sin  a 


«2sin  ■ ■  t  an  p 

Answer:  t'  - - - . 

0 

613,  (a)  Drawing.  In  the  parallel  projection  a  circle  is  represented  as  an  ellipse. 
The  ellipse  may  be  constructed  in  the  following  way.  Draw  the  diameter  jl/Ar 
of  the  circle  (Fig.  92)  and  from  an  arbitrary  point  P  of  the  circle  draw  the  straight 
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line  PP'  perpendicular  to  MX.  Let  R  be  the  point  of  intersection  of  PP'  and 
MN.  Shorten  the  line-segment  RP  in  some  ratio  (say.  to  half  its  length)  and  lay 
off  the  shortened  segment  RQ  on  the  same  line  PP'  to  both  sides  of  R  IRQ  --- 
—  RQ').  Proceed  in  the  same  way  with  a  number  of  points  on  the  circle  to  get 
a  number  of  points  for  the  ellipse  under  construction. 

The  ellipse  is  symmetrical  about  MN  (the  major  axis)  and  about  the  straight 
line  UU'  drawn  through  the  centre  0  perpendicular  to  MX  (IT'  is  the  minor 
axis  of  the  ellipse.)  The  point  0  is  called  the  centre  of  the  ellipse. 

To  depict  a  circle  circumscribed  about  a  rectangle  it  is  convenient  first  to 
draw  an  ellipse  A  BCD  representing  the  circumscribed  circle  (Fig.  93).  It  is 
good  practice  to  arrange  the  major  axis  of  the  ellipse  in  an  inclined  position*. 


Fig.  93 


One  side  of  the  rectangle  may  be  represented  by  an  arbitrary  chord  AB  of  the 
ellipse.  It  is  advisible  to  draw  the  chord  horizontally.  Draw  straight  lines  BD 
and  A C  through  the  centre  of  the  ellinse.  The  quadrilateral  ABC!)  thus  obtained 
is  the  graphical  representation  of  the  rectangle. 

(b)  Solution.  The  inscribed  angle  CAB  contains  a'.  since  it  is  subtended 
by  the  arc  DC  containing  (2«)\  From  the  triangle  BA  C  we  have  A  B  ~  2R  cos  a; 
BC  2 R  sin  a,  and  so 

S  —  2  (AB  -!-  BC)  //  —  AH  (cos  a  4  sin  a)  II 

Hence, 


4 R  (cos a-}- sin  a) 

We  now  find  V  —  AB-BC-II.  The  condition  that  the  arc  (2a)°  is  subtended  by 
a  smaller  side  of  the  rectangle  is  an  unnecessary  one. 

.  „  SR  cos  a  sit«  a  SR  sin  2a 

Answer:  V  - - : - -  ~—r= - — - • 

cos  a  -•  sin  a  y Scos(45'  —  a) 

614.  The  area  of  the  base  S  -  —a*  tan  a  (Fig.  94).  By  hypothesis, 

Si0t  25  —  a1  tan  a 

*  In  Fig.  93  the  major  axis  of  the  ellipse  coincides  with  the  diagonal  AC  of 
the  rectangle.  This  simplifies  the  drawing,  but  is  not  obligatory. 
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On  the  other  hand, 


2a  cos2 - 


Equating  the  two  expressions  lor  Siat  we  find 
a_  sin  a  _  a  t 

:  4  ' 


H  = 


a3  a 

-^~tan  a  tan  -= ~ 
o  2 


Answer :  V  = 

615.*  Join  the  midpoint  M 
S 


COS" 


of  the  side  AB  with  0  and  S  (Fig.  95). 
The  angle  OMS  is  the  plane  angle  of  the 
dihedral  angle  a  (see  explanation  to  Problem 
606).  Hence, 

OM  —  SM  cos  a  —  m  cos  a 

From  the  triangle  AOM,  wherein  £AOM  — 
=30°,  we  find 


AM=^-=^-.OM  = 


VS  , 


Then  we  find 

^base  —  ^  l'2'j  "1/3 


and 


Slat  =  6  - 


Substituting  the  found  expression  for  y ,  we  get 

s tota l  ~  Sbase  +  Slat  =  2  V 3  m2  cos  a  (i  + cos  a) 
Answer:  S(otai  =  4  V3  m2  cos  a  cos2  . 


616.  By  hypothesis,  the  inclined  lines  AC  and  CB  (Fig.  96)  are  equal  to 
each  other.  Hence,  their  projections  are  also  equal:  AD  —  DB.  The  angle  DEC 
(E  is  the  midpoint  of  AB)  is  the  plane  angle  of  the  dihedral  angle  a. 

*  For  graphical  representation  of  a  regular  hexagon  see  Note  to  Problem  598. 


Since  the  triangle  A  CB  at  the  vertex  C  is  a  right-angled  one,  CE  —  A  E  as 
~Y'  **ence»  ££  ~y  cos  a*  Finally, 

AD  =  BD=z  ~\/ A E2 -  ED-  =  S  yf+coPa 


Ansmer: 


‘S'abd  — 


c2  cos  a 


—  c  (l  yi  -fcos2a) 


Preliminary  Notes  to  Problems  617-704 

If  all  the  lateral  faces  of  a  pyramid  are  inclined  to  the  base  at  one  and  the 
same  angle  a.  and  the  altitude  passe?  through  some  point  0  on  the  base  of  the 
pyramid,  then: 

(1)  the  slant  heights  of  all  the  faces  are  p 

equal; 

(2)  a  circle  can  be  inscribed  in  the  base  of 
the  pyramid  with  point  0  as  the  centre; 

(•i)  SbaSe  ~  $  tat  oos  ct. 

Proof.  (1)  Draw  (Fig.  97)  the  slant  height 
PM  of  the  lateral  face  BFC  and  join  M  with 
O.  The  line-segment  OM  is  the  projection  of 
PM  on  the  plane  ABODE.  Consequently,  it  is 
perpendicular  to  BC  (“the  theorem  on  three 
perpendiculars”).  Hence,  the  angle  OMF  is  the 
plane  angle  of  the  dihedral  angle  a.  From  the 

triangle  OMF  wo  have  FM=  OM  = 

sin  a 

~OF‘C ol  a.  If  we  draw  PL,  FN  and  the  slant 
heights  of  other  lateral  faces,  we  find  likewise 

that  all  of  them  are  equal  to  . 

sin  a 

(2)  The  line-segments  OL,  OM,  etc.  arc 
perpendicular  respectively  to  the  sides  \B, 

BC,  etc.  and  are  equal  to  OF -cot  «.  Therefore,  p.  0 

»f  a  circle  of  radius  OM  is  drawn  from  O  as  the  IMS*  J/ 

centre,  it  will  be  inscribed  in  the  base  ABODE. 

(3)  As  has  been  proved  the  point  O,  which  is  the  foot  of  the  altitude  of  the 
pyramid  is  the  centre  of  the  inscribed  circle. 

(*)  Sobc  =  -j  BC  ■  OM  =  -i  BC  (F.1/  •  cos  0) = (-i  BC  ■  FM  )  cos  a  =  SFnc  cos  a 

Likewise  we  find  that  SOAIf~S[.An  cos  a,  and  so  on.  Adding  these  equa¬ 
lities,  we  got  S p,i “  S i at  cos  rx . 

617.  The  altitude  FO  of  any  pyramid  (Fig.  97)  is  projected  on  the  lateral 
hliruR?C  m  3  lin°-s,1g,nenl  b'ing  on  the  straight  line  FA! .  Therefore, 
Z  OP  At  =  <p.  Hence.  «  =  90°—  <p,  i.e.  all  the  faces  are  inclined  to  the  base  at 
one  and  the  same  angle.  As  has  been  proved 


Q 

sin 


17-0133* 
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Answer:  S{at  = 


sin  q> 


Stotal-Q(l  + 


618.  From  the  triangle  DOE  (Fig. 

We  have 


2Q  cos'  (  45°  ~  ) ' 

sin  <p 

)  *  we  find 


II —  OE- tan  <p=-|-*C£-tan  (p  —  » -  ---- •  tan  9 


*3  hdfic  ”  *7“  a-  V  ^  and  S int  —  1 

oaac  ^  v  tai  cos  ^ 

(see  the  preliminary  note  to  the  preceding  problem). 
a3  tan  9 


Answer:  V  —  - 


S  total  — 


a-  V»!  (l-j-cosq?) 


3  cos2 


(P 


4  cos  qp  2  cos  9 

Sole.  The  general  expression  for  the  total  surface  area  of  a  pyramid,  whose 
faces  are  inclined  to  the  base  at  one  and  the  same  angle  <p  may  be  written  as 


follows: 

$  total  ~  ^base'T  Slat  ~ 


=  Si4M(1+7^ 


)  = 


2S6„„C032- 
cos  cp 


610.  Make  use  of  the  formula  S(0(ai- 


T 


a2  \  3  cos2  — 
2  cos  9 

Answer:  a  ~  - 


■ ,  found  in  the  preceding  problem. 
_1 _ ,  /~2S  cos  a 

7X 1  l '  3  ‘ 


620.  (a)  Drawing.  The  straight  line,  joining  the 
points  of  tangency  L  and  N  of  the  opposite  sides 
FJ,».  os  of  the  rhombus  (Fig.  99a)  passes  through  the  centre 

of  the  circle.  Therefore,  first  draw  an  ellipse 
(Fig.  905),  representing  the  circle**,  and  then  the  straight  lines  NL  and  KM 
passing  through  the  centre  0.  To  complete  the  parallelogram  A  BCD  representing 
the  rhombus  draw  straight  lines  tangent  to  the  ellipse  at  the  points  A\  L,  K,  M. 

(J»)  Solution.  To  determine  ShoSl,  find  the  altitude  DF  and  the  side  AB  of 
the  rhombus.  From  Fig.  99a  we  find  DF  —  20 K  =  2r;  from  the  triangle  AFD> 
wherein  Z.A  ~~  »i  we  have 

a  —  AD  —  sjn  a  ~  sin  a 


1  For  representation  and  construction  see  Fig.  82. 
-  For  construction  of  an  ellipse  see  Problem  613. 
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Then  we  find 

Sbo„  --  AB- DF =a-2r  ~ 

sin  a 

///l?r*et1fminod  from.t.lle  triangle  ONE  (Fig.  99b),  wherein  ON  =  r  and 
/_ONh — p.  For  determining  £f0faf  make  use  of  the  Note  to  the  preceding 
problem. 


D  M 


(0) 


Answer:  V  ■ 


4rn  tan  ft 
3  sin  c 


Fig.  99 

8r-  C0f= 


h total 


^  sin  a  cos  (5 

621.  Use  the  Note  to  Problem  618. 

Answer:  <p  =  arccos  —  . 

o 

622.  (a)  Drawing*.  The  section  figure  is  the  parallelogram  A\DXCB 
(Fig.  100).  To  depict  the  plane  angle  formed  by  the  cutting  plane  AyD{CB  and 
the  plane  of  the  base  draw  the  straight 
line  DM  representing  the  altitude  of  the 
rhombus  ABCD.  Since  DM  and  DD t  are 
actually  perpendicular  to  the  edge  AD, 
the  plane  DD\NM  is  perpendicular  to 
AD,  and,  hence,  to  BC.  This  plane  inter¬ 
sects  the  cutting  plane  along  the  straight 
line  MDU  and  thus  Z D ,  MD  ^  p. 

.  (h)  Solution.  The  lateral  surface  con¬ 
sists  of  four  equal  rectangles  (since  the 
base  is  a  rhombus).  The  area  of  the  late¬ 
ral  face  AxDtDA  is  5,  =  AJ)X-DDU  and 
the  area  of  the  section  figure  is  Q  — 

~A,D,.D,M.  From  the  triangle  HMD,  wo  have  DD,  =  ft,,!/ -sin  8,  there- 
lore  sx  =  Q  sin  p. 

Answer :  5/a/  —  AQ  sin  p. 

623.  Take  into  consideration  the  Preliminary  Notes  to  Problem  617.  Bv  hvoo- 
thesis,  EO  ~  4  (Fig.  101).  Point  E  (the  midpoint  of  the  hypotenuse  ND  of  the 

*  For  graphical  representation  of  a  right  parallelepiped  see  Problem  604. 
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triangle  NOD )  is  the  centre  of  the  circle  circumscribed  about  the  triangle  NOD. 
Therefore,  ND  —  2 -ED  —  2*  EO  —  2d.  From  the  triangle  DON,  wherein  AOND= 
—  ip,  find  the  radius  ON  =  r  of  the  circle  inscribed  in  the  base:  r  =  2d  cos  <p.  To 
find  Sfcase  determine  BN  (half  the  base  of  the  isosceles  triangle  ABC)  and  AN 
(its  altitude).  The  centre  0  of  the  inscribed  circle  lies  on  the  bisector  of  the  angle 

ABC  equal  to  a,  i.e.  Z.OBN  —  —  .  From  the  triangle  BON  we  find  BN  = 


==rcot-^- .  From  the  triangle  ABN  we  find  ^4 iV  —  £./V»tana.  Consequently, 
Sbale  =  -t  BC  ■  AN  =  BA'  •  AN  =  SA'2  •  tan  a  =  r*  cot^  -2-  •  tan  a  = 

=  4d2  cos2  cot2  tan  a 

wherefrom  (see  Note  to  Problem  618)  we  find: 

2S(,<,seCOSZ-2- 
c  " 


Answer:  Stotai~  8 d2  cos  (p  cos2  -y- cot2  tan  a. 

624.  Take  into  consideration  the  Preliminary  Notes  to  Problem  617  *.  The 
altitude  of  the  pyramid  is  found  from  the  triangle  ONP  (Fig.  102):  ff =r  tan  9. 
If  flj,  «2»  etc.  are  the  sides  of  the  base,  then 

Sbase^^AOB-r^noc-h*’-  83 *§ ’  AB*OM  -fy  BC-ON+ . . .  = 

111  1 
=—  «ir+  y  «sT+  •  •  •  —y  r  (fli-ra2+  •  •  •)  =y  r-2p=rp 

*  For  construction  of  the  ellipse  representing  the  circle  inscribed  in  the  base 
see  Problem  613. 
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Answerl  y==jfP|E±. 

625.  (a)  Drawing.  Having  drawn  the  regular  triangular  pyramid  DABC 
(Fig.  103)*,  let  us  construct  the  triangle  AtBt C,,  whose  sides  are  parallel  to  the 
respective  sides  of  the  triangle  ABC.  The  triangle  A  ,BXC,  depicts  the  upper  base 
of  the  frustum  of  the  pyramid.  The  centre  0,  of  the  upper  base  is  found  at  the 
point  of  intersection  of  DO  and  one  of  the 
2)  medians  AXE,  of  the  triangle  A,B,CX.  The 

line-segment  AXM  (parallel  to  00,),  whose 
foot  lies  on  the  median  AE ,  represents  the 
altitude  of  the  frustum,  dropped  from  the 
point  A  i  (the  line-segments  DAt,  DBiy  DC, 
and  DO,  may  be  erased). 


(b)  Solution.  The  volume  of  the  frustum  of  a  pyramid 

y-4  (Q  i  Voi) 


where  Q  and  q  are  the  areas  of  the  triangles  ABC  and  A\BXCX  respectively, 

so  that  Q=^~-  a1',  q  —  ^y^  b 2.  The  altitude  H—A\M  is  found  from  the 
4  4 

triangle  AAtM.  wherein  \IAA%  —  a  and  AM  —  A0—A\0\.  But  /40  and  AxOx 
are  the  radii  of  the  circles  circumscribed  about  ABC  and  A, 8,0,.  Therefore, 


AO  = 


yf a,,d  A'0l° 


ya 


.  Hence, 


Consequently, 


/3 


Answer:  V  —~  (a3~ 


\/3 


fr3)  tan  a. 


626.  (a)  Drawing.  The  frustum  of  the  pyramid  is  represented  as  in  the  pre¬ 
ceding  problem.  To  depict  the  plane  angle  of  the  required  dihedral  angle  draw 
A%E  and  B,F  (Fig.  104)  parallel  to  00,  to  intersect  the  diagonals  AC  and  BD. 

*  For  graphical  representation  of  a  regular  triangular  pyramid  see  Fig.  82. 
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Then  draw  EF  parallel  to  AB  to  intersect  the  edges  AD  and  BC  at  points  M 
and  IV.  The  plane  MA,B,N  is  perpendicular  to  the  edge  AD,  since  it  passes 
through  A,E  and  MN  which  are  perpendicular  to  the  edge.  Consequently, 
t-BMA i  =  q>  is  a  plane  angle  o(  the  dihedral  angle  at  the  edge  AD. 

(b)  Solution.  From  the  trapezoid  MA,B,N  we  obtain  ME—  a~b  .  The 

altitude  of  the  truncated  pyramid  is  found  from  the  triangle  AEA„  where 

AE  -  ~  .  We  have 

1/2 


The  volume  is  found  by  the  formula  V =JL(a%.rah__bz]_  xhe  required  angle 
q)=/  EM  A,  is  [ound  from  the  triangle  AtMF.  where  (from  the 


trapezoid  MNBtAt).  We  have 


Answer:  I  — 


(<r3  —  b3)  tan  a 


A\E  a — b  a — b 

ME  ~  "yT ta"  “  :  T~ 

<f  —  arctan  0/2  tan  a). 


627.  See  the  Preliminary  .Notes  to  Problem  Oil.  The  altitude  of  the  pyra¬ 
mid  must  pass  through  the  centre  of  the  circle  circumscribed  about  the  base. 

liut  in  the  right-angled  triangle  ABC  (Fig.  105) 
D  the  centre  lies  in  the  midpoint  of  the  hypotenuse 

A  AB  at  the  point  E.  Consequently,  AE,  BE  and 

/j|Y\  tE  are  respective  projections  of  the  lateral  edges 

/  / 1 \x\  ,  ’  DD  aQd  CD  on  the  plane  of  the  base,  and 

/  / !  \\\  tl;u*.  ^  DAE  .  A  DBE  —  D  DCB  =  $.  The  volume 

/  i  i  l  \  \  °1  the  pyramid  is  found  bv  the  formula  V — 

/  f  I  \  \  \  1  AC-CB  _ 

/  i  |  \  \  \  =  1T - 2 - DE'  Fr0m  A  ABC  we  have:  /1C  = 

/  /  !  \  \  \  =ccos  a,  BC^c  sin  a;  from  A  ADE  we  find 

^  DE—  tan  {5.  Let  us  denote  the  plane  angles  at  the 


vertex:  Z  z  BDC  =02  and  Z  ADC  =  %. 

Since  these  triangles  are  isosceles  ones,  their  alti¬ 
tudes  DE,  DM  and  DN  pass  through  the  midpoints 
of  the  corresponding  sides  of  the  base.  From  A  ABD 
w  have  Z  Ot  =  180°  -  20;  from  A  DBC  we  have 

sin  onrt  fp/im  A  .171/1  nu,  _ 


From  A  ADE  we  find  AD  —  DB  = 

C  c  .  AC  c 

r—;=  ~sm  oc  and  A  A  =  — — -  =  —  cos 


■  and  from  A  ADC  we  have  sin  -~-~ 
B  30 d  from  A  ABC  we  find 
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A«,mn  F=j^g>tM,P 
24 

01  =  180°  —  20 

02= 2  a  resin  (sin  a  cos  0) 

03 = 2  arcsin  (cos  a  cos  0) 

628.  It  is  required  to  find  the  volume  of  the  pyramid  C \ABC  (Fig.  106). 
Since  its  lateral  edges  are  of  the  same  length,  they  are  inclined  to  the  base  at 
one  and  the  same  angle  (this  theorem  is  converse  to  the  theorem  proved  in  the 
Preliminary  Notes  to  Problem  611),  and  the  altitude  C\0  passes  through  the 
centre  0  of  the  circle  circumscribed  about  the  triangle  ABC.  Since  this  triangle 


•s  right-angled  one.  the  point  O  lies  at  the  midpoint  of  the  hypotenuse  A B  (see 
the  explanation  to  the  preceding  problem).  The  angle  ODc\  (lJ  is  the  midpoint 
of  the  leg  AC)  measures  the  inclination  of  the  lateral  face  ACC\A  \  to  the  base. 
The  legs  BC  and  AC  are  found  from  the  following  two  equations: 

BC  -j-  AC  —  m  and  BC  —  /IC’  tan  a 

we  get 

.  ^  m  m  cos  a  rosin  a 

1  -T  tan  a  sin  a  -f  cos  a  sin  a  +  cos  a 


Then  we  find  Sbai 

DOCt,  where  OD  = 
1 


BC‘AC.  The  altitude  //  is  found  from  the  triangle 


Answer:  V- 


\ 

BC  fas  a  midline  of  the  triangle). 
ro3  sin2  a  cos  a  „  m3  gin2  a  cos  a 


-  tan  0  = 


-  tan  0. 


12  (sin  a-f  cos  a)*  .  2A  Y 2  cos3  (a  —  45°) 

629.  Point  O  is  the  centre  of  the  circle  circumscribed  about  the  base  ABC 
(Fig.  107)  (see  the  Preliminary  Notes  to  Problem  611).  OA  =  R  is  the  radius  of 
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this  circle.  The  volume  of  the  pyramid 

J_  BC-AE  1  AE-DO 
3  "~~2  U~  3 - 2  eC  = 


-Q-BC 


since 


AE-DO 


j  .  The  side  BC  is  found  by  the  law  of  sines: 
BC  =  ZR  sin  ( 1S0°  -  2a)  =  2i?  sin  2a 


A  ADO  v*  A  ABE  (since  AADO—£ABE  —  a)\  we  have  the  proportion 
AO  OD  •  F  F 

~X]r~-g£-  .Wherefrom  AO-BE  —  AE-OD. 

E 

Mil 

AE-OD  =  2Q 


Substituting 

AO  =  i?,  BE  = 
we  get 


BC 


R-BC 


--2Q 


Fig.  108 


Eliminating  R  from  the  found  formulas,  we 
C  obtain 

BC  —  ~\/&Q  sin  2a 

3  _i 

Answer:  V'=— .  (2 Q)2  sin2  2a. 


630.  If  the  faces  ADE  and  CDE  (Fig.  108)  are  perpendicular  to  the  plane  of 
the  base,  then  the  edge  DE  is  the  altitude  of  the  pyramid.  The  angle  DAE  is 
a  plane  angle  of  the  dihedral  angle  EABC,  since  the  plane  DAE  is  perpendicular 
to  the  edge  A B  (prove  it!).  Consequently,  ^DAE  =  a; 
likewise.  / DCE  —  p.  From  the  triangles  ADE  and 
CDE ,  where  DE  —  H,  we  find  AD  and  DC  and  sub¬ 
stitute  their  values  into  the  formula 

V  =  jAD-DC-II 

1 

Answer:  V — —  // 3  cot  a  cot  p. 

631.  From  the  triangle  BDE  (Fig.  109),  where 
jL  EBD=^  p  (prove  it!)  we  find 


Hence, 


DE  =  1  sin  P  and 
BD  __ 
1/2 


AD  = 


BD  =  l  cos  p 
Icosp 


1/2 


from  the  triangle  ADE  we  find  AE  —  \  AD~-\- DE^.  The  angle  of  inclina¬ 
tion  of  the  edge  AE  to  the  plane  of  the  base  is  /  DAE  (prove  itl).  From  the 
DE 

triangle  ADE  we  find  tan<p=-jyr-. 


*  As  is  obvious.  Fig.  107  (where  AO  <  AE)  does  not  correspond  to  this  rela¬ 
tionship.  But  a  drawing  depicting  the  condition  of  the  problem  (q>  —  90°  —  a) 
more  accurately  would  be  obscure. 
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Answer :  DE  =  l  sin 

<p  =  arctim(V2tanP),  AE  =  CE  =  lj/  i±.|D2j. 

632.  The  greatest  area  belongs  to  the  face  ADB  (Fig.  110),  since  its  height 
DE  is  larger  than  the  height  DC  of  the  other  two  lateral  faces,  the  bases  of  all 

*  s 


the  faces  being  equal  to  a .  From  the  triangle  ACD  we  have 

AD--- — ^-2-  and  II  ~-=a  tan  |5 
COS  p  K 

We  then  find  from  the  triangle  ADE 

The  angle  CED  is  the  angle  tp  of  inclination  of  the  face  ADB  to  the  plane 
of  the  base  (prove  it!).  We  have 


where  EC-  -  . 

a.,  c  °2  •»  /■; - TH  .  2  tan  B 

Answer:  S  ~  - - —  l  4- cos*  B,  ®  =  arctan - r=~  • 

4  cos  B  v  r  *  t/3 

633.  The  area  S  of  the  section  is  equal  to  --AB-NM  (Fig.  111).  From  the 
right-angled  triangle  ACN,  where  /_  CAN  30°,  we  find 

AK,  \-AB  a  arid  CN  =  - in 

2  2 
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From  the  triangle  NCM  we  have 

MN=/iW+Wf 

where  II  —  a  tan  a  may  be  obtained  from  the  triangle  ACD. 

Answer.  S  =~  ^  . 

4  cos  a 

.  Drawing*.  To  depict  a  section  j)erpendicular  to  the  base  ABC 

(hig.  112)  and  bisecting  the  sides  AB  and  sit  of  the  base  draw  the  midiine  MK. 
From  the  point  /•,  where  MN  intersects  the  median  AE,  draw  FK  parallel  to 


the  altitude  OD.AMK  is  the  required  section.  Indeed,  the  plane  XMK  passes 
v  w  rg-  1 10  stra*S|it  Ime  FK  perpendicular  to  the  plane  ABC  (hence,  the  plane 
.\  MK  is  perpendicular  to  the  plane  ABC).  The  dihedral  angle  ct  is  measured  bv 
the  angle  A EU  (prove  it!).  • 

I  Tllc,  ?/Sn0  Al-D  Pas?es  through  AT,  since  the  points  A  and  F  lie  in  the 
plane  ALD. 

Sol“‘ion ■  Lot  «*  take  the  triangle  AM.X  as  the  base  of  the  pyramid 
hAAM.  The  area  S  constitutes  one  fourth  of  the  area  of  the  triangle  ABC, 

i.e.  S-—a-  yi  Let  us  express  the  altitude  AT  through  OD  making  use  of 


and  a  DEO  — a. 


the  fact  that  A  AFK  is  similar  to  A  AOD.  Since  AF  is  equal  to  -AO 

|  for  Ah  AE.  and  AO  =  ^AE^  ,  KF  —  —OD.  The  line-segment  OD  is 

found  from  the  triangle  DOE,  where  OE  -  ■*. '  I 

6 

,  ,,  a3  tan  a 

Answer:  V  =  — — . 

63s>.  The  straight  line  MM  {Fig.  113),  along  which  the  cutting  plane 
intersects  the  base,  is  parallel  to  BC.  To  construct  the  angle  <p  draw  0Fjj.4S 

*  For  depicting  a  regular  triangular  pyramid  see  Problem  603. 
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and  join  the  point  K,  at  which  OF  intersects  AIN,  to  E.  Then  £  OKE  —  y 
(prove  all  this).  The  area  of  the  section  figure  MX-KE,  where  MN  =  a 

and  KE-— r—  .  The  altitude//  is  determined  from  the  triangle  EOF ,  where 
OF  and  FE  =  cot  ~  (from  the  triangle  EBF).  We  get 


11 -At 

a2  y  cos  a 


2  sin¬ 


ce 


Answer:  S  —~ 

4  sin  —  sin  <p 

636.*  The  section  figure  is  a  triangle  DK.\  (Fig.  114).  .As  in  Problem  634, 

flVA  ill'll  ll,„  nlsmi  A  Uti  i-  r..,!., lor-  I  l,,r  .1,1..  MS'  II. .  • 


uuu.  me  section  ngure  is  a  triangle  ui\.\  trig.  u-i).  .\s  m  problem  634, 
let  us  prove  that  the  plane  A  ED  is  perpendicular  to  the  side  tie.  Hence,  it  is 
perpendicular  to  the  midline  A'.Y  as  well.  Conse¬ 
quently.  /  DM F.  »«  a  nlano  /if  tin.  .rivf...  Ti 


quently,  l_DME  is  a  plane  angle  of  the  given 
dihedral  angle  a.  From  the  triangle  OMlJ .  where 

OM  =  -rrAE  —  —  a  )  .  we  find 

o  6  2 


DM  : 


a  V3 

12  cos  a 


The  section  area 

z.  1 


—  KN -DM  -  —  .  —  .  V 
2  7  "  2  2  12 


V5«5 


rj.  48  cos  rx 

The  area  of  the  base  of  the  pyramid  D.  1  A'.Y 
is  one  fourth  of  the  area  of  the  base  of  the  pyramid 
DABC,  the  two  pyramids  having  a  common  alti¬ 
tude.  Therefore  the  volume  lr,  of  the  pyramid  DAKN  is  equal  to  J-  V,  where 
F  is  the  volume  of  the  pyramid  DA  HC.  Consequently,  the  volume  of  the  pyramid 
DKNBC  V 2,  —  “j*  I  .  The  volume  1  is  equal  to  1  ■^•Sbase'H  -4-  -  ^  s 

v  a  a  -1/3 
X  °  — j2~”tana. 


Answer :  S  = 

V,-~ 


1/3  a2 
48  cos  a 

/»3 

-  tan  a 


192 


64 


tan  a 


•For  depicting  a  regular  triangular  pyramid  see  Fig.  82. 
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637.  By  hypothesis  BE  :  EA  —  2  :  1  (Fig.  115).  The  section  figure  is  AD  EC. 
Find  its  area  S.  The  triangle  DEC  is  an  isosceles  one,  since  EC  —  ED  as  cor¬ 
responding  sides  of  congruent  triangles  A  EC  and  A  ED  (AC  —  AD;  AE  is 
a  common  side  and  Z.CAE  =  lDAE  =  60°).  Draw  its  altitude  EN;  then 


Fig.  115 


Fig.  116 


s  -  ■  To  determine  BN  first  find  EC  from  the  triangle  ACE  (by  the 

law  of  cosines): 

EC-  —  AC-  -f  AE2  —  2 -A  E  -A  C -cos  60°  —  ~  a2 
Now  from  AE.XC  we  find 
£iVt 


Denote  the  section  angles  lECD  =  aEDC  by  a.  Then  s.CED  =  „  -  2a 
From  the  triangle  CBN  we  have 

C,V  3 

£C  '  2  1-  7 


Answer:  S  ■ 


yi»a 2 
12 


a  -  a iccos  -  _  ;  ft  =  n  —  2  arccos - — 

-  1  1  2  V7 


bases  BC  -^andfi'c*-  IIB)i is  “  ,?l,sceles  trapezoid  with  the 

na.es  BC  -  a  and  B,C,  -6  (a  >  b)  and  angle  a  at  the  base  a.  The  line-segment 

B,.V  is  its  altitude.  We  find  B,N  -  ,an  «.  From  the  triangle  BXNF,  where 
/'  .V  ■  a  n  ,  we  find 


a  —  b 


Tlie  volume 


V  tan'c  a  —  1 


4 (**■'•**+•»)  =  ^  Vtan-a  —  1 


‘  For  depicting  a  truncated  pyramid  sec  Problems  B25  and  «26. 
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Note  1.  If  the  acute  angle  a  is  less  than  45°,  the  radicand  is  negative.  But 
the  angle  a  cannot  be  less  than  45°.  Indeed,  the  sum  of  the  plane  angles  BLCX  == 
—  a  and  DCC\  =  a  of  the  trihedral  angle  C  always  exceeds  the  third  plane  angle 
BCD]  but  L BCD  —  90°,  therefore  2a  >  9QC,  i.e.  a  >  45'-. 

Note  2.  The  expression  Vtan2a  — 1  can  be  transformed  to  the  form 


Y 


sin2  a  —  cos2  a  __  j/  —cos  2a 
Wa  cos  a 


Since  2a  is  more  than  90°  (but  less  than  180%  since  a  is  an  acute  angle),  cos  2a 
is  always  negative.  Hence,  the  radicand  ( — cos  2a)  is  always  positive. 

“  a3_*3  - -  a*-b* 

Answer:  V  —  •  V  •— <?< 


"l/cos  (180  — 2a). 


6  cos  a  v  6  cos  a 

639.  The  projection  of  the  diagonal  BDX  (Fig-  11')  onto  the  lateral  lace 
BCC\B\  is  BCX.  Therefore  From  the  triangle  BCXDX. 


where 


A T~~ 

7 

%\ 

/ 

/ 

/ 

1  \ 
i  \ 

Vi 

t 

1 

/  7 

V 

D,Ct  =  b,  we  find  BC,  =  b  cot  a.  From  the  triangle  B,CtB  we  have 

b  ~\/ cos  2q 
sin  a 


Then 


//  =  yBC'i  —  BXC{  =  V b-  cot2  a  —  6*  = 

„  ,  , „  1/ cos  2a 

V  =  fc2 //  =63-* 


Arote.  The  radicand  cos  2a  is  always  positive  here  (see  Note  2  to  1  ro- 
blcm  638),  since  a  < 45”.  Indeed, 

Q,C,  B,C, 
tan  o-  -  fiCi 

But  B,C,  is  a  leg,  and  BC,  is  the  hypotenuse  of  the  triangle  BB,Ct.  There- 
fore  tan  a  <1,  i.e.  a  <45°. 

i  V cos 


/Insider:  V  =  • 


640.  If  CD  (Fig.  118)  is  the  altitude  of  the  triangle  ABC  dropped  onto 
hypotenuse  AB  —  c  ( CD  may  be  drawn  inside  the  angle  ACB  arbitrarily),  t 


the 

then 


270 


Answers  and  Solutions 


ACDCi  —  p  (prove  it!).  We  have 

CD  —  AB-sin  a  cosa=-j  c  sin  2a 
a”d  H  =  CC,  =  Cfl-tan  0 

Substitute  these  expressions  into  the  formula 

v=\sh=\.L'.cd.h 

\ 

Answer :  V  —  ^  c3  sin2  2a  tan  p. 

641.  One  of  the  portions  of  the  prism  is  a  triangular  pyramid  B\A  BC 
(Fig.  119),  Its  volume  IT  =  V,  where  V  is  the  volume  of  the  prism.  Hence, 


c 

Fig.  119  Fig.  120 

the  volume  F2  of  the  other  portion  (of  the  quadrangular  pyramid  BtAiCiCA} 
is  equal  to  ~  V.  Find  V. 

By  hypothesis  BC  -f  AB  —  rn,  and  from  the  triangle  ABC  we  find  BC  — 
~  AB  *cos  a.  Consequently, 

Dr  m  cos  a  m  cos  a 


The  area  S  of  the  prism  base  is  equal  to 

S=~.4CSC  =  i-.BC2-tanct 

The  altitude  11  =  BBX  is  determined  from  the  /\BCBU  where  Z.BCB t  =  6 
(prove  it!).  We  get  11  ~  BC  *tan  p. 

m3  cos3  a  tan  a  tan  6  ..  m3  cos3  a  tan  a  tan  6 

Answer:  V  j  ==  . . - . r-  ;  V  ■>  . . .  ■  ■■  . 

48  cos3  ~  24  cos8  -~~ 

642.  According  to  the  Preliminary  Notes  to  Problem  617,  Sbase  =  S  cos  9  = 
S£  .S'  sin  a.  On  the  other  hand,  5&agc  =  -  a  .  Equating  these  two  expressions, 
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we  get  a  ~  2  V S  cos  a.  Point  0  (the  centre  of  the  circle  inscribed  in  the  triangle 
ABC ,  Fig.  120)  lies  at  the  point  of  intersection  of  the  bisectors  of  the  angles 
of  the  triangle,  hence, 

and 

OE^EC- tan-|-  =  4tany 

from  a  DOE  we  find 

H  OE.  tan  <p 

Answer:  V (S  cos  a)"  tan 

•Sfo/af  —  5  (1  -f- cos  <p)  =  2S  cos2  ^  45°  — ~  j  . 


643.  In  Fig.  121  OA  —  OC  =  /f  are  radii  of  the  circle  circumscribed  about 
the  isosceles  triangle  ABC  (AB  —  AC  —  a).  By  virtue  of  the  condition  a  >  45° 
the  centre  0  lies  inside  the  triangle  ABC  (at 
a  <45°  the  angle  A  =  180°  —  2a  would  be 
obtuse,  the  centre  of  the  circumscribed  circle 
would  lie  outside  the  triangle  ABC,  and 
then  the  plane  drawn  through  the  altitude  of 
the  pyramid  and  vertex  C  would  yield  no  sec¬ 
tion).  The  altitude  of  tho  pyramid  passes 
through  the  centre  0  (see  the  Preliminary  Notes 
to  Problem  611). 

From  the  triangle  AOD  we  have  //  —  H  tan  {). 

Since  by  the  Jaw  of  sines  AC  —  a  —  2 R  sin  a, 


//  = 


2  sin  a 


■tan  f). 


Let  us  find  the  base  CE  of  tho  section  figure 
from  the  triangle  ACE,  in  which  Z CAE  — 
,~=  180'  —  2a  and  z ACE  at  the  base  of  the 
isosceles  triangle  A  OC  (AO  =  OC  =  if)  is  equal  to 

Z.C AO  —  /_C A  E  -  90' — a.  Hence,  Z  A  EC '  — 

CE 

—  3a  —00°.  By  the  law  of  sines 


sin  (18UC  —  2a)  sin  (3a  —  90-’) 
a  sin  (180° — 2a)  _  a  sin  2a 


whence 


sin  (3a  -90°) 


sin  (3a  —  SKP) 


Note.  We  may  write  (—cos  3a)  in  the  denominator;  but  the  angle  3a  is 
contained  between  135°  and  270'J,  since  45°  <  a  <  90°.  Thus,  (—cos  3a)  is 
a  positive  number.  Therefore,  when  performing  computations  with  the  aid  of 
tables,  it  is  more  convenient  to  deal  with  the  angle  3a  —  90°  contained  between 
45  and  180\ 


Answer: 


a 2  cos  a  tan  ft 
2  sin  (3a  —  90°) 
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644 .  (1)  Find  the  area  Q  of  the  base  of  the  prism  (Fig.  122). We  have:  Q  — 
ss  Si  +  Sz,  where  Si  is  the  area  of  the  right-angled  triangle  ABC ,  and  S2 
is  the  area  of  the  right-angled  triangle  ADC . 

„  AB-BC  l  sin  a ’I  cos  a  /2  sin  2a 

$1  = - - - -  7 


and 


Hence 


l2  sin  2P 
4 


-  (sin  2a  -f  sin  2P)  = 


l2  sin  (a  P)  cos  (a.  —  p) 


(2)  Find  the  altitude  H  of  the  prism  from  the  condition  S  —  BD*H .  Since 
in  the  quadrilateral  ABCD  the  sum  of  the  angles  at  the  vertices  B  and  D  is 


A 


equal  to  180°,  it  can  be  inscribed  in  a  circle  ol  diameter  equal  to  the  diago¬ 
nal  AC  because  the  latter  subtends  the  inscribed  right  angles.  From  the  triangle 
BCD ,  inscribed  in  the  circle,  we  find  (by  t lie  law  of  sines) 

BD  —  AC •  sin  /.DCB  ~  l  sin  (a  -f  P) 

Hence, 

n  s  s 

BD  l  mii  i-  jV 

1 

Answer:  1"  —  xy  S*!  cos  (a —  P). 

645.  The  faces  ADE  and  BCE  (Fig.  123)  are  isosceles  triangles.  The  plane 
EMN  (V  and  .V  are  the  midpoints  of  the  edges  AO  and  BC)  is  perpendicular 
to  BC  and  AD  and  passes  through  the  altitude  EF  of  the  pyramid  (prove  it!). 
By  hypothesis  the  exterior  angle  a  —  _ CM!,  of  the  triangle  EilA  is  an  acute 
one.  Therefore,  the  altitudo  EF  intersects  the  extension  ol  ,\1  A  . 

To  determine  r  find  the  side  .1  IS  of  the  square  A  BCD.  We  have 
AB  =  MN  —  NF  —  MF  =  11  (cot  (5  —  col  a) 
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Hence, 


r  AB2  ■  H  = 


H3  (cot  p — cot  a)2 


Let  us  now  construct  the  plane  angle  9  of  the  dihedral  angle,  at  which  the 
face  ABE  is  inclined  to  the  base.  To  this  end  intersect  the  dihedral  angle  by 
a  plane  EFK,  which  is  perpendicular  to  the  edge  AB.  To  depict  it  draw  FK\\  AD 
to  intersect  the  extension  of  the  edge  AB  (prove  it!).  From  the  triangle  EFK 
we  find 


tan  ( 


Answer ;  V 


Jl 2 H_ 

FK  ~  AB 

1 


cot  p — cot  a 
—■II3( cot  P— cot  a)2  — 
sin2  (a— P) 


=  ~  //3 _ 

3  sin2  a  sin2  P 


<p=arctan 


cot  p — cot  a  ' 


2  sin  a  sin  p 
sin  (a— p) 


Fig.  124 


646.  The  altitude  EF  of  the  pyra¬ 
mid  (Fig.  124)  lies  in  the  face  CED 
which  is  perpendicular  to  the  base.  The  plane,  drawn  through  EF  and  perpen¬ 
dicular  to  the  edge  AB,  intersects  the  base-of  the  pyramid  along  MF\\  BC  and  the 
lateral  face  AEB— along  ME  perpendicular  to  AB  (aEMF  —  P).  Since  AD 
and  BC  are  perpendicular  to  the  plane  DEC ,  z BCE  =  90°  and  1 .ADE  -  90c 
(all  this  should  be  proved). 

Let  us  find  the  altitude  II  =  EF.  By  hypothesis  EF-\  EM ~m\  furthermore 

~ ~g";'r,  ft'  ■  Therefore  EF  (  1  -J — )  =m,  whence 
am  p  v  sin  p  / 


II  =  EF 


=  m  :  ( 1-f- \  ~m  :  (  H - - —  )  = 

V  sin  P  /  \  cos  a  / 


2  cos2  - 


Then  from  the  right-angled  triangle  DEC  we  find 
EC  II 

cos  a  ~  sin  a  cos  a 


=  DC  = 


Finally,  we  find 
Hence 


h  —  BC  =  ME  —H  cot  ft  — II  tan  a 


tan  a 


F  l//ai  '  //3-. 

3  3  sin  a  cos  a 


3  cos2  a 

The  sum  5,  -f-  Sz  of  the  areas  of  the  lateral  faces  BEC  and  A  ED  is  equal  to 
1  .  1  „„  1  1  • 


BC -EC AD •  ED  =  y  &  {EC -f-  ED)  - 


JI_ _ II  \ 

sin  a  cos  a  > 


18-01338 
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Answer :  V= 


m3  cos  a. 
24  cos8  ~- 


5t~f-52  = 


m2  (sing -f  cos  a) 
8  cos4  ^r 


m2  cos  (45°  — -  a) 
4  ~\Jl  cos4-^- 


647.  (a)  Drawing.  Construct  the  altitude  EF  (Fig.  125),  joining  E  to  the 
midpoint  F  of  the  side  DC.  Join  the  vertex  E  to  the  midpoint  M  of  the  side  AB. 
Then  tp  =  LFEM  represents  the  angle  between  the  faces  ABE  and  DCE^i pro¬ 
ve  it!). 


(b)  Solution.  The  triangle  BCE  is  a  right-angled  one,  in  it  A  BECl—  a 
(prove  it!).  Hence,  BC  —  b  sin  a.  From  the  triangle  ABE  we  have  AB  — 
~  2b  sin  a  and  ME  —  b  cos  a.  From  the  triangle  MFE,  where  MF  —  BC  = 
—  b  sin  a,  we  find 


FE  ~  V ME 2 — MF2  —  b  Vcos2  a  —  sin-  a  —  b  ^/cos  2a 


Note.  The  radicand  cos 2a  is  always  positive  here,  since  2a  <90*.  Indeed. 


the  sum  of  two  face  angles  of  the  trihedral  angle  at  the  vertex  B  |  z  ABE  = 
/.CBE  —  90°— aj  exceeds  the  third  one  (/.  ABC=9Q°), 


180°  -2a 


180° 


and 


-- f  (90°  —  a)  >90°,  since  2a  <90°. 


It  is  best  of  all  to  find  the  angle  q>  by  its  sine. 


Answer:  V  =  -|- b3sin2  a  Vcos2a;  ip  =  arcsin  (tan  a). 

648.  The  plane  BCE  (Fig.  126)  is  drawn  through  the  side  BC  perpendicular 
to  the  edge  .15.  The  dihedral  angles  between  the  lateral  faces  (all  of  them  being 
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of  the  same  value)  are  measured  by  the  angle  BEC  =  tf .  The  triangle  BEC  is  an 
isosceles  one. 

To  determine  the  area  S  of  the  section  figure  and  the  angle  9  it  is  sufficient 
to  find  DE  (D  is  the  midpoint  of  BC).  For  this  purpose  we  consecutively  find  BS 

(from  the  triangle  BSD ,  where  BD—~  and  /  BSD  =  ~  )  ,  then  BE  (from 

the  triangle  BSE ,  where  /BSE  =  a),  and,  finally,  DE  =  ~\/BE'i  —  BD *. 
We  get 

Z>£  =  a  j/", 

Now  we  find 


cos2- 


S  =  -.DE; 


and 


a2  /"  „  a 

X  y  cos- y 


BD 
;  EB  : 


C 


2  cos  ~y 


Note  i.  The  sum  of  face  angles  at  the 
vertex  S  is  always  less  then  360°.  Therefore 

0  <a  <  120°.  At  this  condition  2  cos  ~  >  1, 
<1  and,  hence,  the  equation 


2  cos  - 


2  cos  - 


always  has  a  solution. 


Note  2.  If  a  >  90°,  i.e.  the  angle  A  SB  at  the  vertex  of  the  lateral  face  is 
°,~luse  one>  then  the  altitude  BE  of  the  triangle  A  SB  intersects  the  extension 
of  the  base,  and  the  plane  BEC  gives  no  section  of  the  pyramid.  Nevertheless 
Uie  formula 


c  a2  »/~  ?  a 

S  =—  1/  cos2  — - 

S  even  \ 

Answer:  9  =  2arcsin  (ysec-^-j 


yields  a  definite  value  of  S  even  with  an  obtuse  angle  a  (less  than  120°, 
Note  1). 


649.  All  eight  faces  of  the  octahedron  are  equilateral  triangles,  thus 
Arc-  a  1/3 

- - —  (j'jg  j27).  The  quadrilateral  ABCD  is  a  square.  The  piano  it  is 

contained  in  divides  the  octahedron  into  two  equal  regular  pyramids  so  that 

18* 
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V  — 2  —^al-OE  where 


oe = y  Em  -  om  =  y- 


3a2 

4 


a~ 

'  4  : 


iV5 


All  the  dihedral  angles  of  the  octahedron  are  equal.  The  angle  a—  A  BMD 
(M  is  the  midpoint  of  CE)  measures  the  dihedral  angle  at  the  edge  CE 
(prove  it!).  From  the  triangle  OMB  we  find 

M  .  a  OB  aV2  a  V 3  , /T 

Sm  2  “  BM  ~  2  1  2  “K  3 


Answer :  7  = 


V2a3 


a  =  2  arcs  in 


£iV 


A/? A  we  have  sin  p 
sceles  triangle  BN F  we  find  5 A"  = 


650.*  The  isosceles  triangles  BMA  and  FMA 
(Fig.  128)  are  congruent.  Therefore,  their  alti¬ 
tudes  dropped  from  the  vertices  B  and  F  pass 
through  one  and  the  same  point  N  on  their  com¬ 
mon  side  and  are  equal  to  each  other:  BN  — 
B  —  FN.  The  angle  BNF  is  equal  to  tp  (prove 
it!).  The  angle  f)  =  ABA  Mi  s  expressed  through 
the  required  angle  a  =  aBMA  by  the  formula 

P  =  90°— \ 

First  we  find  the  trigonometric  function  of 
the  angle  p.  From  the  right-angled  triangle 

(a  is  the  side  of  the  base).  From  the  iso- 

BA’  „rr  ayi 


But  BK  = 


(as  the  altitude 


of  the  equilateral  triangle  ABO).  Consequently, 

V» 


sta  (w— 1-)  = 


1/3 


2  sin  - 


Note.  The  dihedral  angle  at  the  edge  of  a  regular  hexagonal  pyramid  always 
exceeds  A  FAB  (compare  the  triangles  BNF  and  BAF),  i.e.  it  is  more  than  120°. 
V3 

Therefore  the  quantity  — - -  is  always  less  than  unity. 

2  sin  •— 


1  For  drawing  a  regular  hexagon  see  the  Note  to  Problem  508. 
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Answer:  a  =  2arccos  - 


651.  The  faces  AMF  and  A  MB  (Fig.  129a)  passing  through  the  edge  AM 
{perpendicular  to  the  plane  ABCDEF)  form  right  angles  with  the  plane  of  the 
base.  Find  the  total  sum  of  the  angles  formed  by  the  faces  EM F  ana  CMB  with 
the  plane  of  the  base.  Drop  a  perpendicular  AG  from  A  to  CB  (this  line  should 


m/SC&Z-JL--. 


be  parallel  to  CE,  see  Fig.  1296).  Then  P  =  A  A  CM  (prove  it!).  We  have  tan  p  -- 
—  where  A G=CK  =  ^~y—  (Fig.  1296).  But  from  the  triangle  AMD  we 


Since  AC  ±DC  (prove  ill),  v  =  A  ACM  is  the  plane  angle  of  the  dihedral  angle 
at  which  the  face  DCM  (as  also  DEM)  is  inclined  to  the  plane  of  the  base.  From 

the  triangle  ACM  we  have  tan  —  ♦  "here  AC  —  a  ~\/Z  (Fig.  1296). 

.  D  ,  4  tan  a '  2  tan  a 

Answer :  p  =  arctan - - —  ;  V  —  arctan - — —  . 

V  3  V3 

652.  Through  a  straight  line  we  can  draw  a  plane  perpendicular  to  another 
straight  line  only  if  these  lines  are  perpendicular  to  each  other.  Let  us  prove 
that  BC  X  AS  (Fig.  1301.  Draw  a  plane  A  SO  through  the  edge  AS  and  altitu¬ 
de  SO.  Since  A  and  0  belong  to  plane  A  SO  and  ut  the  same  time  to  the  plane  of 
the  base  ABC,  these  planes  intersect  along  a  straight  line  AO,  i.o.  along  the  al¬ 
titude  AD  of  the  isosceles  triangle  ABC.  The  triangles  OCD  and  OBD  are 
congruent  (prove  ill),  therefore  OB  ~  OC,  consequently  the  inclined  lines  SC 
and  SB  are  also  equal  to  each  other  and,  hence,  SD  being  the  median  of  the 
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isosceles  triangle  BSC  also  serves  as  its  altitude.  Since,  as  has  been  proved,  AD 
and  SD  are  perpendicular  to  the  edge  BC,  then  the  edge  BC  is  perpendicular  to 
the  plane  ADS  and,  hence,  to  45  lying  in  this  plane,  which  completes  the  proof. 

To  draw  through  BC  a  plane  perpendicular  to  AS  it  is  sufficient  to  drop 
a  perpendicular  DE  to  ,45.  The  plane  BEC  is  perpendicular  to  the  edge  45, 
since  two  straight  lines  lying  on  it  {DE  and  BC)  are  perpendicular  to  AS.  Gutting 
the  dihedral  angle  the  plane  ADS  which  is  perpendicular  to  the  edge  BC  yields 

an  angle  ADE  (the  plane  angle  of 
S  this  dihedral  angle). 

The  triangle  A  SD  is  an  isosceles 
one  (since  the  altitude  SO  passes 
through  the  midpoint  of  the  base 
AD).  Consequently, 

jLASD  =  2  £ASO  =  2a 

(£ASO  =  Z.ADE  =  a  as  angles 
with  perpendicular  sides).  The  ratio 


Fig.  130 


Fig.  131 


of  the  volume  Vt  of  the  pyramid  SBCE  to  the  volume  V  of  the  pyramid  ABCE 
(these  pyramids  have  a  common  base  BCE)  is  equal  to  the  ratio  of  their 
altitudes,  i.e.  Fj  :  V  —  SE  :AE.  From  the  triangle  DSE  we  have 

SE—DE- cot  Z  ESD  =  DE- cot  2a 
from  the  triangle  AED  we  find 

AE  =  DE’  tan  a 

Hence, 

Fj :  F = cot  2a :  tan  a 
Answer:  Fj  =  V  cot  a  cot  2a. 

653.*  To  draw  a  section  bisecting  the  dihedral  angle  at  the  edge  AD  (Fig.  134) 
it  is  necessary  to  have  the  plane  angle  of  this  dihedral  angle.  Such  is  the  angle 
BDC,  since  the  plane  BDC  is  perpendicular  to  the  edge  AD.  Indeed,  in  any  regu¬ 
lar  pyramid  the  lateral  edge  AD  is  perpendicular  to  the  opposite  side  BC  of  the 
base  (proved  as  in  the  preceding  problem);  furthermore,  in  the  given  case  the 
edge  AD  is  perpendicular  to  FD.  Indeed,  by  hypothesis  the  triangle  AFD  is  a 
right-angled  one,  and  since  its  angles  at  the  vertices  A  and  F  are  necessarily 


For  drawing  a  regular  triangular  pyramid  see  Problem  603. 
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acute,  Z.ADF  is  a  right  angle.  Since  OF  —  OA 


Tn’ 


OD  —  OF  ■  OA  — 


R 

V2 


H where  R  =  The  angle  <p  —  Z.AFD  measures  the  angle  of  inclination 

of  the  face  BCD  to  the  plane  of  the  base.  We  have 
OD  R  .  R 


V2 


=  V2 


Note.  The  lateral  edge  AD  forms  a  right  angle  with  the  edge  BD  (and  the 
edge  CD);  since  the  pyramid  is  a  regular  one,  the  edges  BD  and  DC  also  form 
a  right  angle. 


Answer.  y  =  .  m= 

24 


;  <p=arctan  1/2. 


654.*  The  only  quantity  which  remains 
unknown  and  is  necessary  to  compute  the  total 
surface  area  of  the  pyramid  is  the  slant 
height  7VD.  It  is  determined  in  the  following 
way:  first  find  the  line-segments  AM  and  MD 
(Fig.  132)  into  which  the  edge  AD  is  divided 
by  the  perpendicular  N  M  (N  is  the  midpoint  of 
BC).  Then  from  the  triangle  ANM ,  where 

AN  ,  find  MNt  and  finally,  from  the 

triangle  NMD  find  ND. 

From  the  given  condition  it  is  not  clear 
which  ratio  —  A  M  :  MD  or  MD.AM-  :* 


Fig.  132 


«qual  to  m  :n,  therefore  we  may  put  MD  =  mx,  MA  ~  nx,  so  that  AD  — 
=  +  n)  x .  From  similarity  of  the  triangles  A  MN  and  ADO  we  have 


where 


and 


AM 

AO 


AN  = 


AN 

AD 

1 1/3 


We  get  the  equation 


nx  x- 


,V3 


iV* 

3 


~]/2n  (m  -f-  n ) 


where 
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Furthermore 


Now  we  find 


V2n  (m-f  r) 


and  AM — 


1/2  n  (m  -f  n) 


MN% = AN* —AM*-. 


NDZ  =  MDZJrMm-. 


g2(re-f3m) 
4  (m-fn) 

<72  («-f  2m) 


Answer :  Stotai~^- j 


SMal=tyi+h^L 

T/3  .  |^1  |  3(^  +  2to)  j 


655.  We  have  (Fig.  133):  ABD.A  =  a  and  lBD,C  =  a  (prove  it!).  The 
triangles  BD\A  and  BDXC  are  congruent  (prove  it!).  Consequently,  the  base 


Jfl^/ 

- vB 

Fig.  133 


:i$c 

.-""/x  ‘7* 


A  *  B 


A  BCD  is  a  square  with  side  a  =  d  sin  a.  Then  we  find 

ZZ)j — d  cos  a 
and 

H  =  ~\/ AD\  -  AD-  =  ~[/ dl  cos2  a — d2  sin2  a  =  dj^/cos  2a 
The  plane  ACDt  forms  with  the  plane  of  the  base  the  angle 


9=  Z  BOD{;  tan  9  =  - 


'  1/2  ‘ 

~)/2eos2a  ' 


Znjiygr:  V  —  d3  sin2  a  ~\/cos  2a;  ®=arctan  (  — — a  \ 

\  sin  a  / 

656.  The  angle  EOC  ~  a  (Fig.  134).  To  construct  the  angle  p  formed  by 
the  line-segment  OE  with  the  lateral  face  BBtCtC  draw  OF  l  BC.  Then  FE  is- 
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the  projection  of  OE  on  this  face,  and  so  z OEF  =  p.  Let  us  introduce  the  follow¬ 
ing  notation:  AB  —  a,  BC  =  b  and  CCX  =  c,  then  V  =  abc  and  « 
•—  2 (a  -f-  c)  b.  From  &OEF  we  have 


from  A  0£C  we  have 


=  OF  —  m  sin  j 
EE  —  m  cos  f 


<  =  m  sin  2a 
=  m  cos  2a 


=  EC  =  m  sin  a 


from  A  EEC  we  have 
b 


—  EC  —  ~\/ EE 2  —  EC 2  =  m  ~\/ cos2  2a  —  sin3  a 


Reduce  the  radicand  to  the  form  convenient  for  taking  logarithms: 
gjn2  „  __  f  +  cos4q  1  — cos  2a  _  cos  4a  4-  cos  2a 

Hence, 


2 


=  cos  3a  cos  a 


6  =  2m  1/ cos  3a  cos  a 


Note,  The  angle  {5  =  / .OEF  is  less  than  £.OEC  —  90°  —  a  (compare  their 
sines!).  And  since  by  hypothesis  P  =  2a,  then  2a  <  90°  —  a.  Hence,  it  must 
he  a  <  30°. 


Answer:  V  =  8m3  sin  2a  sin  a  ~\/ cos  3a  cos  a 
3a 
2 


cos  "]/ cos  3a  cos  a 


657.  (a)  Drawing.  The  semicircle  is  represented  by  a  semiellipse  (AB  a 
diameter  of  the  ellipse;  Fig.  135*),  DC  is  drawn  parallel  to  AB.  Straight  lines 


perpendicular  to  AB,  are  represented  by 
straight  lines  parallel  to  the  tangent 
lines  AM  and  BL. 

(b)  Solution.  Let  us  introduce  the 
lollowing  notation:  AB  =  a\  DC  —  b; 
DP  =  CE  ~  h\  then 


a~\~b 


hli 


t  hypothesis  a  =  2R\  the  side  b  is 
ft/'n  *he  law  of  sines  from  the  triangle 
in  which  Z.DBC  is  measured 


Fig.  135 


^  half  the  arc  DC  =  2a;  we  have  b  — 

—  sin  a.  From  the  triangle  ODE,  where  OD  =  R  and  £AOD  is  measured 
hy  the  arc  AE>  —  =  90°  —  a,  we  find 

2J 

h  =  ED  =  R  sin  (90°  —  a)  —  R  cos  a 

j. ^he  altitude  //  is  found  from  the  triangle  AXAD,  whore  £A\DA  —  a  (prove 
_ 2  aot*  AP  can  be  determined  from  the  right-angled  triangle  ADB,  where  <£ABD 

*  For  constructing  an  ellipse  see  Problem  6 13. 
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subtended  by  the  arc  AD  is  equal  to  {45°  —  j  .  We  get 
H  —  2R  sin  ^45° — tan  a 

Consequently, 

V  =  2 IP  (1  -f  sin  a)  sin  1 45° — ~  J  tan  a  cos  a 
After  a  number  of  simplifications  we  get 

1  -f  sin  a  —  2  cos2  |45°  — 

and  so  on. 

Answer :  V  =  R 3  sin  2a  cos  ^45° — j  . 

658.  The  projection  of  the  diagonal  D\B  on  the  lateral  face  AA\DiD  (Fig.  136) 
is  A  Du  therefore  z.  ADiB  =  p.  The  angle  a  bet  ween  the  cutting  plane  DBB^Di 


Fig.  13G  Fig.  137 


and  the  face  ADDiA  \  is  measured  by  the  angle  ADB  (prove  it!).  From  the  triang¬ 
le  ADiB  we  find  AB  and  ADt\  from  the  triangle  ABD  we  find  AD.  DD^  =  H 
is  determined  from  the  triangle  ADiD 


I!  =  VADi  -  AD-=  1/32  sin'2  a-<P  cos^  a  cot2  a  =  -J-— 

sin  a 

—  — "|/ —cos  2a 


A'ote.  The  angle  p  is  always  less  than  the  angle  a  (compare  their  tangents!) 
Since  by  hypothesis  P  =  9t)°  —  a,  we  have  90°  —  a  <  a,  hence,  a  >  45c. 
From  the  inequality 

45°  <  a  <  90° 


it  follows  that  the  angle  2a  belongs  to  the  second  quadrant,  and  so  cos  2a  <  0, 
and  -  cos  2a  >  0.  For  computation  purposes  it  is  convenient  to  substitute  the 


Chapter  IX.  Polyhedrons 


283 


expression  cos  (180°  —  2a)  for  —cos  2a,  since  the  angle  180°  —  2a  belongs  to 

the  first  quadrant.  _ 

Answer:  V = d3  cos  a  cot2  a  V cos  (180°  —  2a) 

659.  The  drawn  lines  areA^N  and  BtM  (Fig.  137).  The  quadrilateral  A 
is  an  isosceles  trape2oid  (prove  it!).  From  the  isosceles  triangle  MKX,  where 


i CMKN  —  a  and  MN  =  ^  *  we  ^,ave 


KD  =  cot  ~ 

4  2 

From  the  triangle  A\KB^  we  find 

AZ>i=-j  cot  y 

Adding  these  equalities,  we  obtain 
36 


.  w. 

—  cotT 


From  the  triangle  DEDV  where  DE  =--  —  =  j  b  V 3,  we  find 


JI  =  EDts=  y.  j/" col2  —  ~  j/^ cot2  —  cot2  00°  ~ 

=  -y  j/"  ^  cot  y  |  cot  60°  j  |  cot  — cot  GO0  j  = 

36  j/  sin  ^  00°  |  s in  ^  G0°  —  y  ) 

4  sin  y  sin  60° 

Answer :  V  = — — •  y  sin  ^60°-{-yj  sin  ^G0° — j  . 

8  sin  y 

660.  To  construct  the  angle  formed  by  the  diagonal  A/?,  and  the  lateral 
face  BBiCtC  we  have  to  find  the  nrojection  of  ABt  on  this  face  (Fig.  138).  The 
point  A  is  projected  into  the  midpoint  D  of  BC  (prove  it!).  The  projection  is 
BtD,  hence  £ ABJ)  —  a.  From  &B%BD  we  find 

II «  BBt  =  ~[/BiIJ2~~BI)^ 

is  found  from  the  triangle  ABXD.  The  expression  obtained  for  II  is  trans¬ 
formed  in  the  same  way  as  in  the  preceding  problem. 

3a2  Vsin  (00°-j-«)  sift  (60°  — a) 


Answer :  S, 


sin  a 
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661.  The  projection  of  the  diagonal  ABi  on  the  face  AA*C*C  is  AC t 
(Fig.  139),  hence,  A  B±AC i  =  p.  The  altitude  of  the  prism 

ccx=y  ACl-AC* 

where  AC^  is  determined  from  A  B^AC^  we  have 
CCi  =  Vf)2  tan2  a  cot2  0 — (>2  =  b  cot  0  V tan*  a  —  tan2  0  = 

^  cos  gain  (S  Vsin  («  +  |S)  sin  (a— pj 
Amwer-  V==  2cosasinp  Vsin(a  +  p)sin(a-P). 


/n  I  !  \  \  \ 


Fig.  139  Fig.  140 

662.  By  hypothesis  a2-\-2a-ME  —  S  (Fig.  140).  But  from  the  triangle  BME 


we  have  ME— —cat  — \  hence,  S  —  a2  ^l-j-cot-~-  J  ;  whence  a 

_ 

—  1  /  - .  From  the  triangle  OME  we  now  find 

V  1  cot  -J- 

//  =  ]/  A/£"-_(-i.)2  =  l.j/  a2-(  cot2f-l)  = 


.  f  A’(cot2-|— l)  ,  - - 


The  expression  cot  ~ — 1  can  be  transformed  as  follows 

.a  ,  t  a  si“(45”-f)  V*1»  («■-!■) 

- lascot-s*  —  cot45°  = . . . . . . 


sin  45° sin  - 
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Answer ; 


*_•,/"  5Si°(45°~T) 

K  2  Vising 


663.  From  the  triangle  AOM  (Fig.  141),  where 
180° 


Z  AOM  — - ,  we  have 

n 

hence, 

^  co* 

From  the  triangle  EOM  we  find 


180° 


180s 


//  =  V iW£2 -  0A/2 = ~  J/  cot*  —  “cot2 

The  radicand  is  transformed  as  in  Problem  639. 

,  .  180°  .  (  180s  a  \  .  /  180c 

M  C„t—  K  S'n  (— - T)s,n(  — 


Answer:  F  - 


24  sin  —  sin 


180° 


H  =  DDt  =  y  OU\  -  OIJ*  =  x  jZ cot*  —  1 
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The  total  area  S  of  the  pyramid  D^ADC  is  equal  to 

S  =  DO-AO  +  AD-H-\-AO-ODi  =  i^+xy2xyrcoP-j—  l+i-icot-|-, 
whence 


•  a  ,  -i/n -  ,  a 

sin  -y-f  Y  2  cos  a  -f-cos  -y 


The  total  surface  area  of  the  prism  _ 

5toi«l  =  4*s  +  4.*y2./r=4ts  ( i+  V2cosa  \ 

l  sin  T  / 

45  ^sin  -~-f  V^cos  a  j 

■^Muwr:  S t0tal~ - - - - - -  • 

sin  y-j-cos  — f- V2cos  a 

665.  The  altitude  DO  passes  through  the  centre  0  (Fig.  143a)  of  the  circle 
circumscribed  about  the  triangle  ABC ,  where  AB  =  AC  —  2l  sin  --L  and  [BC  = 


;  6  * 

=  2/ sin--  .  The  point  0  lies  on  the  perpendicular  KO  to  the  side  AB 
drawn  through  the  midpoint  of  AB.  Therefore,  from  similarity  of  the  triang¬ 
les  AOK  and  ABL  we  get  proportion  AO:  ~  AB  =  AB :  AL,  whence 

2iasin2~ 

y  4f2sin2  — l2  sin2  y 
*  See  the  Preliminary  Notes  to  Problem  611. 
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Then  from  the  triangle  AOD  we  find 
11  =  Vi*  —  AO*  =  l  |/ 


and 


The 


Psin  ■ 


Y- 


sin2  a— -sin2  - 


radicand  may  be  transformed  in  the  same  way  as  in  Problem  656. 
Alternate  method.  Let  the  face  BDC  (Fig.  143&)  be  the  base  of  the  pyramid. 

Its  area  is  Sba3e—  ~  P  sin  (L  The  face  BDC  is  perpendicular  to  the]  plane 

ADL  (prove  itl)  and,  consequently,  the  altitude  of  the  pyramid  AO{  lies  in' this 
plane.  Draw  0\E  perpendicular  to  BD.  From  similarity  of  the  triangles  O^DE 
n.n  rd 


.  2i£ 

'  ED  r 


and  DDL  we  have 
triangle  ADE 

ED=l  cos  a,  BD  ~ 

hence 


BD 

=  DL  * 
l  and 


where  from  the 
DL  —  l  cos  — 


27 


l  cos  a 


From  the  triangle  ADO\,  we  find 
H  =  AO  I  =  Y  ad*  —  DO'l  — 


Ycos2  T' 


-cos2 a 


Answer.  V  =  -i-  psin  ~  y  sin  (a  -r-y  j  sin  — —  j  . 

no??®’  Since  l^e  triangle  ABC  (Fig.  144)  is  the  projection  of  the  triangle 
uuc>  DA  is  perpendicular  to  the  base.  The  area  of  the  triangle  ABC  is 

1  1 

St  —  *o“  ~7T  a~  Cot  a 


The  area  of  the  triangle  BCD  is 


1 


By  hypothesis 


a2  cot  (J 


-a2 (cot  0  — cot  a)  — 5 


whence  a 


V  cot  6  —  i 


cot  £ — cot  a 
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The  area  o!  the  face  DAC  is  S3—-^-bH,  and  that  of  the  face  DAB,  S4 
1 

=  yc//.  Consequently, 

1  1 

S4— S3  —  -y  //  (c— b)  —  ~aH  (esc  a  — cot  a) 

The  altitude  H  is  determined  from  the  triangle  ACD: 

H  =  y  AC2  -  AC-  =  V a2  cot2  p — a2  cot2  a 

Hence, 


1 


c2  Vcot2^— cot2  a  (esc  a —cot  a)  = 


25 


2  cot  p  —  cot 
5  (1— cos 


V cot2  p — cot2  q  (esc  a — cot  a)  = 
5  tan 


cosg)  i  f  cot2  P— cot2  a 
sina  V  (cot  p— cot  a)2 


a  ,  f  cotp-j-cota 
2"  V  cot  p— cot  a 

The  lateral  faces  ADC  and  ADB  form  right  angles  with  the  base.  The  face 
BDC  forms  with  the  base  an  angle  which  is  measured  by  the  plane  angle 
DCA  —  (p 


AC 

c°s?  =  _  = 


cot  a 
cotp 


sin  (a-i-P) 


YV^  sin(q— p) 
/  cotq  \ 

V  cot  p  /  * 


Answer:  S4  —  53  =  S  tan 

'  cotq 

tp  =  arccos  1 

667.  All  the  lateral  edges  of  the  pyramid 
are  equal  as  sides  of  isosceles  right-angled  triang¬ 
les  (Fig.  145),  therefore  the  altitude  DO  of  the 
pyramid  passes  through  the  centre  0  of  the  circle  circumscribed  about  the  base; 

1 

Sbasc  =  -2bZsina 

From  the  triangle  DOC  we  find 

ii=Ydc*-ocz 


where  DC  - 


V3 


—  and  OC-R  is  the  radius  of  the  circle  circumscribed  about 


the  triangle  ABC.  Since  the  triangle  ABC  is  an  isosceles  one,  Z  BAC^QO0- 
— ~  and,  hence,  by  the  law  of  sines 
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whence 

OC  =  R  = 

Answer :  V~  ~  63  sin  Vcos  a. 


668.  The  altitude  passes  through  the  centre  of  the  circle  circumscribed 
about  the  base  *  (Fig.  146).  The  bisectors  of  the  angles  AED  and  BEC  are  also 

£ 


MEN  is  equal  to  -OE  and  —  AK  =  l  sin  .  From  the  triangle 

EON  we  find 

yEKZ-OK* 

where  EK  —  l  cos  and  OK  —  BN  —  f  sin  ,  thus 

OE—l  y  cos2-^ — sin2-j^- 

.  o  .  flt  i  /  a-rP  a  — B 

Answer:  —  J2  sin  —  y  cos  — ~~  cos  — . 

669.  Through  the  vertex  Ax  (Fig.  147)  draw  planes  AtEO  perpendicular  to 
AB  and  AxFO  perpendicular  to  AD.  These  planes  are  perpendicular  to  the  base 
(prove  it!),  and  the  line  A\0  along  which  they  intersect  is  the  altitude  of  the 
parallelepiped.  The  right-angled  triangles  A%AE  and  AtAF  thus  formed  are 
congruent  (since  they  have  a  common  hypotenuse  AA,  —  c  and  equal  angles 
LAXAE  =  £A\AF  —  a).  Consequently,  AtE  =  AXF  and  therefore,  the  trian¬ 
gles  AtOE  and  AxOF  are  congruent;  and  hence,  OE  —  OF  and  AO  is  the  bisector 


*  See  the  Preliminary  Notes  to  Problem  611. 
19— 01338 
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of  the  angle  BAD .  We  have  If  =  Vi4t£*  —  OE 2.  Since  A  EOF  is  a  square,  OE  = 
=  A£.  AE  and  AtE  are  found  from  the  triangle  AA\E\  we  get  If  — 
=  c  Vsin3  a  cos2  a  =  c  ~\f —cos  2a. 

Note,  In  the  trihedral  angle  at  the  vertex  A  either  of  the  two  equal  face 
angles  is  equal  to  a,  the  third  being  a  right  one;  consequently,  the  sum  of  two 
face  angles  2a  must  be  more  than  the  third  one  (90°),  i.e.  2a  >  90°  or  a  >  45°. 
At  this  condition  —cos  2a  >0,  and,  hence,  H  has  a  real  value.  The  lateral  edge 
AAi  forms  an  angle  /A,A0  —  with  the  base,  since  AO  is  the  projection  of 
the  edge  on  the  base 


AO 


=  V2c 


Answer;  V~abc  Vcos  (180°— 2a);  Slat  =  2c  (a-f-fe)  sin  a 
<p — arccos  (1/2  cos  a) 

670.  The  construction  here  is  the  same  as  in  the  preceding  problem.  The 
bisector  of  the  angle  BAD  is  the  diagonal  AC  of  the  rhombus  (Fig.  148) 


^base  ~  sin  a 

From  the  triangle  AAXE  we  find 

h=Vaa\-ae * 

where  A  A,  =  a;  to  determine  AE  first 
find  AF  from  AA{F,  and  then  AE  from 
the  right-angled  triangle  AEF.  We  get 


a 

C0ST 

whence 

H  = - !_  j/* cos2-^ — cos2  a 

cos  “ 


Answer; 


V  —  2a3  s 


a  ,  /*  .  3a  . 

TV  sm s,n ' 


671.  The  problem  is  solved  analogously  to  the  preceding  one.  We  can  use 
the  same  figure  (148),  introducing  the  notation:  LB  AD  —  a  and  LAtAD  —  n> 
instead  of  a  =ZA,AB.  “ 


Answer:  V  —  2a~b sin y  sin  sin 

672.  The  base  A  BCD  is  a  rectangle  (Fig.  149).  To  construct  a  plane  angle 
of  the  dihedral  angle  D^ACD  draw  a  plane  through  the  edge  DD{  and  perpen¬ 
dicular  to  AC.  The  lines  along  which  this  plane  intersects  the  faces  of  the 
dihedral  angle  DXACD  form  the  plane  angle  DXED  =  q>.  We  have 


cos  9  =  - 


DE 
D,E  : 


A 

h 
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Let  us  introduce  the  following  notation: 

AB  —  DC  =  a 

BC  —  AD  =  b  (a  >  b),  DDt  =  H 
DtE  =  h,  DE  —  ht 

In  the  isosceles  triangle  AOB  the  sum  of  interior  angles  at  the  ha^e  AB 
is  equal  to  the  exterior  angle  2a,  hence,  ABAC  =  a.  From  the  triangle  ABC 
” e  tinu 

a  =  2 R  cos  a;  b  —  2 R  sin  a 
from  A  DEC,  where  aACD  —  a,  we  find 

hi  —  a  sin  a  =  2i?  cos  a  sin  a  and  EC  —  a  cos  a  —  2R  cos2  a 
From  we  find 

h  ~  £C'*tan  P  =  2B  cos2  a  tan  P 

From  ADiDE  we  find 

H  =  ~]/DtE^  —  />£2  =  'y'/12  _  ;,2  =  y' 4/?2  cos4  a  tan2  p  —  4/P  sin2  a  cos2  a  ~ 

—  2B  cos2  a  V tan2  p  —  tan2  «. 

Transform  the  expression  tan2  p  —  tan2  a  as  in  Problem  659. 


Answer :  S[at 


=  8/f2  cos  a  cos  (45°  —  a)  sec  p-V^sm  (P  -fa)  sin  (P  — a) 

=  2ft2  cos2  a  tan  P;  <p  —  arccos  /  |an  %  \ 

\  tanp  / 


em.oH'  if  the  AC  150)  sublends  the  arc  equal  to  2p,  then  /ABC  W. 
tnp  <Ho  P  a?  a»  *nscnt,ed  an«],e  having  the  same  arc.  The  plane  passing  through 
Te  diagonal  BX  perpendicular  to  the  face  BBX.C  must 


and,  hence,  AB  =  t.ei  us  oc .  __  ailu  .... 

?i^airangu,!ar  P>’ran,id  BiAAXX  is  cut  off  the  prism  by  the  plane  ACB  ' 
oince  the  volume  of  the  pyramid  BtABC  is  equal  to  one  third  oi  the  volume 


19* 
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of  the  prism,  the  volume  of  the  remaining  portion,  i.e,  of  the  quadrangular 
2 

pyramid  B%AA\C%C  is  equal  toy  of  the  volume  of  the  prism.  If  we  denote  the 

volume  of  the  pyramid  BiAAiCiC  by  Vu  and  the  volume  of  the  prism  by  F, 
then 


Vi~ 


ab 

T 


abff 

3 


From  the  triangle  ABC  we  find  a  and  b,  and  from  &B\BC,  H.  For  the  lateral 
-surface  area  we  get  the  following  expression: 

Slat  —  (2i?  cos  p  -f-  2/?  sin  p  -f  2 R) •  21?  cos  P  tan  p  —  4 f?2  sin  p  {cos  p  -f  sin  P -f-  1 ) 

The  expression  in  parentheses  can  be  reduced  to  the  form  convenient  for  taking 
‘logarithms: 

cos  p  4- sin  P  -j- 1  —  (1  -4-  cos  p)  -f-  sin  P  = 

—  2cos2-|--f  2sin  y  cos  y=2cos  y  |cos  y-j-sin  y  j  = 

=  2cosy^sin  ^90°  — -2- J -f  sin -|-J  = 

=  2  cos  y-2  sin  45°  cos  ^45° — 2-  J  =  2  ']/2  cos  y  cos  ^45° — 
Answer:  Siat  —  8  ~[/2  f?2  sin  P  cos  -2-  cos  ^45°  — j 
Vi  =  y  /?3  sin  p  sin  2p. 

1574.  The  altitude  EO  {Fig.  151a)  passes  through  the  centre  0  of  the  circle 
circumscribed  about  the  trapezoid  ABCD*.  The  arcs  AD ,  DC  and  CB  {Fig.  151  A) 


are  equal  (since  by  hypothesis  the  sides  AD,  DC  and  CB  are  equal), 
and  z.B  =  180°  —  a  is  measured  by  half  the  arc  ADC.  Hence  each  of  the  arcs 
*  See  the  Preliminary  Notes  to  Problem  611. 


Chapter  IX.  Polyhedrons 


29? 


AD,  DC  and  CB  contains  180°  —  a;  consequently,  the  arc  AmB  is  equal  to 
360°  —  3  (180°  —  a)  —  3a  —  180°.  From  the  triangle  AOB ,  where  AB  —  a, 
we  find: 


AO=R~ 

3a 


2  sin 


3a -180° 


2  cos 


3a 


|  the  quantity  cos  is  negative,  since  a  is  an  obtuse  angle  and  so  135° < 


< 


3a 


<270°j  .  From  the  triangle  ODC  we  find 


DC  =  6=2/?  sin 


180°  — a 


3a 


From  the  triangle  ADF,  where  AD  —  b  and  Z.A  —  180°  —  a,  we  find  the  alti¬ 
tude  of  the  trapezoid 

a 

a  sm  a  cos  y 

DF  —  h  =  b  sin  a  - ^ — - — 


From  the  triangle  BOE  (see  Fig.  151a)  where  OB  =  R  and  z OBE  —  ft,  we  find 
//  —  R  tan  ft.  The  area  of  the  base 


3a 


S  =  Y<a  +  b)h= - 


2  cos2 


3a 


a2  sin3  a 
2  cos2 


,  ,,  a3  sin3  a  tan  ft  a3  sin3  a  tan  ft 

Answer:  V— - - g- - = - - - 5 — — 

12  cos3 -y-  12 cos3  f  180°  ■— -y- j 

675.  The  altitude  EO  passes  through  the  centre  O  of  the  circle  circumscribed 
about  the  trapezoid  ABCD*  (Fig.  152).  The  angle  ACB  —  90°  must  be  subtend¬ 
ed  by  the  diameter  as  one  inscribed  in  this  circle.  In  other  words,  the  centre  O 
lies  on  the  side  AB.  The  trapezoid  ABCD ,  being  inscribed  in  the  circle,  is  an 
isosceles  one,  and  thus  z DAB  —  £CBA. 

Let  us  introduce  the  following  notation:  AB  —  a\  DC-~b\  Z  AEB  =  <p-;  2a. 

By  hypothesis,  ™  a// =  S'and  from  the  isosceles  triangle  AEB  we  have  a  ™ 

--  211  tan  =  2 II  tan  a. 

From  the  two  equations  we  find 

II  cot  a  and  a  ~  2  S  tan  a 


See  the  Preliminary  Notes  to  Problem  611. 
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The  side  b  —  DC  is  determined  from  the  triangle  ADC  inscribed  in  the  circle 
of  the  diameter  a.  In  this  triangle 

LDAC  =  /.DAB  -  / CAB  =  / CBA  -  /.CAB 
Since  the  triangle  ACB  is  a  right-angled  one,  Z CBA  =  90°  —  /CAB.  Hence, 
/DAC  =  90°  —  2  /CAB  =  90°  —  2a 

and  we  have 


b  ~  a  sin  (90°  —  2a)  =  a  cos  2a 
CN  —  h  ~  AC • sin  a  —  a  cos  a  sin  a 


V  — 7T  *  — -jr —  hH  =  4-a2(l-f-  cos  2a)  cos  a  sin  a H  = 


Finally, 

Now  we  get 
3 


=  Y'iS  tan  a2  cos2  a  cos  a  sin  a  ~\/ S  cot  a  s  sin^2a.  cot  a 

The  face  ABE  forms  a  right  angle  with  the  plane  A  BCD.  To  determine  the 
angle  <p,  formed  by  the  face  ADE  and  the  plane  A  BCD  drop  a  perpendicular 


from  0  onto  AD  (it  is  depicted  by  a  straight  line  OK  parallel  to  the  diagonal  BD 
so  that  the  latter  is  perpendicular  to  AD\  the  diagonal  BD  is  not  shown  in  the 
drawing;  /EKO  —  <p,).  In  the  triangle  AOK  the  angle  OAK  is  equal  to 
Z.ABC  —  90°  —  Z CAB  =  90°  —  a.  Therefore 

OK  =  >10*sin  (90°  —  a)  —  ^  cos  a 
and 

tan  -  11  -  2H  -  2//  1 

^  OK  a  cos  a  2H  tan  a  cos  a  ~  sin  a 

To  determine  the  angle  q?2  formed  by  the  face  DCE  and  the  plane  A  BCD.  draw 
OL  _L  DC;  Z.ELO  =  <pa-  Since  OL  —  NC  =  h,  we  have 
II  H  i 
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V S3  cot  a 


.  .  ..  sin2  2a 

Answer:  V  — - ^ - 

[91  =  arc  tan  (esc  a) 

<p2=arctan  ^-i-csc2aj 


676.  It  is  required  to  determine  (Fig.  153)  the  sum  of  the  areas  of  the  triang¬ 
les  ABC ,  ABD  and  ACD.  The  area  of  the  triangle  ABC  is  equal  to 


s,=y  AB  CE- 


-r“2  Vs 


The  area  of  the  triangle  ABD  is  equal  to 


s2=y  ABDE  = 


AB- 


the  area  of  the  triangle  ACD  is  equal  to 
s3=-i-  AC-CD 


2  cos  9  cos  <| 


■■5-  AB-CD  =  ~  AB-CE'  tan  q  tan  9 


■Consequently, 


*iot 


=  5'+S'*+5»=1^7<,+cos<f+sto,) 


The  expression  in  parentheses  is  transformed  as  in  Problem  673  to  be  equal 
to  2  1/2  cos cos  ^45c — If  in  the  denominator  of  the  formula  for  S[at  we 


substitute  sin  (90- 


Answer:  Si, 


Fig.  153 

—  9)  for  cos  9,  then  the  expression  for  S{at  can  be  reduced  by 
cos  ^  45°  — —  ^ 
a2  1/6  cos  * 


4  sin 


677.  Since  the  plane  of  the  base  ABC  (Fig.  154)  passes  through  AC,  and  the 
cutting  plane  A,BCt  through  AiCt  parallel  to  AC,  the  edge  AIN  of  the  dihedral 
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angle  P  is  parallel  to  AC  and  A\Ci.  Therefore  to  construct  the  plane  angle  draw 
have"  l.AiC\  (D  and  Di  are  the  midpoints  of  AC  and  AiCt).  We 


Slat  =  (2  AB  +  AQ-DDi* 


■  (2AB  4"  AC) ’BD -tan  p  — 

—  2a2  (1  -f  cos  a)  sin  a  tan  £ 

-  of  the  volu- 


The  volume  V,  of  the  quadrangular  pyramid  BA  CC,A,  is  equal  to  - 
me  V  of  the  prism  (see  Problem  673)  and,  hence, 


F,  =  4  S.DDt 


where 


S  =  Y“2  sin  (180°— 2a)  =  y  el  sin  2  a 
Answer:  S/<j(  =  4<i2cos2-2-  sin  a  tan  (); 


Vi- 


a* 


sin  2a  sin  a  tan  f 


Fig.  155  ,  „A,s„.ln  Pr°hlem  630  let  us  prove  that  the 

face  DCE  (Fig.  155)  is  inclined  to  the  base  ABCD  at 
i  an  angle  a  —  /ADE  and  the  face  BCE  at  ao  eoual 

augle  a  =  /-ABE:  both  faces  arc  right-angled  triangles  (/CD£  =  ACBE  —  W) 
The  area  of  the  triangle  ADE  (as  also  the  area  of  the~triangle  ABE)  is  equal 

to  S,  =  y  AB-AE.  From  the  triangle  ABE,  where  BE  -  2 R,  we  find 
AB  —  2 R  cos  a:  AE  —  27?  sin  a 
and  thus  S,  —  21t2  sin  a  cos  a. 

The  area  of  the  triangle  CDE  (as  also  of  the  triangle  CBE)  is  equal  to 


-~bc-be  =  -LaB-BE- 


■  2i?2  C03  a 


We  have 
S  total  —  S  25j| 


-2So 


4ff2  (cos2  a  -f  cos  a  sin  a  -j-  cos  a)  = 

=  4f?2cos  a  (cos  a-f-sin  a-f-l)- 

The  expression  in  parentheses  is  transformed  as  in  Problem  673. 

Answer:  Stotal  ==  8  ~[/2  R 2  cos  a  cos  cos  ^45°  — j 

679.  The  cutting  plane  ECD  (Fig  156)  parallel  to  the  hypotenuse  AB  inter¬ 
sects  the  face  ABB, A,  along  a  straight  line  ED  which  is  parallel  to  AB.  Drop 
perpendiculars  CM  and  CF  to  AB  and  ED  to  get  a  right-angled  triangle  CMF 
in  which  Z.CFM  —  (prove  it!).  Consequently, 

A  CMF  =  A  CMB 


(they  have  a  common  leg  MC  and  /CBM  —  90° 
=  90°  -  a). 


-  a  and  by  hypothesis  p  = 
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11  is.  required  to  find  the  volume  V'  of  the  pyramid  CA  DDE,  whose  base 
ABDE  is  a  rectangle,  and  the  altitude  is  equal  to  CM  —  a  sin  8  =  a  cos  a. 
We  have 


V=-L.AB-MF.CM  =  ~AB-MB-CM  =  -i-BC2.CA/=-|-a3cosct 

(the  leg  BC  is  a  mean  proportional  between  AB  and  MB) 

Then  we  have 

Slat  =  (BC  +  AB  +  AC)H  =  aH  1 H — J— +cota) 

\  sin  a  / 

here  ali  is  the  area  of  the  face  CBBiCt,  which  by  hypothesis  is  equal  to  the  area 
S9tc  of  the  triangle  CDE.  Consequently, 


aH  —  S,, 


Hence, 


yAb.cf=^-ab-cb  = 


a 2  / 

2  sin  a  \ 


1+- 


-5355— <>i»«  +  l  +  cos« 


The  expression  in  parentheses  is  transformed  as  in  Problem  673. 


For  the  plane  CDE  to  intersect  the  face  ABB^^  it  is  necessary  'that  'the 
une>se|ment  A/F  =  A/£--asin  a  be  less  than  the  line-segment  MN  —  II =& 

From  the  inefIuanty  a  sin  a  < TsHTa"  We  filuJ 

sin2  a  <  ~y  ,  i.e.  sina<-~H_.  Hence  the  angle  a.  must  be  less  than  45c. 


Answer ;  F  = 


a3  cos  a 


stat- 


V  2  a2  cos cos  ^45°- 


3  ’  ~,a*  sin2 a 

680.  (Fig.  157).  The  lateral  surface  of  the  pyramid  is 


//2cot  a 


//2cot$  //2Cotp 
2  +  2  sin  a 


//2  cot  a 
2  sin  fi 


a  <  45°. 
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a6 

Slat=  2  since  ship  ^cos  a  sin  P  +  sin  a  cos  P  +  cos  P  -f  cos  a) 

The  expression  in  parentheses  can  be  reduced  to  the  form  convenient  for 
taking  logarithms,  taking  into  account  that  cos  a  sin  6  4- sin  acosB  — 
=sm<a+p)  and  F 

cos  ft  -f  cos  a  =  2  cos  cos  °  ^  ^ 

We  get 

sin  (a  -|-  W  +  2cos  -H+icos  “^  =  8,*  “±Leos-2£l+ 

+  2 .os^i.cos ^±  =  2cos -S+i  (sin  “±£  +  cos ■“=£) 

Substituting  sin  1 90° - ^or  cos  ^  and  transforming  the  ex¬ 

pression  in  parentheses,  we  get 

4 cos  -  ^  cos  1 45° — |")cos  ^45° — |-J 

2//- cos  —  ^-cos  (45°—  cos  (i5° — 

Answer:  S,at  = - 2 - 5 - ~_± _ t  -  ’ 

smasinjf 

G8t.  Let  r  =  OX  be  tile  radius  of  the  circle  inscribed  in  the  base  of  the  pyra¬ 
mid*.  From  the  triangle  DOM  (Fig.  158)  we  have  DO  =  H  =  r  tan  a.  Since 


C  B 

Fig-  158  Fig.  159 

the  centre  0  of  the  inscribed  circle  lies  at  the  point  of  intersection  of  the  bisectors 
of  the  angles  .1  and  Bt  AO  A  M  —  —  and 


See  the  Preliminary  Notes  to  Problem  G17. 
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Since  the  angle  C  is  a  right  one,  the  quadrilateral  MCNO  is  a  square  and  MC  = 
=  CN  —  r.  Hence, 

AC=t=AM  +  MC  =  r  (cot-|-+l  J 
■and 


CB  ~a=r  J^cot  ^45° — x)”^J 

The  bracketed  expression  is  transformed  as  in  Problem  662  and  we  get 
j  j  V2rcos-|-  V2rsin  (45°+-|f-) 


$b<i! 


Consequently 


sin  (45c  — 


=  r2  cot  —■  cot 


^  —  g  ^ base 


=  r3tan  a  cot -2- cot  ^45°  — -2-j 


This  expression  can  be  simplified  if  we  take  into  consideration  that 
tan  a  = 


sing' 
cos  a 


sin  (90"  — a) 


2  sin  ^45°  — 1  cos  ^45°  — 2-  j 
The  lateral  and  total  surface  areas  can  he  found  by  the  formulas 

2  Sbase  cos2  ~ 


Slat 


cos  a 

,  ,  a 

r 3  cos-  — 


Answer,  V 


3  sin2  {45 


(«-f) 


$  total —  " 

;  Siat  = 


cos  a 
r2  cot  - 


2  sin2 


$  total  — 


r2  cot  —  cos2  ~ 
sin2  (45°  §• ) 


682.  The  plane  cuts  from  the  prism  a  pyramid  BtAliC  (l?ig.  159),  whose 
altitude  passes  through  the  centre  0  of  the  circle  inscribed  in  the  base  of  the 
pyramid;  therefore  all  the  lateral  faces  are  inclined  to  the  base  at  one  and  the 


*  See  the  Notes  to  Problems  617  and  618. 
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same  angle  a,  consequently, 


We  find 


Sbasi 


^Sbase  COS2  “ 
cos  a 

BC-AD 


DC- AD. 


From  A  OCD,  where  OD=r ,  and  z.OCD=~.,  find  £C=rcoty 
A  ADC  find  A D— DC. tan  a  =  r cot  —  tana.  Hence 


From 


Sbase~r^  cot2y  tan  a  and  Slotai  = 


2 r2  cot2  —  tan  a  cos2  y 


The  obtained  expressions  may  be  simplified  by  representing  tan  a  in  the  form 
J)  „  .  a  a 


sin  a 
cos  a 


cos  a 

The  volume  of  the  prism 
V=Sba8e.H 


where 


H  —r  tan  a 


Answer:  Stotal  = 


4r2  COS4  y  COt  y 

cot2  a 


V  =  r3  cot2  y  tan2  a. 


Fig.  160 


683.  From  A  BMC  (Fig.  160),  where 
/.MCB  =  45°,  and  Z  A/BC-1800— 

-  (45w -f- a)  —  45°  —  90°  —  a,  according  to  the  law  of  sines,  we  have 


BC 


sin  (45°  -J-  a)  sin  (90° — a ) 


Hence, 


BC=a  = 


msin  (45°  -f- a) 


*  See  the  Notes  to  Problems  G17  and  618. 
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From  A  ABC  we  find 


AC  =  b  =  a  cot  ct  = 


m  sin  (45°  -4-  a) 
sin  a 


From  A  DCM  we  find 

II  —  m  tan  a 

Jingles  DN  Af  and  D KM  are  plane  angles  of  the  dihedral  angles  DA  C/I 
and  DBCA ;  they  are  equal  to  each  other,  since  the  following  triangles  are  c<»n- 
gruent  pairwise:  MKC  and  MAC  (by  hypotenuse  and  an  acute  angle),  DM k 
and  ONM  (by  hypotenuse  and  a  leg).  Let  us  denote  them  by  (p;  then  tan  — 

^~MN'  where  MN  =  ^h>- 

Answer :  F=-g-m3  — — ;  ^)=arctan  (1/2  tan  a). 

684.  Let  ABE  (Fig.  16j«)  be  the  first,  and  ADE  the  second  lateral  face. 
t>y  hypothesis  they  are  inclined  to  the  base  at  one  and  the  same  angle  a.  Con- 

E 


Fig.  161 

sequently  the  point  O,  through  which  the  altitude  passes,  lies  on  the  diagonal 
.y  Indeed,  if  we  drop  perpendiculars  OM  and  O. V*  from  0  (Fig.  1616)  to  the 
sides  AB  and  AD,  then  LOME  —  a  and  lOA’E  —  a  (prove  it.1);  hence, 

,  OM  =  //''cot  a 

and 

ON  =p//cot  a 

0N\  Hence,  the  point  0  lies  on  the  bisector  of  the  angle  BAD ,  i  e 
on  the  diagonal  AC  of  the  rhombus  A  BCD. 

ami  0J 1  wo  a,so  *iave  =  ON ,  (OMt  and  ON i  are  extensions  of  OM 

anu  VIS),  whence  it  follows  that  the  triangles  OM,E  and  ON.E  are  congruent 
and,  consequently,  lONxE  =  lOMxE,  which  completes  the  proof.  “ 

dra'YinS  (Fig.  161a)  one  of  these  perpendiculars,  say  OM,  may  he 
»  an  arbitrary  straight  line,  but  the  second  one  is  then  constructed  hi 

de"n,itY  manner,  since  MN  must  be  parallel  to  the  diagonal  BD  It  in 
easily  proved  in  Fig.  1616. 
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From  the  triangle  OME  we  find  OM  =  //  cot  a  and  from  the  triangle  OMyE 
we  have  OM\  —  1!  cot  p.  Consequently,  the  altitude  of  the’riaombus  is  equal 
to  h  =  M Ah  =  //  (cot  a  -j-  cot  p). 

Hence, 

V =-|-  SbascH=±-  ahH  =  -j.  am  (cot  a  +  cot  p) 

^ total  —  ^ base  ABE -\~^BEC  —  a  {h~\~  ME  -\-NiE) 

where 


Then 


A/£= 


sin  a  * 


;=«//( 


cota-^ 


-cot  p-f 


sin  P 


H"( 


1  -f  cos  a 


1  -f  cos  P[  \ 
sin  p  / 


Expressing  the  numerators  and  denominators  through  and  and  redu¬ 
cing  the  fractions,  we  get 

Slotal^all  (cot-2-+COt-|-) 


Answer:  V  =  a//2  (cot  a  +  cot  fS)  =  -i-  all- 


s total  =  a>I  (cot  y  +  COt  )  =- 


aH  sin 


sin  (a-t-p) 
sin  a  sin  p 
a-rP 


685.  Let  /A  (Fig.  162)  be  the  acute  angle  of  the  rhombus,  so  that  AC  is  the 
greater  diagonal  and  AO  AD  —  Draw  MK  1  AC  and  MN  A  BD*.  Let  <?• 

be  the  angle  at  which  the  plane  EAC  is  inclined  to  the  base.  Then  aMKE  =  <p 
and  AMNE  —  t|>.  To  determine  H  express  M K  and  MN  through  //;  we  obtain 
MK  —  //  cot  q>  and  MN  —  H  cot  >}-;  substitute  these  expressions  into  the  rela¬ 
tionship 

=  A  M  -f  MD  = 


--AD a 


sin  —  eos- 


We  get 


^sin  ~  cos  —■  I 


*  In  Fig.  162  MK  should  be  drawn  parallel  to  BD ,  and  MN  parallel  to  ACr 
since  the  diagonals  of  a  rhombus  are  mutually  perpendicular  (see  the  footnote 
overleaf). 
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Answer:  V- 


a 3  sin2  a 


/  cot  <J> 

cot\|>  \ 

6  ( 

l-T 

+ — « 
cos  —J 

b\ 

cos  -r-cot  <p -{-sin  ■ 


m) 


niicie  uiu  larger  diagonal  01  uie  rnombus  serves  as 
9  and  the  smaller  one,  of  the  dihedral  angle  tb. 

686.  Th«.  A  B  V.,.  4  4i<3\  J: 


v»*c  auiaiici  one,  ui  me  uinearai  angle  ip. 

686.  The  line-segment  AB  (see  Fig.  163)  depicts  the  hypotenuse  of  the  base, 
o  construct  the  plane  angle  a  we  have  to  intersect  the  edge  BB,  by  a  plane  per- 
pendictitar  to  this  edge.  In  this  case  such  a  plane  can  be  drawn  through  the  leg 
AL-  io  prove  this,  we  have  to  prove  that  AC  j.  BB,. 


t  By  hypothesis  the  vertex  B,  is  projected  into  the  point  D  (the  midpoint 
"0.)  which  lies  on  the  leg  fit'.  Consequently,  if  a  straight  line  KL  is  drawn 
tnrough  fl  and  perpendicular  to  DC,  then  KL  is  also  perpendicular  to  fifi,  (the 
theorem  on  throe  perpendiculars).  And  hence  AC  ||  KL,  AC  IBB,,  which  comp- 
»etes  the  proof.  * 

Through  AC  draw  a  plane  A  EC  perpendicular  to  BB,.  The  lateral  surface 
area  of  the  prism  is  equal  to  the  perimeter  CE  -f  AC  -f  A  E  of  the  perpendicular 
section  figure  multiplied  by  the  edge  BB,.  From  the  right-angled  triangle  BCE 
C  f’  (prove  and  BC  "*  «•  *«■  find  CL  -  a  sin  §.  The  straight’ 
no  and  hence'  t,ie  *lne  AC  which  is  parallel  to  it  are  perpendicular  to  the 
iace  BB,C,C.  Therefore  the  triangle  ACE  is  a  right  one  at  the  vertex  C.  Hence 

AC  =  CE  tan  a  and  AE  ,  thus 

cos  a 

CE -f-  AC  -f-  A  E = a  sin  8  / 1  -f-  tan  a  4 - - —  \ 

\  *  cos  a  / 


From  the  triangle  BDBtt  where  BD  =  ~  we  find  tho  edge  /?#,.  We  get 

,  hence, 

2  cos  fi 

sla,  =  [CE +AC  +  AE)-BB,=  flgfli  /  t  +  la„  a - !_ ) 

*  \  CO so  / 
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Transform  the  expression  in  parentheses  in  the  same  way  as  in  Problem  673. 
and  cos  a  in  the  same  way  as  in  Problem  681. 

a2  tan  £  cos  ~ 

Answer Stnt~ - 

V2sin(45“-|- 

687.  As  in  the  preceding  problem,  let  us  prove  that  the  edge  AAt  1  BC 
(Fig.  164),  and  hence,  BB{  j_  BC  and  the  face  BB^CiC  is  a  rectangle.  aA\AC  — 
=  l.A\AB  =  2a  (for  the  proof  see  Problem  669)  and,  consequently,  the  face 
AA\C\C  —  AAiBiB.  Point  E  is  the  midpoint  of  the  side  AB  and  EO  i  AB  ( 0  is 


£ 


Fig.  165 


the  centre  of  the  circle  circumscribed  about  the  triangle  ABC);  then  A\E  A.  AB 
(by  the  theorem  on  three  perpendiculars).  According  to  the  law  of  sines  we  have 


then 


AB  =  2R  sin  (90' 

1 


a)  =  2 R  cos  a; 
/4J32-sin  2a— 2 R2  cos2  a  sin  2a. 


From  the  triangle  AAtE  we  have 


AB 


R  cos  a 


From  A  AA\0  we  find 


cos  2a  2  cos  2a 
R 


cos  2a 


cos  2a 
Vcos2  a  —  cos2  2a 


(Transform  the  radicand  in  the  same  way  as  in  Problem  656).  The  side  BC = 
=  2B£  =  2->i5-sin  a.  Hence 


—  Sbase*  // =2i?2  cos2  a  sin  2a 


R 

cos  2a 


~V  cos2  a — cos2  2a  = 

=  2.R3  cos2  a  tan  2a  V cos2  a — cos2  2a 


Chapter  IX.  Polyhedrons 


305 


and 


Siat  —  2.S S BBiCiC  =  2l-AB-sin  2a -f  2/^45. sin  a- 


Answer:  V  =  2 R3  cos2  a  tan  2a  Vs* »  3a  sin  a: 


—  2 l-AB  (sin  2a  4- sin  a) 


SR2  cos2  a  sin  cos-^ 


Siat  — 


cos  2a  * 

688.  Draw  the  altitude  OM  in  the  triangle  OCE  (Fi«».  105);  then  /  BMD^ft 
(prove  it!).  Denote  OC  —  OB  hv  x  and  find  x  from  the  formula  QC2  —  CE‘C\l, 
where  CE  =  l  and  CM  =  \  'x*  —  OM2.  From  the  triangle  OMB  we  find 

P 


OM  —  OB  cot  - 


root  | 


hence 


CM  —  x  j./"l  -  col2-— 


Substituting  into  the  formula  OC2-  CE-CM,  we  get  the  equation 
x2~lx  j/^l  —  col2^- 

The  root  x—  0  does  not  obviously  meet  the  given  condition  and  we  have 


Consequently, 
Now  we  find 


/ - |T 

=oc=i  y  i  -cot2-^ 


n  =  ycFj-oc 2 = 1//2  -  c2 /  col  1 


K  =  ~2x2// 


{)  Otf 
’  O.tf  '* 


Note.  The  quantity  of  cosfi  is  negative,  since  >  45°  /  as  tan  — 

OC  .  .  *"  2 

OM  ’  but  Inclined  line  OC  is  longer  than  the  perpendicular  OM, 

hence  tan  ~ 


*>‘)- 

Answtr:  V  -  A  (3  cot  -2.  (  1  _  cot2  A  )  =  —  ~  (3 


ft 

col  Y  cos  (t 
siljZ-fi. 


/■£C*  H  iL?"*  «»“«!«  ME  (Fig.  tC«),  where  =  ,Vc  find 

«cota  and  from  the  triangle  AtCE,  where  AxC~d ,  we  find  EC 

20—01338 
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~~yd2  —  H2  and,  consequently, 


EC 

1/2 


ti  2 


Now  we  find  the  sides  of  the  bases 

AB=a  =  EK+EF 

and 

AiBl==EG  =  b=EK-GK  =  EK-EF 
So  that  for  the  quantity 

a2-\-ab-\-b2 


entering  the  formula  for  the  volume  of  a  truncated  pyramid  we  get  the  fol¬ 
lowing  expression: 

( EK  4-  EF )2 -{-  {EK  +  EF)  ( EK  -  EF)  -j  (E K  -  EF )2  =  3£ A'2  + 

Answer:  F  =  4j-(3. £A’2  +  £f*)  =  [3  (d* -  //*)  —  2//=  cot* a]. 

690.  We  can  use  the  same  drawing  (Fig.  166)  as  in  the  preceding  problem, 
introducing  the  following  notation:  AA\  —  l  and  £  AlAC  =  p.  From  the  right- 


Froin 


the  triangle  AAtE  we  find  II  — l  sin  p  and  .4.£~/cos{$,  hence  FE  =  ; 

consequently, 

l  l  cos  2ft 


b—EG  =  FK  —2FE  ~ 


V2  cos  $ 


(i— 2  cos-  {3)  = 


1/2  COS  ti 
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Now  we  get 


(a-  -4-  ab-4-h-) 


/3  sin  p 
0  cos2  (5 


(1  —  cos  2fj  -f  cos2  2P) 


If  both  the  numerator  and  denominator  are  multiplied  by  (1  -f  cos  2p)  (applying 
the  formula  for  a  sum  of  cubes),  we  get  a  somewhat  simpler  expression. 

Note.  The  angle  p  must  exceed  45°,  since  I  K  >  2  I'E.  Therefore,  cos2p  <0, 


Answer:  V  ■ 


l3  sin  p 


(1  ~  cos  2p  1  cos2  2P)  — 


/3  sin  P  (t  t  cos3  2P) 


^  t  wa“  ^  — i2^qr 

691.  From  the  triangles  AAJC  and  EAXC  (Fig.  167)*  we  have 
AE  =  II  cot  a  and  EC  =  II  cot  p 
The  lateral  surface  area  is  equal  to 

Slat  =  .  A,X -  2  (a  +  b)-Av\ 

The  slant  height  A^N  is  found  from  the  triangle  A{EN,  where 
AE  / / 


EX 


We  get 


V2  ~  V: 


-  cot  a 


A  i  X  =~  //  |/r  1  *7" cot2  a 

The  sura 

a -{  b^AB  f  A\Bi  « 2/1,/?!  -|-  2AX «  2 •  A’/f  -  ££' .  V 2  =  II . y  2  col  p 
Consequently, 


S tot  ■■■■  2 11  1/2  col  p//  j/"l  :  cot2  a 


Answer:  Sla(  =  2// 2  cot  p  V-  -icot2a. 

692.  In  the  triangle  AXEN  (Fig.  167),  where 


fV  l.Y  — 

Y  0/3-0 

we  find 

and 

ll  =  A,E---%{  1/3- 

l)  tan  y 

We  obtain  now 

,,.A 

2  cos  y 

0 

v— «*V3)-  -£(1/3-0  (4 -I  1/3) Ian 7 


*  For  depicting  a  truncated  pyramid  see  page  261. 

20  • 
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and 


A’,q,  =  2  (AB+  4,5,)  =  2a  (  V3  +  1 )  - 


a(V  3—1)  2a2 

2  cos  v  cos  7 


Consequently, 


Sion i  =  Slat  +  3o2  +  02  =-- 


cos  v 


The  expression  in  parentheses  can  be  reduced  to  a  form  convenient  for  taking 
logarithms 

a3  (3  V3  —  1)  tan  y  , 

Answer:  V  =  — - — - — ^ ^  0.7a3  tan  y; 


8a2  cos  ^  ~  -f-  30°  j  cos  ^  —  30°  j 


e  __  3a2  (1  -f- 2  cos  y) 

total  -  cosy  cosy  ' 

693.  Let  us  denote  the  side  of  the  cube  by  x  (Fig.  16S).  From  the  simi¬ 


larity  of  the  triangles  EOxKx  and  EOC  we  have 
EOx  OxKx 
EO  Of 

Here 


EOx  «  EO  ~  00{  *■  II  -  x,  £0  // ,  0,A‘f «  — ^  ,  O.C  «  V 

V  - 


12- tli 


Consequently. 


1  2  Y' I'¬ 


ll  \/2  II--1I-) 


n+V2(r—ii  i, 
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694.  From  the  triangle  EOF  (Fig.  169),  where  OF  ~  and  ^  OFF  —  a.  we 

have  H  —  ~  cot  a.  Consequently,  the  volume  of  the  pyramid 

V  =  ■—  a2  II  —  -i  a3  cot  a 
3  b 

Let  us  express  the  side  a  through  the  edge  of  the  cube  x ™ M M ,  We  have 
a  =  20 F  —  20 M  -f  IMF  =  KM  -f  2/1/3/,  •  tan  a  =  x  ~\/7l  -r  I'y  tan  a 

Consequently, 

„  j3  (V2-f-  2  tan  a)3  cot  o. 


Here  x3=V,  is  the  volume  of  the  cube. 

Answer:  T  _  (V2  +  2  !»»  a)3  cot  a 

F,  6 

695.  (a)  Drawing.  Let  ns  first  depict  the  section  (Fig.  170)  con¬ 

taining  the  “upper”  face  of  the  cube  KxLiMxX\  (this  is  a  right-angled  triangle 
with  the  right  angle  at  the  vertex  Mi).  Since 
the  vertices  Kx,  Lx,  Mi,  A',  lie  on  the  lateral  " 

faces,  they  are  found  on  the  sides  of  the  triangle 
AXMXBX  (Mt  coincides  with  the  vertex  of  the 
ftght  angle;  MXKX  represents  the  bisector  of  the 
r‘ght  angle,  since  A/,A'i  =  MXL\).  Now  const¬ 
ruct  the  cube  KLMH  KxLxMxX  x.  Inside  the 
quadrilateral  /C,Z,,A/,A?,  take  an  arbitrary  point 
,*  .depicting  the  point  of  intersection  of  the 
altitude  DO  and  the  lace  KXL\MXNX  and  join 
*t  with  the  point  O  situated  likewise  in  the 
quadrilateral  KLMN.  Draw  OxAu  OxBx,  OxM, 
and  then  OA,  OB,  OM  parallel  to  thorn,  res¬ 
pectively.  The  points  A,  B,  C  of  intersection 
oi  DA u  DBit  DM i  and  OA,  OB,  OM  (respecti¬ 
vely)  are  the  vertices  of  the  base  of  the  pyramid. 

(b)  Solution.  By  hypothesis,  AC  -  <>; 

BC  =  8;  DO  =  24*.  Denote  the  edge  of  the 
cube  by  x.  Then  00 x  ~  x  and  DOx  —  24  —  x.  By  the  property  of  sections 
parallel  to  the  base  of  the  pyramid  we  have  B%M\  :  BC  ~  DO  :  DO,  i.e. 

Mx  :  8  —  (24  —  x)  :  24,  whence 


BXM, 


S  (24  —  x) 


24  - 


24  3 

Since  the  triangles  KxBxLi  and  ABC  are  similar,  we  have 
_ K |Lj :  BXLX  ~  6  :  6 

•  The  figure  is  drawn  not  to  scale. 
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here 

94  _  x  24  —  At 

KtLi  =  z  and  =  BtMt- MtLt  =  -----  - x  =  — 

Hence,  z :  ■  * J  =6:8,  whence  ar  —  3. 

/Insurer:  3. 

696.  The  section  BCCXB\  (Fig.  171)  is  a  trapezoid  (prove  it!).  Draw  the  plane 
MNE  {M  and  N  are  the  midpoints  of  the  sides  AD  and  BC)  to  intersect  the  plane 
BCCiBi  along  NK  (K  is  the  midpoint  of  fi,t’i).  We  have  /_N  ME  =  /_ MNE  — 
—  a  and  Z.MNK  =  P  (prove  it!).  The  altitude  KN  of  the  trapezoid  BCCxBt 


£ 


Fig.  172 


is  found  from  the  triangle  KNM,  where  MN 
—  (a  4-  P).  By  the  law  of  sines  ■  ^ — -  ~  — r- 


a  and  Z  ME IV  —  180° 
a  sin  a 


i.e.  KN  = 


sin  a  sin(a-fP)  ’  ‘  '  sin  (a -bp) 

Now  we  find  the  upper  base  of  the  trapezoid  (£,Ci);  since  the  triangle  ADE  is 
similar  to  B\CXE ,  we  have 

a-KE  a.KE 


KE 


ME 


NE 


The  ratio  is  found  from  the  triangle  KNE,  where 
Z  NKE -a  +  P  (as  an  exterior  one  for  A  KNM).  We  get 
KE  ___  sin  (a  — P) 

NE  ' 

hence. 


.  KNE  =  cc-P  and 


B  tC, 


The  section  area 


sin  (a -bp) 

a  sin  (a  — P) 
sin  (a -bp) 

a  sin  (a  —  p) 
sin  (a  +  P)  a 


sin  (a -bp) 
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Answer:  SRt 


a2  sin2 geos  ft 

sin2(a-j-ft) 

697.  (a).  Drawing.  On  constructing  the  pyramid  EHPGQ  (Fig.  172)  draw 
the  line  MN  of  intersection  of  the  planes.  It  is  parallel  to  the  side  HP  and  inter¬ 
sects  the  axis  OE  at  the  point  II.  The  end  points  M  and  N  of  the  line-segment 
MN  lie  on  the  slant  heignts  EE  and  ED.  Draw  PN  and  GN,  HM  and  QM  to 
depict  the  planes  intersecting  along  MN.  Mark  the  points  A ,  and  C,  of  intersec¬ 
tion  of  AB  and  CB  with  the  slant  heights  EA  and  EC,  respectively  {A  and  C 
are  the  midpoints  of  IIP  and  QG).  The  angle  ABC  is  the  plane  angle  of  the  ob¬ 
tained  dihedral  angle.  By  hypothesis,  ^ ABC  —  90',  i.e.  the  triangle  ABC  is 
an  isosceles  right-angled  one  and 


BO  =  AO^j 


(b)  Solution.  From  the  similarity  of  the  triangles  EM N  and  EDE,  where¬ 
in  DP  —  a,  we  have  MN  —  a.  .  The  angle  OAE  is  the  plane  angle  of  the 
E(J 

dihedral  angle  a,  hence  EO  —  AO  tan  a  —  —  tan  a.  Furthermore,  EB  —  EO  — 


—  BO  —  —-(tan  a  —  1).  Consequently. 

....  tana  — 1  ..  ,  , 

MN  s=  a - ™  a  (1  —  cot  a) 

tan  a 

AnXV'r:  MN  —  a  (i-COt  a) „  V , 
v  sin  a 

698.  (a)  Drawing.  Draw  the  straight  line 
CM  (Fig.  173)  depicting  the  perpendicular 
dropped  from  C  to  AE.  Through  the  point  O, 
of  intersection  of  CM  and  EO  draw  KN  parallel 
to  BD.  The  quadrilateral  KCNM  represents  the 
section.  The  proof  follows  from  the  solution 
below, 

(b)  Solution.  Since  the  plane  KCNM  is 
perpendicular  to  the  edge  A  E,  the  sides  M K 
end  MN,  as  well  as  the  diagonal  CM  of  the  section  KCNM,  are  perpendicular 
lo  AE.  Since  the  diagonal  CM  lies  in  the  plane  of  the  isosceles  triangle 
it  intersects  EO  which  is  the  altitude  of  this  triangle.  On  the  other 
hand,  the  diagonal  KN  contained  in  the  plane  of  the  triangle  BED  (and,  as  we 
®re  just  going  to  prove,  is  parallel  to  the  base  BD  of  this  triangle)  also  intersects 
EO  which  is  the  altitude  of  the  triangle  BED.  And  since  the  plane  KCNM  and 
the  line  OE  have  only  one  common  point  Oit  the  diagonals  KN  and  A/C’  intersect 
at  this  point. 

The  plane  KCNM  is  perpendicular  to  the  edge  AE;  therefore  the  angles 
EMK  and  EMN  are  the  right  ones.  The  right-angled  triangles  EM K  and  EM N 
are  congruent  (prove  it!);  consequently,  MK  ~~  MN  and  EK  —  EN.  It  follows 
from  the  last  equality  that  KN  j|  BD  and  that  KOt  —  OtN.  Hence,  the  diagonals 

MC  and  KN  are  mutually  perpendicular  and  --  MC-KN. 


E 
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T!ic  diagonal  MC  is  found  from  the  right-angled_triangle  AMC,  wherein 
/ CAM  —  ip  and  AC  =  a  1/2.  Wo  get  MC  =  a  1/2  sin  <f. 

The  diagonal  KN  is  found  from  the  isosceles  triangle  KEN,  wherein 
/EKX  —  <p.  We  have  KN  =  2-0, E  cot  <[,  where  0,E  =  OE  —  00,.  The 
line-segment  OE  is  determined  from  the  triangle  AOE  (or  BOEy,  we  find  OE  = 

=  ■ 8  y  2  tan  ip.  The  line-segment  00,  is  determined  from  the  triangle  OCO,, 
wherein  /.OCO,  =  90°  —  /MAC  =  90°  —  <p.  We  find 

00,  —  OC  ■  tan  (90°  —  q )  —  -  “  cot  q> 

Now  we  get 

AW  =r  2- O^E  cot  tp  ==  2  ^  tan  q?  —  ? cot  q>  j  cot  <p  —  a  ~[/2  (1  —  cot2  tp). 

Hence, 

‘S’sec  —  4*  MC ‘KN  =  a2  (1  —  cot2  <p)  sin  a-  —  —  . . ~s 

*  sm  (p 

A  ote‘  For  the  piano  KCNM ,  which  is  perpendicular  to  H£,  to  yield  a  section 
of  the  pyramid  it  is  necessary  that  the  point  M  of  its  intersection  with  A  E  lie 


on  the  line-segment  A  E  itself  (but  not  on  its  extension),  for  which  purpose  the 
angle  A  EC  must  be  acute,  i.e.  cAEC  «  180°  —  2<p  <  90c.  Consequently, 
T  >  45',  and  therefore  cos  2cp  is  a  negative  quantity. 

Answer:  S.t,  =*  a*  cos  2(f  °2  cos  (1S0° ~  2<f'> 

sin  cp  sintp 

(>9(i.  The  quadrilateral  AMKN  (Fig.  174),  yielded  by  the  section  of  the  late¬ 
ral  surface  of  the  prism,  is  always  a  parallelogram  (prove  ill).  For  the  section 
figure  to  be  a  rhombus  it  is  necessary  that  AM  —  A N\  Since  the  triangles  ADN 
and  ABM  are  congruent  (prove  ill),  DA  =  BM.  Hence,  M A  is  parallel  to  BD 
and  to  tiie  plane  A  BCD  as  well.  Consequently,  the  line  EF  of  intersection  of 
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the  planes  AMKN  and  A  BCD  is  parallel  to  t  he  diagonal  MX  (as  well  as  to  the 
diagonal  BD)  and,  hence,  perpendicular  to  the  other  diagonal  AK  of  the  rhombus 
(and  also  to  the  diagonal  AC).  Therefrom  it  follows  that  ci  =  Z.CAK  is  the 
plane  angle  of  the  required  dihedral  angle.  The  line  00, .  joining  the  centre  of 
the  rhombus  0\  with  the  centre  of  the  base  of  the  prism  is  perpendicular  to  the 
base  (prove  it!). 


From  the  triangle  A  00,  wc  find 

AO  OB 


COS  ip  = 


AO, 


Xote.  The  plane  drawn  through  the  straight  lines  AM  and  A X  intersects 
the  edge  CC ,  only  if  CC,  >  CK,  i.c.  if  the  altitude  of  the  prism  is  not  less  than 


a\/2  ‘  liln'  2  "  YScusa 

C0S*  taof  ,Inf 

Otherwise  the  required  section  can  be  drawn  neither  through  t lie  point  A,  nor 
through  any  other  point  on  the  edge  AAt. 

Answer :  (p  =  arccostan-^- .  The  problem  is  solvable  only  if  II  >  f_Lj,cosa 

*  .a 

sin  — - 

700*.  (See  the  solution  of  the  preceding  problem.)  Since  AIN --AC  (Fig.  175) 

^‘d  BK>BD,  and  by  hypothesis,  BK  ~  MX,  we  have  AC  >  BD,  i.c.  AC  is 
me  greater  diagonal  of  the  rhombus,  hence,  z.  ABC  is  an  obtuse  an^le,  and 
^  an  acute  one. 

The  angle  is  the  plane  angle  of  the  required  dihedral  angle. 

*rGm  the  triangle  00$  we  have  cos  <j>  =  -9J.L. ,  where  OB  —  O.i  ■  tan  ~ . 


For  drawing  a  right  prism  see  Fig.  83. 


Answers  and  Solutions 


And  since  OA  —  0\M  —  Ot5,  then  cos  <p  = 
*<1,  since  a  is  an  acute  angle. 


=  tan  .  Here  ton  -g-  < 


Answer.  =  arccos  tan ;  the  problem  is  solvable  only  if 
n  n  BD  "[/cos  a 


701.  Cf.  the  preceding  problem.  The  area  Ssec  of  the  rhombus  BN  KM 


(Fig.  176)  is 


7-MNBK  =  2MO^BOi 


From  the  triangle  MOfB,  wherein  /,  MBO\ 


BO\  =  MO i' cot  - 


$sec  =  2*  MO\  cot -j~  =  2 AO*  cot  -~ 

AO  is  found  from  the  triangle  AOB,  wherein  AB~a  and  Z,  ABO We 
get  AO  ~  a  sin 


Answer:  Ssec  ~  2a 2  sin2  -  cot  . 

702.*  Let  the  cutting  nlane  be  drawn  through  the  midpoint  M  (Fig.  177) 
of  the  edge  AB  and  parallel  to  the  edges  AC  and  BD.  The  edge  AC  is  contained 

*  For  drawing  a  regular  triangular  pyramid  see  Fig.  82. 
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in  the  plane  ABC.  Therefore,  the  plane  drawn  through  M  and  parallel  to  AC 
intersects  the  face  ABC  along  MN  parallel  to  AC.  Hence,  MN  is  a  midline  of 


the  triangle  ABC  ^ MN  —  ~  AC  =  ~  j  ,  i.e.  X  is  the  midpoint  of  the  edge  BC. 
The  edge  BD  lies  in  the  plane  BCD ,  and  the  cutting  plane  is  parallel  to  this 
edge. Therefore,  NL  j|  BD  ^ NL  BD  =  4)  an^  ^  *s  the  midpoint  of  the 


edge  CD.  Similarly,  we  prove  that  MK  = 

and  that  K  is  the  midpoint  of  the  edge  AD. 
Consequently, 

KL  ||  AC  and  AA=%- 


Hence,  the  section  MN  LK  is  a  rhombus- 
Furthermore,  the  angle  NMK  is  a  right  one- 
Indeed,  the  edge  BD  is  contained  in  the  plane 
BDE  ( E  is  the  midpoint  of  AC),  which  is  per¬ 
pendicular  to  the  edge  AC.  Consequently, 
BDx_AC.  But,  as  has  been  proved,  MK  ||  BD 
*nd  MN\\  AC,  hence,  MK±,MN ,  wherefrom  it 
follows  that  MNLK  is  a  square  with  the 


Answer:  S  Sl 


i2 

4 


703.  Let  CD  (Fig.  178)  be  the  lateral  edge  perpendicular  to  the  base.  Since, 
fry  hypothesis,  z DAC  —  /.DBC  —  a,  we  have  AC  —  CB,  i.e.  the  triangle 
ABC  is  an  isosceles  one  at  the  vertex  C  of  the  pyramid  and.  hence,  l>v  hypothe¬ 
sis,  Z  C  =  90°. 

Any  section  of  the  pyramid  perpendicular  to  the  base  ABC  is  a  quadrilateral 
NKLM  with  two  right  angles  (zNKL  and  /_ KLM ).  For  this  quadrilateral 
to  become  a  square  the  following  condition  should  be  satisfied:  KN  —  KL  - 
=  LM  —  x.  From  the  congruence  of  the  triangles  A  KN  and  BLM  (prove  it!) 

*t  follows  that  AK  —  BL,  hence,  KC  —  CL,  and  K C  —  ~f-~ .  From  the 

V  2  V  2 

triangle  AKN  we  find  A K  —  KN  cot  a  —  x  cot  a.  Since  KC  -j-  A  K  —  AC  = 
—  a,  we  get  the  equation 


whence 


Answer:  St, 


V  2 


f- jeota  —  a 


a  1/2 

H-  V2cota 


(i  V2cota)2 

704.  The  section  yields  the  trapezoid  MAtBtN  (Fig.  179)  equal  to  the  lateral 
face  DDiCtC  (prove  it!).  In  the  cut-off  portion  AtBiCiDiMNCD  we  have  A  ,£),  — 
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=  B\Ci  =  NC  =  il/Z)  (as  the  segments  of  parallel  lines  contained  between 
parallel  planes).  The  obtained  solid  is  an  oblique  prism  with  the  base  CCiDiD. 
Draw  the  plane  FGQQi  through  the  slant  height  FG  of  the  frustum  of  a  pyramid 
and  the  apothem  OG  of  the  base;  we  get  £_ FGL  =  a  (prove  it!).  The  perpendicu¬ 
lar  Lli  dropped  from  L  to  GF  is  the  altitude  of  the  prism  (prove  it!).  From  the 

triangle  LKG,  wherein  LG  ~  QiF  =  a» 
we  have  LK  —  a  sin  a.  From  the  triangle 

FLG  we  find  FG=-^-  =  -£- .  The 
cos  a  cos  a 

volume  of  the  prism  is  computed  by 
the  formula 


V- 


Dj£i±DC 


FG-LK 


Now  we  find  the  total  surface  area  S 
of  the  solid  AMA^B^NB  cut  off  by  the 
plane  AtBfXM.  The  face  AA\BiB  is  equal 
to  the  section  MA^B^N  (prove  it!).  Each 

of  these  faces  has  an  area  .  QQt, 

where  QQy  —  FG  —  .  Either  of  the 

cos  a 

faces  AA\M  and  BNBX  has  an  area 


A,P^FG  = 


The 


area  of  the  face  ABNM  is  S3  -  -  AM  ■  AB  =  2a-3a.  We  have 
S  =  2Si-C2S«  +  S,. 


12fl2C0S2^ 

Answer :  V  —  2a3  tan  a:  S  - - ~  . 

cos  cc 

Preliminary  Notes  to  Problems  705  to  708 

When  solving  Problems  705  to  708  use  should  be  made  of  the  following  the- 
orem. 

If  a  polygon  ABC  BE...  contained  in  a  plane  P  is  orthogonally  projected  on 
a  plane  P,  as  a  polygon  4, BjC, then  the  area  S  of  the  polvgon  ABCDE... 

and  the  area  6’,  of  the  polygon  AlBiC\DlEl .  are  related  in  the  following  way 

St  —  S  cos  a, 

where  a  is  the  angle  between  the  planes  P  and  Pj. 

Proof.  First  consider  the  case  when  the  projected  figure  is  the  triangle  ABC 
(Fig.  180a),  whose  side  AB  is  parallel  to  the  projection  plane  P,.  Draw  the 
plane  ()  through  AB  and  parallel  to  the  plane  Pt  {E  is  the  point  of  intersection 
with  the  projecting  line  CC,).  We  get  the  triangle  ABE  congruent  to  the  triangle 
AiBiCi.  Draw  the  altitude  CD  of  the  triangle  ABC;  ED  is  then  the  altitude  of 
the  triangle  AEB,  and  the  angle  a  =  / EDC  is  the  plane  angle  of  the  dihedral 
irngle  CASE  equal  to  the  angle  between  the  planes  P  and  P,.  From  the  triangle 
DCE  we  find  DE  —  CD  cos  a.  Consequently, 

*1=4  AB- DE  =  -i-  AB-DC  cos  a  =  *  cos  a 


Then  consider  the  case  when  the  projected  figure  is  the  triangle  LAIN 
<Fig.  1806),  whose  sides  are  not  parallel  to  the  plane  />,.  Such  a  triangle  can  he 
divided  into  two  triangles  of  the  type  considered  above.  For  this  purpose  it  is 
wfneient  to  draw  the  plane  Q  parallel  to  P,  through  one  of  its  vertices  A!  which 
should  be  neither  the  closest  to,  nor  the  remotest  from  the  plane  Pt.  This  plane 
intersects  the  triangle  LAIN  along  the  straight  line  KM  parallel  to  Px.  If  .S' 


(«)  (*>) 


Fig.  180 

and  S”  are  the  respective  areas  of  the  triangles  KMN  and  LMIC ,  and  .Sj  and  S\, 
the  areas  of  their  projections  (i.e.  of  the  triangles  A^UjA’i  and  L%MxK.x)t  then, 
as  has  been  proved, 

.S'cosa  and  S'[~S"  cos  a 
And  since  S  =  S"  and  Sx  —  S[-\~  Sx.  we  have 


Sf  =  4- =  5'  cos  a  4- S*  cos  a  =  (S'  4- S")  cos  a~S  cos  a 

If  the  polygon  has  more  than  three  sides,  then  we  divide  it  into  triangles  and, 
reasoning  in  the  same  way  as  in  the  above  case,  prove  tin*  general  theorem. 

Let  us  draw  our  attention  to  the  fact  that  this  theorem  holds  true  for  the 
areas  of  curvilinear  figures  as  well.  To  prove  it  wo  have  to  inscribe  a  polygon 
Jn  the  given  curvilinear  figure  and  pass  to  the 
limit.  Cf 

705.  We  have  (Fig.  181)  Sbase  =--■  and 

*  ?\**i  ~  BD  4-  DDX.  From  the  triangles  UP.fi  - 

BXEXD  (E  and  Ex  are  the  midpoints  of  AC  and 
A\C\)  we  have  I 


c  „  3a3 

'^baee'B  — -g-  (tan  a  4-  tan  ()): 


3a3  sin  (a  (1) 
8  cos  a  cos  ji 


. jTk®  section  ADC  is  projected  on  the  plane  of  the  lower  base  as  the  triangle 
A°C.  As  has  been  proved  (see  the  Preliminary  Notes)  the  area  S  of  the  section  ADC 
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is  related  to  the  area  of  the  triangle  ABC ,  i.e.  to  the  S&ase.  by  the  formula 
Sbase—  S  cos  a,  hence,  S  =  Proceeding  in  the  same  way  (i.e.  pro¬ 

jecting  the  section  Ci  on  the  upper  base),  we  find  that  the  area  of  the  section 

AjDCi  is  S'  ~  ♦  Consequently, 

cos  p  n  j 

5  +  5'  =  5i,.,.  (— - 

flje\cosa  cos  $} 


Answer :  V  = 


3a3  sin  (a-f-ft) 
8  cos  a  cos  {J 


cos  a-f-cos  p 
cos  a  cos  P 


a2  V^cos  cos  - 

2  cos  a  cos  p 


70C.  (a)  Drawing.  Join  the  midpoints  K  and  L  (Fig.  182)  of  the  sides  AB 
and  AD.  Through  the  point  E  of  intersection  of  KL  and  AC  draw  the  straight 
line  EN  (the  angle  NEC  depicts  the  plane  angle  of 
the  dihedral  angle  a).  Through  the  point  Ot  of 
intersection  of  EN  and  the  axis  00\  draw  PM 
parallel  to  BD.  The  pentagon  KLMNP  represents 
the  section.  The  proof  is  obvious  from  the  solu¬ 
tion  below. 

(b)  Solution.  Since  KL  ||  BD ,  the  plane  KLMNP 
(passing  through  KL)  intersects  the  diagonal  plane 
DBB^Di  (passing  through  the  diagonal  BD)  along 
the  straight  line  PM  parallel  to  KL  and  BD.  The 
axis  00 1  of  the  prism  lies  in  the  diagonal  plane 
DBBtDt  and,  hence,  intersects  PM.  The  plane 
KLMNP  intersects  the  diagonal  plane  ACCtAt 
(passing  through  the  diagonal  A  C)  along  the  straight 
line  NE  (E  is  the  midpoint  of  KL),  which  also 
intersects  the  axis  00 x.  But  since  the  piano 
KLMNP,  containing  PM  and  EN,  intersects  the 
Fig.  182  axis  00,  only  at  the  point  02,  both  EN  and  MP 

pass  through  this  point,  i.e.  the  point  of  intersec¬ 
tion  of  PM  and  EN  lies  on  the  axis  00,.  The  lines  EC  and  EN  are  perpendi¬ 
cular  to  KL  (the  theorem  on  three  perpendiculars);  hence,  /CEN  —  a. 

The  area  S  of  the  pentagon  KLBCD  is  equal  to  the  area  of  the  square  A  BCD 

less  the  area  of  the  triangle  AKL,  thus,  S  —  b 2 — ^-  =  4-  b 2.  The  area  Ssec 

o  o 

of  the  pentagon  KLMNP  is  determined  according  to  the  theorem  proved  in 

y 

the  Preliminary  Notes  to  Problem  705.  We  have  —  62  =  Sscc  cos  a,  i.e. 

8 


5 _ I* L 

‘>s£'c  — 8coscz 


Comparing  the  triangles  MOzN  and  BOC  {BO  ~  MOz  and  MN  >fiC)» 
we  make  sure  that  /MN02  <  /BCO\  and  since  /.BCO  =  45°,  /  MN0%  < 
<  45“  and,  consequently,  the  angle  9  =  /.MNP  is  acute.  All  the  rest  of  the 
angles  of  the  pentagon  are  obtuse  (the  acute  angle  /. NMOz  —  90°  —  /  MNO? 
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exceeds  45°;  the  angle  MLK  is  equal  to  180°  —  /  I.MO,  =  180  —  v MO,) 
From  the  triangle  MOtN  we  have  ~  z 


but 


tan 


JL  yo- 

2  ~  NO. 


Hence, 


NOt  = 


PC 
cos  a 


OB 
cos  a 


MO, 
cos  a 


Answer:  S8CC==g~___;  qp  =  2  arctan  (cos  a). 

T,  (a)  Drawing.  First  draw  separately  the  base  of  the  prism  (Fig.  183a). 
then  construct  an  ellipse  (Fig.  1836)  depicting  the  circle  about  which  the  base 
is  circumscribed*.  Draw  a  diameter  (MX)  of  the  ellipse  and  through  its  ends 


Fig.  183 


5*2  la.ngent  linos  CD  and  AB  representing  the  straight  lines  on  which  the  bases 
inf  ”e  isos<*K t^oid  lie.  Draw  some  line  KL  parallel  to  CD  and  AB  to 
niersect  the  ellipse  at  points  K  ami  /,.  Through  these  points  draw  tangent  lines 
j  aQd  BC  to  the  ellipse.  The  quadrilateral  A  BCD  depicts  the  isosceles  trapezoid 
.proscribed  about  the  circle.  Then  complete  the  drawing  of  the  right  prism 
D^iBxCiDi.  The  cutting  plane  passing  through  the  side  AD  and  vertex  B, 
fwK-rSuC-*8  face  AAtBiB  along  the  straight  line  ABt  and  the  face  DDXCXC 
n „!jCvs  parallel  to  AA,BtB)  along  DC  parallel  to  ABX.  The  section  yields  the 
thn  i-a^eral  ABtGD.  From  the  point  B  draw  the  straight  line  BE  parallel  to 
sent Pa<VUs  joining  the  centre  0  with  the  point  of  tangency  K.  The  line  repre- 

j  ° ,  l®e perpendicular  dropped  from  B  to  AD.  Consequently,  the  angle  BEB>, 
ueP>cts  the  plane  angle  a. 

*  For  constructing  an  ellipse  see  Fig.  92. 
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(b)  Solution.  From  the  triangle  DFA  (Fig.  183 b),  wherein  DF  =  MU  — 

-  -r  and  Z.DAF  =  a,  wo  find  BC  =  AD  =  -E- .  Denote  AB  by  a:  CD 

sin  a  J 

by  b\  AD  —  BC ,  by  c.  By  the  property  of  the  circumscribed  quadrilateral 
a  +  4  =  AB  4-  CD  =  AD  +  BC  =  2c  =  JL. 


Sbase  =  ±t±  h  =  _2r 2r  =  -±L_ 

-  sin  a  sin  a 

Consequently  (see  the  Preliminary  Notes  to  Problem  705), 


S  —  ^base  _  4r2  8r2 

s<?c  cos  a  sin  a  cos  a  ”~sin  2a 

The  altitude  II  =  Z?Z?,  is  found  from  the  triangle  /?#,/?,  P£  being  determin¬ 


ing.  m 

ed  beforehand  from  the  triangle  BE  A ,  wherein 

4Z?  =xa =  2-1.1/  =  20.1/. cot  /  0.4.1/  =  2r  cot  ~ 

W’o  have 

BE  =  o  sin  a  and  //  —  BE  tan  ct 

Hence, 

H  ~2r cot sin  a  tan  a 

Now  we  find 

Slat  —  7/  (o  -f~  6  -{'  2c)  —  AII c. 

Answer:  Siai  =  16r2  tan  a  cot  ;  Ssec~-¥- 2- . 

708.  (a)  0rc(if’jji£.  The  cutting  plane  P  mav  be  drawn  through  either  of 
the  two  diagonals  of  the  face  (Fig.  184).  Let  us  draw  it  through  the 

diagonal  PC,.  By  hypothesis,  P\\AD.  Consequent Iv,  the  plane  P  intersects  the 
plane  containing  the  base  ABC  along  the  straight  line  BK  parallel  to  AD  (the 
entire  line-segment  BK  lies  outside  the  triangle  ABC).  Since  the  face  BCCXBX 
is  perpendicular  to  AD,  it  is  also  perpendicular  to  BK;  hence,  £CBCX  is  the 
plane  angle  of  the  dihedral  angle  (5  at  the  edge  BK. 
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iri™F„1C(D?°>W-  '!'*  tr*a°g^e  yielded  by  the  cutting  plane  P.  One  side  of  this 
triangle  (BC,)  is  known,  we  have  only  to  find  the  opposite  vertex  i  e  the  nuint 
of  intersection  of  the  plane  P  and  the  edge  AA„  For  this  purpose'it  h  ‘uffi?  e" 
to  join  the  point  E,  at  which  BK  intersects  the  extension  of  Hie  edge  AC  with 
vertex!0*  "  The  P°int  f  at  "hich  >«•««**  th“  edge  AA,  fs  fhe  reqi^ed 

nlane?  S,L"Ce  ,h-e.p?i,|‘  E  lies  °«  'he  line  BE  of  intersection  of  the 

planes  P  and  ABC,  this  point  belongs  to  the  plane  P.  On  the  other  hand,  the 


K;  Ithllrno  ,!le,l,ine  ?C  °!  intersection  of  the  planes  ACC, A,  and  ABC. 
Of  the’ face  a  rr  a?  p  an0  1,CC‘C  (,t  ls  “dually  situated  on  the  extension 
seriioJ  »  .1  ConseaiMmtly,  the  point  L.  must  belong  to  the  line  of  inter- 

o  the  l?n„‘‘etpla."es  P  an3  A,C?'A-  B>'  '‘VPotlicsis,  the  point  C,  also  beWs 
Zlrr  a  •  ,  of  ‘.nt0,rSKt‘r  of  theS6  planes.  Consequently,  the  planes  P  and 
side  (cVl  offh?  a'c'g  V"  S',raight  “,ne  C'E-  i  0-  tliis  line  is  positioned  the 
section  O  r  r  °D  f?und  ,he  acc  Cl  ■'•■f1-  »«>«.  the  point  V  of  inter- 
/hf  c  i  an(^  *  10  C(tee  AA\  is  the  required  vertex. 

contained  in'in"  Si"ct'  'i'c  triaogle  ABC  is  the  projection  of  the  triangle  FBC„ 
niained  m  the  plane  P ,  on  the  plane  of  the  base,  then  1 

-7£  a2  sin  2a 


~—r  COSp 

lateral^surface  ^.T'wo  «fveis»»“,'s  ABC-  ^ss  «*  through  the 

S  =  (ZAC  -f  BCt-CC, 

where  AC  -  a,  BC  =  2a  cos  a  and  CC,  =  BC ■  tan  p  ^  2„  cos  ct  tan  p.  Hence, 
S  ~  ^  cos  a  (1  +  cos  a)  ton  p  =-•  8a"  cos  a  cos2  -2-  tan  p. 


Answer: 


sin  2a  cot  fl 


cos  p  cos  a  cos2  ■— 


S  tan  — 
4  sin  p 


lel°Jf  ini  f  Extending  the  line-segment  BC  (Fig.  185)  deDictine 

leg  of  the  base  by  a  length  CD  =  BC,  we  get  the  point  Z),  which  is  acJuaTly 


* 

21-0133* 
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symmetrical  to  B  about  the  leg  AC.  Let  us  take  the  point  M  in  the  middle  of  the 
edge  AA{  and  draw  the  section  of  the  prism  by  the  plane  P  passing  through  the 
points  Bu  M  and  D.  To  this  end  join  Bx  with  D  by  a  line  to  intersect  the  edge 
CC\  at  the  point  N.  The  triangle  BXNM  is  the  required  section.  Indeed,  the  point 
D  lies  on  the  line  BC  and,  hence,  belongs  to  the  plane  CBBXCX  (D  is  situated 
on  the  extension  of  the  face  CBBXCX).  But  the  point  D  also  lies  in  the  plane  P, 
therefore  it  is  positioned  on  the  line  of  intersection  of  the  planes  P  and  CBBXC j. 
The  point  Bx  is  also  found  on  this  line.  Hence,  the  planes  P  and  BCCXB x  inter¬ 
sect  along  the  straight  line  BXD.  The  point  N  at  which  BXD  intersects  the  edge 
CC i  is  one  of  the  vertices  of  the  section,  thus,  the  section  of  the  prism  is  the 
triangle  BtNM. 

Since  BC  =  CD  and  CN  || BBX,  CN  is  the  midline  of  the  triangle  BBiD , 
i.e.  N  is  the  midpoint  of  the  edge  CC x.  Consequently,  MN  is  parallel  to  AC 
contained  in  the  plane  of  the  base.  Therefore  the  lineZ)£,  along  which  the  plane 
P  intersects  the  plane  of  the  base,  is  parallel  to  .4C  and,  hence,  perpendicular 
to  the  face  BCCXBX.  Therefore  £BDBX  is  the 
plane  angle  of  the  dihedral  angle  at  the 
edge  DE. 

(b)  Solution.  We  have  (see  solution  of  the 
preceding  problem) 

S'  _  8>?  _ 

sec  cos  (p  ~2  cos  <p 

(where  a  =  BC ,  b  =  ^lC),  and  since  b  —  a  tan  p, 
we  get 

c  _  g2  tan  ft 

sec  2  cos  m 


Find  a".  By  hypothesis,  p  is  the  smallest  one 
of  the  acute  angles  of  the  triangle  ABC,  thus, 
b  <  a  and  the  area  bH  of  the  face  ACCtAi  is  smaller  than  the  area  aH  of  the 
face  BCCXBX.  Therefore,  the  difference  S  of  these  areas  (we  assume  that  it  is 
positive)  is  equal  to  (a— 6)  H .  From  the  triangle  DBBX,  wherein  BD  —  2BC  —  2a, 
we  find  H  =  2 a  tan  <p.  Consequently, 


whence  we  find  c2. 
.-1  nswer : 


S  =  2a2  (1  —  tan  P)  tan  <p 


tan  P 


4  (1  — tan  P)sincp  sin  (45°  —  g)  sin  q? 


710.  The  angle  between  the  non-intersecting  diagonals  BAX  and  ADt 
(Fig.  186}  is  equal  to  the  angle  <p  =  LAXBCX  between  BA  x  and  the  line  BCi 
parallel  to  AD  x.  We  have  LCBCX  =  /_DADX  —  a  and  LABAX  —  P .  To  determine 
the  angle  (p  find  A\C\  first  from  the  triangle  AXBCX  (by  the  law  of  cosines)  and 
then  from  the  right-angled  triangle  AXBXCX,  and  equate  the  obtained  expressions. 
We  get 

BA\ 4-  BC\ — : 2 -BAV BCV cos  <p  =  SsAf  i  P,C| 

Hence 

2  •  BA  i  •  BCt  *  cos  <p  =  (BA\  ~  BXA\)  -f  {BC\  -  P,C2)  =  2 .  BB\ 
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Substituting 


BA}  = 


AAt 
sin  p 


BBj 
sin  p 


(from  the  triangle  BAA\ )  and  BC, ~~~~  into  the  last  equality,  we  get 
cos  <p  —  sin  a  sin  P 

Alternate  method.  Through  the  edge  B,C,  draw  the  plane  B,C,C2B2  perpendi¬ 
cular  to  BA i  (it  is  possible,  since  B\C ,  X  BAA-  Let  E  be  the  point  of  intersection 
of  BA  i  and  B,BZ-  From  the  right-angled  triangle  BC,E  we  find  BE  ~  BC,  cos  q> 
and  from  the  right-angled  triangle  BB,E ,  whe¬ 
rein  LB, BE  =  90°  —  P,  we  have 

BE  =  BB ,  cos  (90c  —  p)  —  BBt  sin  p 

Now  we  express  the  line-segment  BB,  through 
BC ,  from  the  triangle  BB,C,,  wherein  /B,BC,  — 

=90°  —  a.  We  get  BB,  =  BC,  sin  a  and,  hence, 

BE  =  BC \  -sin  a  sin  p. 

Equating  the  two  expressions  for  BE,  we  obtain 
BC, -cos  (p  =  BC,- sin  a  sin  P 

A  nswer:  cos  <p  —  sin  a  sin  p. 

711.  Let  us  denote  the  dihedral  angles  at 
the  edges  SA,  SB,  SC  (Fig.  187)  by  ifA. 

<pc.  Through  a  point  (F)  on  the  edge  SC  draw  a  plane  (DEE)  perpendicular 
to  SE.  Then  /.BEE  =  tfc.  Determine  ED-  first  from  the  triangle  EFD  and 
then  from  the  triangle  ESI),  and  then  equate  the  obtained  expressions.  We  wind 
EE 2  -f-  FD-  -  ZEE* ED  *cos  <pc  =  SE-  -f  SD 2  -  2 -SE-SD  cos  y 

Hence 

2 -FE- ED -cos  <pc  =  2-SE -SO -cos  y  —  (SE2  -  EE2)  -  (SD2  —  ED) 2, 

i.  e. 


c 


2-FE-FD-cos  tfc  =  2-SE -SD  -cos  y  —  2 SE2 
Substituting  into  this  equality 

EE  =  SP  tan  a 
ED  =  SE  tan  P 


and 


SE  = 


SF 
cos  a 


we  obtain 


cos  P 


tan  a  tan  P  cos  qsc  - — —  1 

T  cos  a  cos P 


21* 
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whence 


cos  <pc= 


cos  y— cos  geos  ft 
sin  a  sin  {5 


Similarly,  we  find  cos$a  and  cos(ps 

.  cos  a— cos  ° - 

Answer :  cosqj^ 


cos  9  a  = 


sin  p  sin  y 
cosp  —  cos  ycosa 
sin  y  sin  a 


cos  (pc  = 


cosy  — cos  a  cos  p 
sin  a  sin  8 


712.  Solved  in  the  same  way  as  the  preceding  problem. 

A  nswer :  cos  y  =  cos  a  cos  P  sin  a  sin  p  cos  A . 

713.  See  Problem  711. 

Answer:  the  required  angle  contains  90°. 

714.  Let  the  point  M  lie  on  the  face  O  (Fig.  188).  By  hypothesis,  AM  forms 
an  angle  a  with  AB ,  and  MB  is  perpendicular  to  AB.  Through  BM  draw  the 


plane  MBN  perpendicular  to  the  edge,  and  drop  the  perpendicular  MN  from  M 
to  BN.  The  line  MN  is  also  perpendicular  to  NA ,  and  t  MAN  =  p  (prove  it!). 
We  also  have  q>  —  LNBM.  The  angle  <p  is  found  from  the  triangle  NBM , 
wherein  MN  ~  A  M  -sin  a  (found  from  the  triangle  A  N M)  and  BM  =  A  M  sin  a 
(found  from  the  triangle  A  MB).  We  get 

_  MN  __  AM  sin  P  sin  P 
SU1  ^  BM  ~  AM  sin a~sina 

.  .  sin  p 

Answer :  sin  q>  —  -r—1-  . 

T  sma 

715.  Fig.  189  shows  the  common  perpendicular  PQ  to  skew  lines  LL'  and 
MM'.  To  obtain  the  angle  at  which  the  line-segment  PQ  is  seen  from  the  point  A 
we  have  to  draw  the  ray  AP)  then  /.PAQ  —  a.  Similarly,  i .PBQ  =  p.  Through 
the  point  P  draw  the  straight  line  PE  parallel  to  MM'.  Then  the  angle  between 
MM'  and  LL'  is  (by  definition)  the  angle  =  £EPB.  Drop  the  perpendicular 
AE  from  A  to  PE  and  draw  AB  (the  rest  of  the  lines  depicting  aparallele- 
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piped  with  the  edges  PQ ,  QA  and  PB  are  constructed  to  make  the  drawing  more 
vivid).  From  the  right-angled  triangle  BPQ  we  find 

PB  —  PQ  cot  p  —  h  cot  p 

Similarly, 

PE  —  QA  —  h  cot  a 

Then, 

BE 2  -»  4-  pEz  —  2-PB-PE  cos  q>  = 

=h*  (cot2  a  cot2  p  —  2cot  a  cot  p  cos  <p) 

AE  is  perpendicular  to  the  plane  EPB ,  since  it  is  parallel  to  PQ  which  is  the 
common  perpendicular  to  PB  and  PE.  From  the  right-angled  triangle  A  EB 
we  find 

ABZ  =  AES  +  BE 2  =  A2  -f 


Answer:  yfZ?2  =  A2  (1  4-  cot2  a  4*  cot2  P  —  2  cot  a  cot  p  cos  (p). 

716.  See  the  drawing  to  the  preceding  problem  (in  the  present  problem 
9  =  90°). 

We  have 

BE  =  yp£2+ PB2  _  h  Vcot2  a  +  cot2  p 

The  angle  between  AB  and  PQ  is  equal  to  the 
angle  between  AB  and  AE  parallel  to  PQ. 

Denoting  it  by  y,  we  have 


.  BE 

tan  7  =  ^ 


k~[/  cot2  a  -f  cot2  p 

_  _ 


Answer :  tan  v  =  Vcot2  a4-cot2  P- 
717.  Let  (Fig.  190) 

DM  m<  DN  m2  DP 


MA  ' 


_  mi 

’  "1 


NB  = 


PC  ' 


Let  us  first  find  the  ratio  of  the  volume  F,  1  *e' 

of  the  pyramid  DMNP  to  the  volume  V  of  the 

pyramid  DABC.  Let  the  face  BDC  be  the  base  of  the  pyramid  DABC  and  the 
face  NPD ,  the  base  of  the  pyramid  DMNP.  Let  the  edge  DA  be  projected  on 
the  plane  DBC  as  a  line-segment  lying  on  DE.  Then  the  points  A  and  M  are 
projected  into  some  points  K  and  L  lying  on  DE.  Consequently,  the  altitudes 
AK  ~  h  and  ML  =  A,  are  contained  in  the  plane  ADE  and  the  triangles 
DML  and  DAK  are  similar.  Hence, 


h{  DM  DM  m  | 

A  —  DA  5=5  DM-\-MA  mj-f-w, 


The  area  St  of  the  base  NDP  is  to  the  area  S  of  the  base  BDC  as  DN-DP 
to  DB-DC  (since  the  triangles  NDP  and  BDC  have  the  common  angle  D\ 
Hence,  '' 

Sj  _ DN  DP _  rn2  m3 

S  DB  DC  ~~  m24-«2  'to 3  4-  n3 
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Hence, 


Ji 

V 


find  the  ratio 


Si. 

"  s  ~ 

Vi 

V—Vi 


m  jimmi 


V, 


(mi-rni)(™2+'!s)  ("l3+nS> 

,  in  which  the  volume  of  the  pyramid  DABC 

HI 


Now  ' 
is  divided. 

Answer,  y  __Vi~  (mi^.  Hi)  (m2+n2)  (m3+n3)  —  m1maro3  ' 

718.  The  plan  of  solution :  from  the  similarity  of  the  triangles  OEL  and 
MEK  (Fig.  191)  let  us  express  OL  in  terms  of  MK  =  b  and  ME  =  -y  ;  from  the 
similarity  of  the  triangles  OCE  and  MEN  let  us  express  OC  in  terms  of  MN  =  h 
and  ME  =  -y  .  Substituting  the  expressions  found  into  the  relationship  OC 2  = 

>  2  • OL 3,  we  get  the  equation  for  finding  H . 
Solution.  We  have 

OL:H =  MK: EK , 


OL:H  =  b:/(“)° 


whence 


similarly,  0C~ 


OLZ  = 

4 h*H* 


4 &W 

H2-Abi 


H  2- 
#2-462 


•4/l2 


=  2 


Hence, 

462  i/2 
tfS-462 


Dividing  by  //2  and  transforming,  we  obtain 


//  = 


2bh 

V262-62 


Now  we  find 

462i/2  26262 

UL  -  i/2  —  462  “  62_&2 
and 

F=y(20L)2.// 

166363 

vlnw:  1^  =  3  (/l2_62)y 962362’ 
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719.  Answer:  1'— 

8  1/3 

720.  Answer,  r  = 

24k~  1 

721.  Answer:  r  =  -~- 

4k 

722.  Wr:  V  =  <i3cUS2/gSi,,<X 

4n 

723.  The  radius  of  the  base  R  —  lsitia  (Fig.  192)*,  the  altitude  of  the  cone. 

a 


i/  =  icoscc.  The  volume 


V 


nRzH  nl3  sin2  a  cos  a 


3  “  3 

The_  surface 

S  —  nR  (l  -{■  H)  =  nlz  sin  a  (1  -f  sin  a) 
^.hypothesis,  I  -f  //  —  m\  hence, 


1  -f-cos  a 


2  cos2 - 


Answer:  V  -----  ^",3.sin2  a  cos  ” 

24  cos®  y 

nm2  sin  a  cos2  ^  45° —  y  | 

2  cos4  y 

724,  (Fig.  193).  The  planes  /li#i  and  AZBZ  cut  off  the  cone  ACB  the  cones 
*  For  drawing  an  ellipse  (depicting  the  circle  in  the  base  of  a  cone)  see  page  254. 
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AxCBi  and  A2CB2  which  are  similar  to  the  given  cone.  And  the  volumes  (F,  V* 
and  F2)  are  in  the  same  ratios  as  the  cubes  of  the  altitudes: 


The  volume  Vmi&  of  the  mid-portion  Is  equal  to  F$ — Fj.  Sub¬ 

tracting  the  second  proportion  from  the  first  one,  we  find  Fmfd* 

7 

Answer.  Vmi(i=^V. 


725.  From  the  triangle  AOE  ( Fig.  194)  we  find 
Ali  a 


0.4  =  /?:^ 


.  0 c  .  .  a 

2sin—  2sm-r- 

From  the  triangle  OBD  we  have  II  — Rc otp. 
jto3cotp 

Answer:  V  — -  , 

24  sin3  ~ 

726.  By  hypothesis,  OC—OC^h  (Fig.  195).  We  have 
OC—B  cot  P 


and 


OC 1  —  /?  cot  a 


R 


h 

cot  p  — cot  a 


Hence, 
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The  required  volume  V  is  equal  to  the  difference  between  the  volumes  of 
the  cones  ACB  and  AC(B.  Hence, 

y  =  -i.j,/?2  (OC- OCt)^jXR2h. 

,  ..  ji/i3  nks  sin2  a  sin2  fi 

nswer.  “3  (C0t  p_- cota)2”-  3sin2{a  — P) 

727.  By  hypothesis, 

ji  Rl  =  S 

The  area  of  the  base 

sbase  =  nnz 

is  equal  to  P — S.  Dividing  (by  terms)  the  equality 
71/?  2  —  P  —  S 

by  the  equality 

nRl^S, 

ft  p _ g 

we  get  —  = — _ — .  Let  us  denote  the  required  angle  by  p;  from  the  triangle 
OBI)  (see  Fig.  194)  we  have  JJ 

.  ..  „  fl  /K 


p _ 5 

Answer:  p  ==  arcsin  — ^ —  . 


728.  From  the  isosceles  triangle  ADAy 
(Fig.  196)  we  find  AD  — - - —  .  If  a  is 


the  radian  measure  of  the  angle  ADA*, 
then 

ABC  A , «  AD  •  a  - . 


Prior  to  developing  the  curved  surface  the  line-segment  AD  was  an  element 
of  the  cone,  thus 


the  zrcABCAi  was  the  base  circumference,  hence 


The  altitude  of  the  cone  is 

//  =  Vlt-W *= - - - V47i"2~a 
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Answer.  V  — - - - ,  where  a  is  the  radian  measure  of  the  given  angle. 

192n2sin3-| 

729.  The  angle  DOM  (Fig.  197)  is  equal  to  the  angle  <p  —  ^DEO.  From 
A  ODM  and  A  OEM  we  find 


and 

From  A  OCE  we  find 


OD  =  H  =  - 


COS  q) 


OE 

OC—R  — 


sin  cp 
OE 


Answer :  V  =  - 


jia3 


3sin2<p  cos  cpcos2y 


730.  The  radius  of  the  base  circle  of  the  cone  is  i?~- ~  (Fig.  198).  From 


A  AEF  we  find  AE~l  = 


- ;  from  A  AOE  we  find 


//  «  V A& -  AO'-  =  — —  1/  1-2  sin2  “  =  fl  1  009 .° 
2  sin-?  1  2  sin-?- 


The  surface  S  is  equal  to 
7i  R  ( l  +R) 


aa  /  0  ,  a  \  7ia-  (  1  .  a  \ 

l'  -  (2sin  j  '  V2J  2sin  ~  '  V2  '  Sm  2  ) 
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The  expression  in  parentheses  may  be  transformed  as  follows: 


-y  =  sin  45°-fsin  ~ 


905  +  a 


90' 


Answer:  V 


na3V  c 


12  sin  • 


na2  ^1  +  V^sin  Jia2sii 


90° -f- ct  90- —  a 


2*1/2  stay  stay 

731.  From  the  triangle  AAXC  (Fig.  199)  we  have  AC  —  I  cos  a.  From  the 


triangle  AAtB  we  find  AB^2R  =  ——\ 
cos  a 


Now  we  find 


A.Oi  ==.r--=AO  —  AC  =  l  (  — — - cos  a) 

1  \  l  cos  a  1 

s curved  =  nl  (/?H-r)  =  n/2  -L_-  —  cosa) 


Answer:  S curved  —  .  —  n(2  tan  a  sin  a. 


732.  From  the  expressions  V=y  n/?2//  and  R  =  H  cot  a  wo  get 

«- yi 


r3\ V  tan2  a  ,  n  •? /W  cot  a 
—  and  R=  y  - - - 


Let  it  be  required  to  halve  the  curved  surface  area.  Since  the  cones  ABC 
and  AtB\C  (Fig.  200)  are  similar,  their  curved  surface  areas  S  and  St  are  in 
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the  same  ratio  as  U2  —  OC 2  to  H\  =  Ofi'1.  Consequently, 


l:B  =  Vsl:S  =  yr±,  i.e.  IS 


=  i3/ 

1  VS  1/5  r 


SV  tan2  a 


VS  vs 

Let  it  now  be  required  to  halve  the  total  surface  area.  Then 
1 


KRilt^jxW+m) 

H, 


Substituting  /f1  =  //,cota;  l,=-z-l-  and  l  =  we  set 
sm  a  sin  a  ° 


n< 
tf2cot  a 


(ff2C0t2a 

sin  a  2  \  sin 


>t  a\ 
a  / 


whence  H\  =  cos 


2  ' 


Wft  us  aenoie  trig.  liui)  me  radius  ot  the  sphere  by 
the  segment  ACB,  by  h  and  the  line-segment  DA,  by  r.  Tin 


Answer:  if  the  curved  surface  area  is  halved,  then  U.-—1/ 

3  _ __  V2  "  » 

if  the  total  one,  then  //,=cos-2-  1/  3t,  tan~a  . 

2  r  ji 

733.  Let  us  denote  (Fig.  201)  the  radius  of  the  sphere  by  R,  the  altitude  of 

The  volume  V  of  the 
o 

sector  is  equal  to  V  =  j  nR2h.  From  the 
triangle  A  CD,  wherein  LOAD  =  j  (as  an 

inscribed  angle  subtended  by  the  arc  BC  — 
—  —  we  find  h  —  r  tan  .  From  the 

triangle  ADO  we  have  r  —  i?  sin-— .  Con¬ 
sequently, 

V  —  j  nR2h = ~  n I&'R  sin  — •  tan  -£• 

The  surface  of  the  spherical  sector  is  made  up  of  the  curved  surface  of  the 
spherical  segment  ACB  equal  to  2 nRh  and  the  curved  surface  of  the  cone  AOB 
equal  to  nrR,  Consequently,  S  =  2 nRh  -b  xrR  —  nR  {2k  +  r). 


Answer:  V  = 


sin3-?-;  S  =  xR=9in|-(2tan|.il)  . 


734.  (See  big.  201.)  With  the  notation  of  the  preceding  problem  we  have 
>’  -  2nfl/i  +  nr-.  From  the  triangle  ADO  we  have  AO*  =  AD1  +  OD  :  since 
OD  =  R  ~h.  then  R"-  =  r2  +  (fl  -  h)-  and  r2  =  2Rh  ~  h2.  Hence,  S  = 
—  AnRh  —  nir.  Hence 


h=2R± 


VinARZ-nS 


Since  A</f,  the  plus  sign  is  not  suitable. 
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Answer :  h—2R- 


-yr w* 


735.  Figure  202  shows  an  axial  section  of  the  solid  obtained  by  rotating  the 
triangle  ABC  about  the  side  AB.  This  solid  is  made  up  of  two  cones.  Its  volume 


~n-DCZ‘AD  +  -^n-DC2‘DB  =  -~DC2  (AD- 


DB)~ 


DC'-  AB 


Remember  that  DC •  AB  =  25  and  DC  —  b  sin  a. 
Answer.  v  =  ^bsina_ 


C 


i 

Fig.  202  Fig.  203 

736.  (Fig.  203)  The  volume  of  the  solid  of  revolution  (see  the  preceding 
problem)  is 

V  =  J  J!  ■  0/12  (BD  +  DC)  =  -i.  na  ■  DA* 

To  determine  DA  proceed  in  the  following  way:  from  the  triangle  BAD  wc  find 
VD  ~  DA  *cot  By  and  from  the  triangle  DAC  wc  find 

_  DC  —  DA  -cot  C 

Consequently, 

a  =  BD  -f  DC  =  DA  (cot  B  -f-  col  C) 

Hence  we  find  DA. 

Answer  i _ nq3  na^  sin2  gsin2  C 

3  (cot  B  cot  (7)2  3  sin2  {/?-+-<?)  ‘ 

F‘  vo^ume  °f  the  solid  of  revolution  (whose  section  is  shown  in 

fjf'  -04)  is  equal  to  the  sum  of  the  volumes  of  two  equal  frustums  of  cones,  ob- 
«med  by  rotating  the  trapezoids  AMBC,  and  AN  DC  less  the  sum  of  the  volumes 
01  lwo  equal  cones  obtained  by  rotating  the  triangles  A  MB  and  AND.  The 

radius  of  one  base  of  the  frustum  is  AC  ~  d,  that  of  the  other  is  MB  ~  ~ 
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We  have 

^[5t2('+t+t)-=t2-t)-« 

From  (\AOB  we  find 

d  v 
BO  =  y  tan  -~ 

nd 3  tan  *— 

/l«su?«r:  V= - - . 


738.  The  volume  V  (Fig.  205)  of  the  solid  of  revolution  is  equal  to  the  volu¬ 
me  of  the  frustum  of  a  cone  obtained  by  rotating  the  trapezoid  OOJ&C  less  the 
volume  of  two  cones  generated  by  rotating  the  triangles  AOiB  and  AOC. 


Fig.  204  Fig.  205 


Since,  by  hypothesis  /.BAO^  —  /.CAO,  we  have  ^BAO^—  £CAO  =  % 0°— -y  ; 
thus, 

/.0,BA  =  /_OCA  =  ^- 

We  have  (see  Fig.  205):  //  =  6sin~,  /?  =  6cos-^-  (found  from  the  triang¬ 
le  AOC)  and  h  —  c sin ~ ;  r=cc os  ~  (found  from  the  triangle  AOtB).  Hence, 

F=£(//-i  h)  (F  +  Rr  +  r'-)-^HF-jhr'-  = 

=y  sin  -^cos2  2.{(i-rc)  (62-j-ic+r2)  —  b3  —  c3) 
nfec  (6+ c)  sin  a  cos 


Answer:  V  — 


3 
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739.  The  surface  S  of  the  solid  of  revolution  (Fig.  206)  consists  of  the  sum 
of  the  curved  surfaces  of  two  equal  cones  with  the  axial  sections  DADX  and  CBC\ 
and  the  curved  surface  of  the  cylinder  with  the  axial  section  CZ)Z>,C,.  With  the 
notation  adopted  in  Fig.  206  we  have 

r  —  bsm  a,  h=  MN  =  AB  —  2-43/= — - 26  cos  a 

cos  a 

Hence, 

S  —  2 nr  (6  -f  6)  —  ? —  (cos  a +  1  —2  cos2  a) 

Answer :  S  =  2ji62  tan  a  (cos  a -f  *  —  2  cos2  a)  =  4ji62  tan  a  sin  sin  . 

740.  By  rotating  the  given  planes  about  the  altitude  of  the  cone  without 
changing  the  angles  a  and  P,  we  can  bring  them  to  a  position  (shown  in 


J) 


Fig.  207)  in  which  they  intersect  along  the  common  element  BD  of  the  cone. 
t*rom  the  triangles  OBM  and  OBN  we  find 

o/?2 = m = +  om~  ~ + om 

here  03/  = //cot  a  and  ON— II  cotp.  Consequently, 

/?2  —  //2  cot2  a  and  ~ -f  //2  cot2  a  =  ™  f  //2  Cot2  p 


The  equations  yield  //  and  JR. 

Answer.  V  -  n  ^  C0t2  a  "  °2  cot2  V bZ  ~  fl2 

24  (cot2  a  — cot2  P) 3/2 


74  ly  Show 
°f  radius  r  it 


n  in  Fig.  208  is  an  axial  section  of  the  cone.  Intersecting  the  sphere 
yields  a  circle  of  radius  OD  =  r,  inscribed  in  the  triangle  ABC. 
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We  have 

r~i?tan-~  =  !cosatan~- 

4nl3cossa  tan3  y 
Answer :  V  - - - •• 

742.  Through  the  point  M  (Fig.  209)  on  the  curved  surface  of  the  cone  the 
tangent  line  MB  is  drawn,  forming  the  angle  6  —  /.BMA  with  the  element 
CM  A.  Another  angle  a  —  /.OAM  is  also  known;  it  is  required  to  find  the  angle 
qp  formed  by  MB  with  the  plane  P  of  the  base  of  the  cone. 


c 


c 


The  line  MB,  tangent  to  the  cone,  intersects  the  plane  at  a  point  B  lying 
on  the  tangent  AB  to  the  base  circle  *.  Dropping  from  the  point  M  the  per¬ 
pendicular  MX  to  the  radius  O/t,  we  get  the  projection  BN  of  BM  on  the 
plane  P.  Hence,  q>  =  / NBM .  From  the  triangle  AMN  we  have 


from  A  MAB  we  have 

MB  =  =  •  .  — 

cos  0  sin  a  cos  6 

from  A  MNB  we  have 

MN  . 

sm<p=17F=smacos0 

Answer:  q>  =  arcsin  (sin  a  cos  8). 

743.  The  surface  S  of  the  solid  of  revolution  is  equal  to  the  sum  of  the  curved 
surfaces  of  two  cones  with  the  axial  sections  BAB i  and  BCB%.  With  the  notation 

*  This  can  be  proved  only  on  the  basis  of  the  definition  of  the  tangent  to  the 
curved  surface  of  a  cone.  But  such  a  definition  is  not  included  in  the  textbooks 
on  elementary  geometry. 


adopted  in  Fig.  210  we  have  S  =  nRc  -f  nRa.  From  the  triangle  CUE  we  have 

k 

sin 

hy  the  law  of  sines  we  have 

_ c _ a 

siu  [  18U“  —  (a-f-p)} —  sin  a 

hence, 

a  sin  (g-j  ft) 
sin  a 

I  rom  A  BCD,  wherein  £BCD~*+fi,  wc  have  li  =  a  sin  (ot  Hence, 

S  nftZ  y'n  ^  (sin  (a  sin  cz| 

sin2  ft  since 

Jhe  expression  in  brackets  may  he  transformed  according  to  the  formula  for 
1110  sum  of  sines. 

2jt//2  sin  (a-f  0)  sin  (  a  -j-  •—  )  cos 

Answer:  S  _ _ 2 _ £ 

sin  a  sin2  ft 

.h'guro  211  shows  an  axial  section  of  the  conic  vessel;  ADR  is  the  water 
ei.  lne  triangle  ABC  is  an  equilateral  one;  the  circle  DKL  (the  great  circle 


°f  the  sphere)  is  inscribed  in  it.  With  the  notation  adopted  in  Fig.  211  /f 
vJ^-tan  60° -r  \ZTi  and  //  ™  CD  “  3 r*.  The  volume  l  of  water  in  the 
'*^G1  ,s  Wjual  to  the  volume  of  the  cone  ARC  less  the  volume  of  the  sphere,  i,e. 

V i-  n  {JPII  —  -  ~  it rJ 

i i.j_j  The  radius  of  a  circle  inscribed  in  an  equilateral  triangle  is  equal  to  one 
inter*/ .  i-  aJl‘lu<{p  <»f  this  triangle;  it  follows  from  the  fact  that  Hie  point  of 
section  of  medians  in  any  triangle  divides  each  median  in  the  ratio  1:2. 
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When  the  sphere  is  removed,  the  water  drops  to  a  level  MN  and  fills  the 
cone  MNC.  Let  CE  =  h,  then  ,1/£=C£-tan  30°  =  ^|  >  thus 


V= ~MB?-CE: 


.t/i3 

=~9~ 


We  get  the  equation 


nil3  5  ,, 

T=T^ 


Answer :  h=r  y  15. 

745.  If  the  radius  CM,  (Fig.  212)  is  denoted  by  r,  then  the  altitude  A%M 
of  the  prism  is  also  equal  to  r,  and  from  the  triangle  A\B\Ci,  wherein  A^B\  = 
—  2r,  we  have 


Now  we  find  the  lateral  area  of  the  prism: 


Sint  =  (2r  —  2r  cos  a  -f  2r  sin  ct)  •  r  = 


2 It* 


Answer:  Siat 


211-  ( 1  cos  a-f-sin  a) 


1 1  r  cot  ~  ) 

V2  R- sin  -—sina 


(i-t-cosa-f  sin  a) 


I,  .cc<?.Y 


;  ( 45° 
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746.  The  radius  ft  ~  OF  (Fig/  213)  of  the  cylinder  is  equal  to  ~  BF* .  But 

BF-BE—FE^BE  —  FEi-c ot  o=  —  cot  a=  ~  (cot  30c~~cot  o.)  = 

__ a  sin  (a  —  30°)  asin(a— 30  ) 

2  sin  a  sin  30s  “  sin  a 
Therefore  the  volume  of  the  cylinder  is 


Vt^n-OF^FEi^n 
The  volume  of  the  pyramid  DAXBXCX 


r a  sin  (a  — 30  )  '] 
L  3sin«  J 


2  a_ 
9 


is 


The  problem  is  possible  if  BE>  FE,  i.e.  if  — Ll'  >  JL  cot  a  or  cot  30°  > 


>  cot  a;  hence,  a  >  30°. 
Answer'.  V,  na3sin^a 


-30°) 


18  sin2  a 


V2= 


a3  sin3  (a — 30°)  tan  a 


3  "1/3  sin3  a 
Preliminary  Notes  to  Problems  747-780 

'I he  methods  of  correct  graphical  representation  of  a  sphere  and  its  sections' 
as  also  of  various  solids  inscribed  in  and  circumscribed  about  a  sphere  are  rather 
involved.  Therefore,  the  problems  below  are  supplied  with  schematic  piano 
drawings  which  are  much  simpler  to  construct  and  still  present  a  dear  picture 
quite  sufficient  for  understanding  and  solving  the  given  problems,  when  a  plane 
drawing  fails  to  serve  these  purposes  it  is  accompanied  by  a  three-dimensional 
drawing. 

/.  •7/|71*  Intersecting  the  sphere,  the  planes  containing  the  bases  of  the  r>ri«m 
(triangles  BAC  and  BxAtCx  in  Fig.  214)  yield  two  circles  in  which  the  riohi, 
angled  triangles  ABC  and  AtBtCx  are  inscribed.  Therefore,  the  hv  no  tennis 
nts  ar,d  AXBX  are  the  diameters  of  the  obtained  circles.  The  plane  ABli  A 


See  footnote  on  page  336. 
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passes  through  the  centre  of  the  sphere.  Since,  by  hypothesis,  ABBiA  i  is  a  squa¬ 
re,  we  have  //  —  AAt  =  R  ~V2  and  AB  —  R  1/2. 


Answer : 


j?3  sin  2q 

w~ 


748.  Intersecting  the  sphere,  the  plane  containing  the  base  of  the  pyramid 
yields  the  circle  A  BCD  (Fig.  215)  circumscribed  about  this  base.  The  altitude 
of  the  pyramid  passes  through  the  centre  Ox  of  this  circle  (since  all  the  edges  are 
inclined  to  the  base  at  equal  angles)  and  also  through  the  centre  0  of  the  sphere. 
A  cutting  plane  drawn  through  the  diagonal  AC  of  the  base  and  vertex  E  yields 


\  meat  circle  circumscribed  about  the  diagonal  section  of  the  pyramid  A  EC. 
From*  the  triangle  A  EC.  wherein  the  angle  A  EC  is  equal  to  180c  —  2q  ,  we  find 
W'  —  2/f  sin  (180'“  —  2*j )  2R  sin  2<p  (by  the  law  of  sines);  hence,  AQ\  — 
t_.  0({.  From  the  triangle  A  EO%  we  find  the  altitude  of  the  pyramid 

EOi  --  II  AOflan  9  H  sin  2q  tan  q 

A  nswer :  V  =*  j  R*  si  n3  2(p  si  n  a  tan  9. 

74!).  Since  the  radius  OE  (Fig.  21(5)  of  the  circle  inscribed  in  the  base  is 
equal  to  B.  AB^  2/?  V 3.  From  A  DOE  we  find  DO  -=  II  =  R  cot  . 

Answer:  V  —  V  ^  /«3cot- . 

7,40,  Fig.  217  shows  an  axial  section.  We  have 

ScurBed  =  nl  ('1  +  r2)  =  3i-.4Z). (AM  +  DN) 

But  4  \l  DN  --■=  AF^DF  —  AD.  Therefore  5curP<?<|  =  n-  AD*.  From  the  triangle 
Ml).  wherein  DE  - -i/A'  -  2r,  we  find  AD,  =  ^  . 
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75 J.  See  the  preceding  problem.  We  have  S  ~Scurve<i-f-  jt  (r;  4 -rs).  From 
the  triangle  AOM  (see  Fig.  217)  we  find 

AM  =  rj  =  OM  -  cot  —  r  cot  ~ 

Frorn  the  triangle  DON ,  wherein  - — ~  ,  we  have 

DN  —  r2  =  r  cot  ^  90=  ~  -rp  )  —  r  tan  ~ 

Calculations  become  simpler  if  the  expression  rj- -prs  is  transformed  as  follows 
ri  t  rl  —  (ri  *f  r2)2 — 2rir1.  Since  r, -r  r2~  /.  Scurved  —  nl~  (see  the  preceding 


D 


Problem)  and,  from  the  right-angled  triangle  ADD,  AC  I'D  OR-  or  rtr2  -r'-, 
we  have 

,S  —  2nr2— 2ji  (l-  —  r~) 

•Substitute  l  into  this  expression, 

sin  a 

Answer :  A’^Jir2  (  -r-i - 1  \  • 

\  suea  / 

*52.  See  the  preceding  problem.  We  have 

V  (rj  r,r,  T  r£)  (r,  -|  r2)2  j  —  r,r2  ~(/2  -  r- 

•Substitute  /  «  -2r  . 

sin  ct 

/Insurer:  K  ~  ..ffiff.  / - 2 - 1  ^  . 

3  \  sin-<y.  / 

753.  Let  us  denote  the  length  of  the  equal  chords  DA,  DR,  DC  (Fig.  218) 
ky  i.  From  the  isosceles  triangle  DBC  we  find  RC  ~  21  sin  —  .  Similarly,  AR  ** 
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=  .1 C  =  21  sin  y .  Consequently,  the  triangle  is  an  equilateral  one. 

Dropping  the  perpendicular  DOt  to  the  plane  ABC  and  revealing  congruence 
of  the  triangles  DO\A ,  DO^B,  DOtC ,  let  us  prove  that  AOt  ~  B0X  =  COi ,  i.e. 
that  0\  is  the  centre  of  the  base  (thus,  the  pyramid  DABC  is  a  regular  one). 
Since  the  points  A,  B,  C.  lie  on  the  surface  of  the  sphere,  OA  —  OB  —  OC 
(0  is  the  centre  of  the  sphere).  Dropping  a  perpendicular  from  0  to  the  plane 
ABC,  let  us  prove  that  the  foot  of  the  perpendicular  is  the  centre  of  the  triangle 
ABC,  i.e.  coincides  with  the  point  0\.  Consequently,  00\  (and,  hence,  1)00 
lies  <m  a  diameter  of  the  sphere  (OF  in  Fig.  218).  From  the  right-angled  triangle 
DA  i\  wherein  DF  —  2 B,  we  find  l2  —  DA 2  =  2R -DOx.  The  line-segment  D0\ 
may  be  related  to  l  by  another  formula.  Namely, 

DO^AD'—AOl 

where 


Hence, 


Al)  =  l  and 


21  sin-2- 

V» 


UO,  =  l 


Substitute  this  expression  into  the  equality  l2  ~2R*DOi,  We  find 


i  / 

l^2R\  1 - 1. 


Reduce  this  expression  to  a  form  convenient  for  taking  logarithms.  We  have 

,  „  ,  ,  2(1— cos  a)  1R  n  /r-7-rf - 

i  1 - 3 - =  V3  V‘  +  2C0S““ 


-~r ■  V  2  (cos  60'  cos  a)  —  -~r  I  7  cos  ^  30 3  r-  ZL  |  cos  1 30s  — j 

,  .  «  a 
1/  4s,n“T 

nswer:  l  ~2R  J  1 - 5 - — 


=  ^-}/cos(30=  +  |-jcos(30--4). 

734.  The  isosceles  trapezoid  ABCD  (Fig.  210)  represents  an.  axial  section 
of  tlie  frustum  of  a  cone.  By  hypothesis.  _  AOB  —  ct  and  /_  DOC  -  p.  Therefore 

/?i--.4£  —  /tOsin  ”  =  /?siii“  and  R2  ~  DFs=  R  sin  — 
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The  angle  AOD  =  . . :j?  .J8  =■  180°  -  .  Therefore  l  =  AD  = 

—  2H  cos-^-~-  .  We  have 

s curved  =  nZ  («1  -  «»)  =  2n/P COS  (sii>.|-;- sin  4 ) 

Answer:  Scxlrve4  =  2n/i-  sin  a-~—  cos  a  . 


755.  From  the  triangle  0,1//;  (Fig.  220)  we  have 

03/  =  r  —  m  cos  a ;  A'O  ~  //  -■=  m  sin  a 

By  the  formula  5  =  nr(r-rf).  where  f  ~ m,  we  f inti 
*V  —  jvn~  cos  «  (1  -j-  cos  a) 

or 


S  “  2nm*  cos  a  cos2  — 

The  angle  <p  ~  /  at  which  the  lateral  edge  RE  is  inclined  to  the  base, 

*s  determined  from  the  triangle  EDO,  wherein  OB  03/  |/2  —  m  \/2  cos  a. 

\»t_  l  .  EO  m  sin  a  tana 

"  ©  have  tan  u?  as  — - — - ~ - — 

*  n"  >  2  cos  a  1/2 


Answer :  5 


o/y 

=  2 nm2  cos  a  cos2  ;  <j.  ~ 


V2 


736.  From  /\  ASD  (Fig.  221)  we  find  AB  —  21  sin  ~  ;  hence,  II  r«  OA  =  AB 


~  2l  sin  - 


From  &  ASO  we  find 
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We  get 

F  =  i-nfl2//  =  ^-.4Psin2-|-i]/ 1— 4sin3-|- 

The  radicand  may  be  reduced  to  a  form  convenient  for  taking  logarithms  in 
the  same  way  as  in  Problem  753:  we  get 

1— 4  sin2  ~-  =  4sin  ^30°-j— sin  |305 — 

Answer:  F  =  —  SL  y r sjn  |30“+-|-|  sin  ^30“ — 5- J  . 

s 


737.  From  A  ADil  (Fig.  222)  we  find  .43/ .  I  sin  —  .  From  A  AMO  wo  find 
r  =  0.1/  =  AM  •  tan  30°= /  sin  -2.  .  — L 

2  V3 


fl  =  40  =  -^L=: 
cos  30' 


V3 


From  A  AOD  we  find 

O/l  H  .  I  V—-W-  3—4: 


The  volume  of  the  cone  is 


/2  sin2 


r="T  rVI  “  7 - r^-  •  yf  l  3  - 4  sin2 
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The  radicand  may  be  transformed  in  the  same  way  as  in  Problem  753. 

nl3  sin2  -y- 
Answer:  V  — - 

9  y§  _ 

2 nl3  sin2  j/"  cos  ^  30°  j  cos  ^  30®  ~  j 

____  9  ys 

758.  The  volume  of  the  sphere  (see  Fig.  223)  is  equal  to  “  rr IP,  and  the 
volume  of  the  cone  ACft,  to  ~Jir2  COj  nr'-lf.  By  hypothesis, 

4-  nrVl  *4  nfl* 

o  4  3 

he.  r2//  =  /f3.  Another  relationship  between  r 
and  II  we  obtain  from  the  right-angled  triangle 
CAD;  namely,  AO'f  —  COfDOy ,  i.e.  r2  ~ 
f=  //  (2/?  —  H).  Substituting  this  expression 
»nto  the  preceding  equality,  we  get  IP  —  2//2/?-f- 
-f  //3  —  0.  Though  this  equation  in  the  im- 
hnown  R  is  of  the  third  degree,  its  one  solution 
f>  “  il  is  quite  obvious  (it  could  he  guessed 
immediately  by  the  given  conditions,  since  the 
volume  of  a  cone,  in  which  both  the  radius  of 
the  base  and  the  altitude  are  equal  to  the  radius 
of  the  sphere,  is  equal  to  a  quarter  of  the  volume 
of  the  sphere).  Consequently  (according  to  the 
remainder  theorem),  the  left  member  may  be  pig.  223 

factorized,  one  of  the  factors  being  R  II- 

*'or  this  purpose  it  is  sufficient  to  divide  IP  —  2 II-R  -f~  IP  by  R  —  II  or 
accomplish  tin?  following  transformation: 

li*  ~~  VPR  +  IP  =  (IP  -  IPR)  -  UPR  -  IP)  = 

=  R  (R  -  II)  (H  -f  II)  -  IP  (R  -  //)  -  (R  R)  (lP+IUI~~IP)  i) 

The  equation  IP  -j-  R II  —  IP  ---  0  has  one  positive  root  R  — — 

|  the  negative  root  R  ~  —  —  ^ is  not  suitable  j  .  Geometrically,  this  means 

that  the  radius  of  the  sphere  is  equal  to  the  larger  portion  of  the  altitude  of  the 
cone  divided  in  extreme  and  mean  ratios. 

Answer:  the  problem  has  two  solutions: 

r  4  .-.//•<  and  V  i-n(V5-2)//’ 

759.  The  altitude  of  the  prism  is  equal  to  the  diameter  2 R  of  the  inscribed 
sphere.  If  a  plane  is  drawn  through  the  centre  of  the  sphere  and  parallel  to  the 
~>a,ses  of  the  prism,  then  the  section  of  the  prism  by  this  plane  yields  an  equilate¬ 
ral  triangle  (KLM  in  Figs  224,  224a)  equal  to  the  base  of  the  prism,  while  the 
action  of  the  sphere  is  a  great  circle  (PXQ)  inscribed  in  the  triangle  (KLM). 
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From  the  triangle  LONt  wherein  ON  =  R  and  Z NLO  —  30c,  we  find  IN  — 
—  R  V 3.  Consequently,  LAI  —  a  — 2R  1/3.  The  lateral  area  of  the  prism  is 

S!a:  =  3 aH  =  12/i2  V3.  The  area  of  the  base  Sbase~  3i?2  1/3,  Hence, 

5 (o/ai  =  12/?2  V3+ 6/?2  y3=  187?2  y  3 
The  surface  of  the  sphere  is  equal  to  4a/?2, 

2a 

dnsuw:  the  required  ratio  is  — -7=- . 

9  y  3 


760.  (a)  Drawing.  The  centre  Ot  of  the  sphere  inscribed  in  the  pyramid  (if 
it  is  possible  to  inscribe  a  sphere  in  this  pyramid)  must  be  equidistant  from  the 
lateral  face  BEC  and  the  base  A  BCD 
(Fig.  225).  Therefore,  it  must  lie  in  the 
bisector  plane  of  the  dihedral  angle  (p  at  the 
edge  BC.  Similarly.  Ox  lies  in  the  bisector 
planes  of  the  dihedral  angles  q  at  the  edges 
AB,  AD.  DC.  Hence,  all  the  lateral  faces  of 
the  pyramid  (RABl'D  (it  is  not  shown  in 
the  drawing)  are  inclined  to  the  base  at  one 

and  the  same  angle  .  Consequently,  the 

altitude  OtO  of  the  pyramid  OxABCD  passes 
through  the  centre  0  of  the  circle  inscribed 
in  the  rhombus .4  BCD  (see  the  Preliminary 
Notes  to  Problem  617).  The  altitude  EO 
of  the  given  pyramid  passes  through  the 
"  Fig-  225  same  centre.  Hence,  the  centre  0,  of  the 

sphere  lies  on  the  altitude  EO. 

The  point  of  tangency  of  the  sphere  and  the  face  BEC  is  the  foot  L  of  the  per¬ 
pendicular  dropped  from  the  centre  Ox  of  the  sphere  to  the  plane  BEC.  Hence, 
the  plane  0XEL  is  perpendicular  to  the  face  BEC  (prove  itl).  At  the  same  time 
the  plane  0,EL  is  perpendicular  to  the  base  A  BCD  (since  it  passes  through  the 
altitude  EO).  Consequently,  the  plane  OxEL  is  perpendicular  to  the  edge  BC. 
Hence,  the  straight  line  MN,  along  which  the  planes  OtEL  and  A  BCD  intersect, 
is  the  altitude  of  the  rhombus  (drawn  through  its  centre  0).  The  same  thing  is 
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with  the  remaining  three  points  (A',  Q  and  P),  at  which  the  lateral  faces  touch 
the  sphere. 

Hence,  the  following  constructions:  draw  the  altitude  S'OM  of  the  rhombus 
ABCD  (it  is  desirable  to  make  it  horizontal),  construct  the  section  XEM  (an 
isosceles  triangle)  and  depict  the  circle  inscribed  in  the  triangle  A  ’EM.  The 
points  L  and  Q  at  which  this  circle  touches  the  sides  ME  and  XE  are  the  points 
of  tangency  of  the  sphere  and  the  faces  BEC  and  A  ED.  To  find  the  point  A  draw 
MS\\AC.  Then  OS  (not  shown  in  the  drawing)  represents  the  other  altitude  of 
the  rhombus  (prove  it!).  Draw  ES  and  through  the  point  L  draw  LK  j|  MS  (not 

S 


//  \\> 

/o  \\ 

iA 

\  l  t.SW  1 


i\ -\—/c 

t  ^  / 


Fig.  22t>  Fig.  220a 

shownjin  the  drawi  ng).  The  fourth  point  P  is  found  in  a  similar 
from  this  construction,  the  sphere  with  0%  as  the  centre  and  r 
,s  actually  inscribed  in  the  pyramid. 

(b)  Solution.  From  the  triangle  MOOx  we  find 

0.1/  =  00,  col  4-  =  n  <  «t  y 


As  follows 
»  K  Q\L 


ll  OE  ==  OM  •  lari  <{  --  R  col  tan  <| 
Then  from  the  triangle  fit' A  (where  Rlf\\MX)  we  find 

nu  2  .OM 


4/f3  tari  <f-  cot3  - 

Answer:  V  = - ; — ; -  . 

3  sin  a 

'61.  (a)  Draw  in  a.  The  centre  O  of  the  equator  of  1  lie  hemis 
ties  on  the  altitude  SOx  of  the  pyramid.  Since 
OM  =  00  x  r, 


•  (Fig.  220) 
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the  point  M  lies  on  the  bisector  OtM  of  the  angle  00 Marking  M  as  the  point 
of  intersection  of  OxM  and  SF,  draw  the  section  KLMN  parallel  to  the  base. 
The  midpoints  K,  L,  A/,  N  of  the  sides  of  the  section  are  the  points  of  tangeney 
of  the  equator  and  the  lateral  faces.  The  simicircle  KOtM  is  the  section  of  the 
hemisphere  by  the  plane  ESF. 

(b)  Solution .  The  side  of  the  base  is 

a  —  EF  —  2 -OxF  =  2  (0,Af,  +  MtF) 

But  0\M\  =  OM  =  r,  and  M\F  —  MM j*cot  a  =  r  cot  a.  Hence, 
a  -  2r  (1  -f  cot  a) 

We  have 

2iV,ecos2.2- 

C.  .  .  * 


(see  the  Note  to  Problem  019).  Here  St,„sl,-a2  =  4r2(l-rcotct)2. 


Answer:  S,0i„i  = 


8r2  (1 4-  col  a)2  cos2  — 


_ 4r-  sill2  (45'-|-g) 

.  r,  a 

cos  a  sin2  — 


762.  Intersecting  the  hemisphere,  the  plane  ESF  (Fig.  227)  yields  the  semi¬ 
circle  NPM  touching  the  slant  heights  of  the  pyramid  at  the  points  Q  and  G. 


If  we  denote  the  side  of  the  base  of  the  pyramid  by  a  and  the  radius  of  the  he¬ 
misphere,  by  r,  then  the  surface  of  the  hemisphere  is 

S i  —  2 nr-  +  xr-  -  3rtr" 

and  the  total  surface  area  of  the  pyramid 


2a2  cos2  - 


cos  a 
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(see  the  Note  to  Problem  019);  their  ratio  is 

3jrr2  cos  a 
a  — - 

.,9  ■>  a 

la-  cos-  — 


From  A  OGF  we  have  OG  —  OF -sin  a,  i.e.  r  --  sin  a.  Substitute  this  expres¬ 
s'0*1  into  the  preceding  equality. 

To  determine  the  volume  1  of  the  hemisphere  find  r  proceeding  from  the 
condition  a  —  2r  —  m  and  from  the  above  equality  r  —  —  sin  n.  We  get 


_  m  sin  a  m  si n  a 

2(1  —  sin  a)  .  a  \ 

4  sin-  i4oJ — -1 

Answer :  sin  2a  tan  ~ 

jt/«3  sin3  a 


9(>siij«  f  45  — ^ 

763.  Figure  228  shows  an  axial  section  of  the  cone 
a»*d  the  sphere  inscribed  in  it.  The  required  volume  \  is 
obtained  by  subtracting  the  volume  of  the  spherical  seg¬ 
ment  ;1/£jV  from  the  volume  of  the  cone  .1/4. V.  Hence, 

(r — A£) 


where  r  is  the  radius  of  the  sphere.  From  t  he  triangle  A  Of)  we  find 


r~-OD 


AO  tan 


z  dm: 


*rom  ^lL  lr'anJ?h'  OM K,  wherein  >_OMk  a  (the  sides  of  the  angles 
{JMK  and  Alt' K  are  mutually  perpendicular),  we  have 

M K  --  OM  •  cos  a  r  cos  a  and  OK  r  sin  o. 


Hence,  KE  =*  OE  -  OK  r  (I 
r  cos  a  cot  a.  Consequently, 


-  sin  a).  Finally.  KC  3/ A'* cot 


*3"  r3 cos3  a  col  a  —  .nr2  <1  —sin  I 


r  (1  —  sin  a) 
3 


—  ~  r3  [  •— r- — - — (1 — sina>2(2  -  sina)  I 
3  L  sin  a  J 

1  his  expression  may  be  simplified.  Factor  out  (i  —  sin  a)2  on  having  transform¬ 
ed  cos*  a  beforehand;  namely, 

cos*  a  ~  (1  —  sin2  a)2  —  (1  —  sin  a)2  (1  4  s*m  a)2 
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Now  we  have 


flr3  (i  —  sing)2 


((1-j  sina)2—  (2-j-sin  a)  sin  a) 


The  expression  in  brackets  is  equal  to  unity.  We  get 
v  —  nr 3  n  a)2 


3  sin  a 


Substitute  into  it  the  found  expression 


r  —  ft  tan  ( 

We  may  also  use  the  formula 

1  — sin  a  =  2sin2  |45*  — 


4n A3  tan3  (  4 

4  /  \  2  / 

3  sin  a 

764.  Using  the  notation  adopted  in  Fig.  229.  the  given  condition  is  expressed 
by  the  equality  n/t  U-r  ft)  r=«.4;ir3  From  the  triangle  OBO{  we  find  r  = 

p  —  /?  tan  ,  and  from  the  triangle  BOC  we  have 

1  •  "  lien  reduced  by  3t/?2  the  above 

equality  takes  the  form 

1  j — _J —  tan2  — 

cos  a  2 


Apply  the  formula 


Putting  lan-^-~r,  we  get* 


l—tan2~ 
1  -f  tan2  ~~ 


1  equation 


1  —  tan2  - 


=  4 n  tan2  - 


24  —  22  -r—  =  0 


*  Getting  rid  of  the  denominator,  we  could  introduce  an  extraneous  solution 
(tan2 ~  1),  but  we  do  not  get  such  a  solution,  since  it  does  not  satisfy  the 
original  equation. 
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z2=j±/|_J. 

Hence  it  is  clear  that  for  2  the  problem  has  no  solution  (since  the  rradi- 
cand  is  negative).  For  n'^>  2  both  values  of  the  quantity  --  are  positive 

(since  - ~  <  j/" i.e.  ST  <T  )'  Since  [quantity 

tan must  be  positive,  only  two  solutions  are  possible: 

"'"r ■+  |/r+7  t~st 

and 

a  7 i  i 

«  =  tanT=-f  yT-|/  X”V 

Since  the  angle  ~  is  less  than  45°,  tan  —  must  he  less  than  unity:  hence, 
there  must  be  z2  <  1.  But  this  inequality  is  always  satisfied,  because 

x+j/  t"7<t+7  t"1 

and 

±-i /ITZ<± 

2  F  4  2«  ^  2 

■duster:  the  problem  is  solvable  only  if  2.  For  n>2  there  are  two 

solutions: 

tanT  =  7^^ 

at  n  =  2  both  solutions  coincide  |tan~-=  j/  4*)  • 

705.  Using  the  notation  adopted  in  Fig.  229,  we  have 


Substituting 

Wt‘  S<-*t  the  equation 

Applying  the  formula 


-  7i  ft -II  nr3 


r=  /?  tan  —  and  // —  /?  tan  a 
tan  a  —4 «  tan3 


i  -tan2  — 
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and  denoting  tan---  by  z,  we  get  the  equation 

*(tz?-H=0 

It  decomposes  into  two  equations,  but  one  of  them  (z  —  0)  disagrees  with  two 
given  conditions  (the  angle  a  must  be  non-zero).  The  other  equation  is  reduced 

to  the  form  z4  —  z2  -f  ^  =  0,  i.e.  it  coincides  with  the  equation  in  the  pre¬ 
ceding  problem.  We  obtain  the  following  two  solutions: 

Ian  -y  =*■  ]/r±j/  |  “SP 
At  n  -  4  one  solution  is 

v5yl- 1^471=/^ 

—  cos  22°30'  as  0.9239; 

the  other  is 

tan -2-  =  sin  22-30' *  0.3827 

(hence  «  85:28'  and  a2  ^  41  53'). 

Answer:  the  same  as  in  the  preceding  problem. 

At  it  :  4  we  have  ct,  2  arctan  (cos  22  30')  («  85  28') 
oc2  ~  2  arctan  (sin  22  30’)  (zs  41  53') 

760.  The  area  of  the  axial  section  is  MI.  The  surface  is  nfil  -}-  nil-,  By 
hypothesis,  -  1  ^ —  =  n.  If  P  is  the  angle  between  the  axis  and  generator,  then 
H  -  l  sin  P  and  II  ■-  l  cos  p.  Substituting  these  expressions,  we  get 
I  -  sin  p  _  h 
cos  p  ~  a 

This  equation  may  he  solved  in  several  ways:  the  shortest  one  is  to  apply 

the  formula  — cot  —  ;  we  get 
sm  ct  2 

1  -  sin  P  I  2-  cos  (905  —  p)  / ,  „  p  \ 
cusfl  sin (90°— “  V’°  “T/ 

Consequently, 


wherefrom  we  determine  the  angle  45° — .  and  then  the  angle,  p. 

But  the  problem  is  solvable  not  at  any  «.  Indeed,  the  angle  p  is  within 
the  range  between  0  and  90°;  hence,  the  angle  45" — jj.  is  between  0  and  45°, 
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i.e.  the  quantity  ~  =  cot  ^45® — must  exceed  unity  by  all  means,  i.e.  n 

must  be  greater  than  jx.  At  n  =  l,  2,  3  the  problem  has  no  solution. 

Note.  The  equation 

1  ~r  sin  P_  n 
COS0  ~  71 

may  be  solved  in  a  different  way.  Let  us  rewrite  it  in  the  form  cos  fl  1  = 
=sinp,  square  both  members  and  replace  sin2{5  by  1—  cos2fl.  We  obtain  two 


Fig.  230 

solutions:  one  of  them,  cos  p = 0,  turns  out  to  be  an  extraneous  one  ^it  is  the 

solution  of  the  equation  -^-cosfl  — 1  =  — sin^j  ;  the  other,  cos  ft  = . t 

coincides  with  the  preceding  one. 

.  now  one  may  easily  arrive  at  an  erroneous  conclusion  that  the  problem 

is  solvable  at  «  =  i,  2,  3  as  well.  Indeed,  at  any  positive  value  of  n  the 

quantity  -•  ■  „  ranges  from  0  to  1  (we  have  1 - >  o \  . 

inerelorc  within  the  range  between  0  and  90°  one  can  always  find  an  angle, 
whose  cosine  is  equal  to  — it—  tr  • 

?i2-j ~n* 

The  error  of  this  reasoning  consists  in  the  following.  From  the  relationship 
cosp  =  -~__ — ajjd  from  the  given  equation  it  follows  that  sin  fi  — 

n2.j_n2  ’ 

-  n11?*  1  13  o«vious  that  n  must  be  greater  than  jx  (otherwise  the  angle  fi 
will  be  negative,  which  is  impossible). 

Answer:  if  n  <ji,  the  problem  has  no  solution.  If  n  >  n,  then 

{5  —  90*—  2  arccot  ~ 


2nn 


-n2 


n2  -}-  n2  n2-\  n2 

707.  Using  the  notation  adopted  in  Fig.  230,  we  have 
R(l  +  R)  18 
2r2  ~  5 


23-01338 
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We  find  (from  the  triangle  AOD) 

r=R  cos  L  AOD^Rcos  z  ACO  —  R  cos¬ 
and  (from  the  triangle  AOC) 


l  =  - 


The  preceding  equality  takes  the  form 


14-sin-^- 


2  sin  cos2  - 


18 
1  5  ’ 


1  +  sin- 


2sin-f-(l-sin2-y) 


18 

5 


Reduce  the  fraction  by  1-fsin-—  (this  quantity  is  non-zero).  The  equation  is 
reduced  to  the  form 

.  ,  a  .  a  ,  5 
sm  T  smT+3g=0 

Answer:  a,  =  2arcsin -|- («  112°53')  and  a2  =  2arcsin  ~  (as  19°li'). 

768.  Using  the  notation  adopted  in  the  preceding  problem,  we  have  —■  RZII = 

j  .  Then  r= 

=  R  cos  p  and  //  =  R  cot  p.  From  the  preceding  relationship  we  get  3  cot  p  — 
—  8  cos3  p  —  0.  Multiplying  both  members  of  this  equation  by  tan  p  (which, 
by  the  sense  of  the  problem,  cannot  be  zero),  we  get  the  equation 

3  —  8  sin  p  cos2  p  =  0 

whence 

8  sin3  P  —  8  sin  P  -f  3  =  0 


nr3.  Denote  the  required  angle  by  p  |  in  Fig.  230  P  = 


To  solve  this  cubic  equation  we  have  to  apply  an  artificial  method.  Thus,  the 
left  member  may  be  factorized  in  the  following  way: 


8  sin3  p  —  8  sin  p  -f  3  =  (8  sin3  p  —  l)  —  (8  sin  p  —  4)  = 

=  1(2  sin  p)3  -  11  -  4  (2  sin  p  -  1)  « 

-  (2  sin  P  -  1)  [(2  sin  P)2  -f  2  sin  P  +  1  -  4J 

Consequently,  the  found  equation  decomposes  into  two  equations.  From  the 

first  one  we  find  sin  P  =  —  ,  and  from  the  second,  sin  p  =  (The  other 

l  4 

solution  of  the  quadratic  equation  is  not  suitable.)  A  check  shows  that  both  of 
the  found  solutions  are  suitable. 

Answer:  Pj  —  30a; 

.  1/13- 1 
p,  =  arcsin  — — - * 
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769.  By  hypothesis,  the  curved  surface  of  the  cone  MCN  (see  Fig.  231) 
must  be  equal  to  one  half  of  the  curved  surface  of  the  cone  ACB.  But  the  curved 
surfaces  of  these  cones  are  in  the  same  ratio  as  the  squares  of  their  elements,  i.e. 

cm  i  . 

^^2  1  ■  2  •  And  since 

CN  =  CO, 

we  have 


i.e. 


/  CO  \2 
\  CB  ) 


2  ’ 


cos2  a  —  ~ 

Answer:  a  =  45°. 

770.  By  hypothesis,  the  volume  V  of  the  spherical  sector  CM KN  (Fig.  232) 
must  be  equal  to  one  half  of  the  volume  of  the  cone  A  CB.  Let  us  denote  the  line- 


segmcnt  /££,  j,y  ^  and  the  altitude  of  the  cone  CO,  by  //.  Then  V  =  y-nr2/». 

We  get  the  equality  ~  n rVi  =  nlPII ,  i.e.  4 r2h  —  /?2//  or  4 r’h  — 

^  IP  tan3  a.  Expressing  h  in  terms  of  r,  we  have 

h  —  LK  ~CK  —  CL  —  r  —  r  cos  a  ~  2r  sin2  -y 
We  get  the  equation 

8r3  sin2  —  —  B 3  tan2  a 
1  V  sin2 

77i.  In  Fig.  233  the  axial  section  of  the  portion  of  the  snhere,  whose  volume 
must  be  determined,  is  hatched.  This  volume  V  is  obtained  by  subtracting  the 
volume  Vi  of  the  cone  MCN  from  the  volume  V’2  of  the  spherical  segment 

23* 
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CEMKNF.  Let  us  introduce  the  following  notation:  UK  =  r  and  KC  =  h. 

1  H 

Since  the  radius  of  the  sphere  is  OC  =  y  CD  =  ~  ,  we  have 


V  =  Ft-Ft-«*.(4-*  )_5* 

Substitute  the  expressions  h  —  MC- cos  a  —  H  cos2  a  and 
—  Ii  cos  a  sin  a  (the  computation  is  simplified  if 


C 


r  ==  MC -sin  a  ~ 
r2  =  MK 3  is  replaced  by 
CK-KD  =  h(ff-h)y,  then 


Answer: 

6 

772.  With  the  notation  adopted  in 
Fig.  234  we  have:  SCUTDed  =  jt  (r+  rt)  l. 
Draw  radii  OM  =  tt  and  0,M,  =  R\  to 
the  points  of  tangency  and  the  straight 
line  0{K  perpendicular  to  OM.  We 
get  the  triangles  O^UEu  OME  and 
OiKO,  which  are  similar  to  one  ano¬ 
ther  (as  the  right-angled  triangles  with 
an  equal  angle  a).  In  the  triangle 
OtKO  we  have 

OxO  =  R  +  Rt;  OK  =  R  ~~  Rt; 
OtK  =  MMx  =  l 

Hence, 

1  =  = 2  yw, 


From  the  similar  triangles  OME  and  0,K0  we  have 

in  2n  yiiR, 

R-rR,"  R-rR, 


r  _  R 

t  R~R, 


whence 


From  the  triangles  0,d/,£,  and  OtKO  we  have  ~  = — -h — ;  hence  rt- 

. —  ‘  R~~Rt 

2 R,  VRRi 
R-rR,  ' 

Answer:  &  cur  ved  ~  4n/?7?j. 

773.  Four  balls  of  the  radius  r  lie  on  the  plane  P  (Fig.  235),  touching  it  at 
the  points  M,  N,  K  and  L.  Their  centres  0,,  02,  03,  0.  are  equidistant  from 
the  plane:  0\M  =  0*N  —  03K  —  O^L  —  r.  The  distance  between  the  centres 
of  two  contacting  balls  is  equal  to  2r,  i.e.  0,0 2  —  0«03  —  0304  —  040,  —  2 r. 
The  fifth  ball  is  in  contact  with  each  of  the  four  balls;  consequently,  its  centre 
05  is  situated  also  at  a  distance  of  2r  from  the  centres  0,,  0«,  03 ,  04,  i.e.  0,0 5= 
«  0,Ob  ==  030&  =  O4O5  ~  2r.  Therefore,  the  figure  0^0.0^ ' is  a  regular 
Quadrangular  pyramid  with  equal  edges.  The  distance  between  the  centre  of 
the  fifth  ball  and  the  plane  P  is  equal  to  00 5  -f-  OA  ,  —  005  -f  r.  The  topmost 


point  yl  of  the  fifth  ball  is  found  on  the  extension  of  the  perpendicular  AtO 5 
at  a  distance  of  0$A  =  r  from  the  centre  0$.  Thus,  the  distance  AA  t  between  the 
topmost  point  of  the  fifth  ball  and  the  plane  P  is  equal  to  2 r  -f-  OOb.  The  line* 


Fig.  235  Fig.  235a 

segment  00$  is  found  from  the  right-angled  triangle  0\00$>  wherein 

0X02  2  r 

0x0$  =  2r  and  00i  =  ~yf 
Answer:  AAt  =  r  ( 2 ~\/2). 

774.  The  centres  Ox,  0>,  03 ,  of  the  four  balls  must  be  at  a  distance  of 
i  *rom  one  another  (see  the  preceding  problem).  Hence,  the  figure  Oj020304 
ls  a  regular  tetrahedron  with  the  edge  equal  to  2r.  The  cone  ACE  (Fig.  ~236), 


Fig.  236a 


circumscribed  about  the  four  balls,  contacts  one  of  them  (04)  along  the  circle 
one  if®?!1  onc  .°*  ^e  remaining  three  balls  (for  instance  Ot)  at  two  points: 
01  which,  A',  lies  on  the  base,  the  other,  M,  on  the  curved  surface.  The  axis 


358 


Answers  and  Solutions 


of  the  cone  coincides  with  the  altitude  040  of  the  tetrahedron.  The  centre  0t 
lies  in  the  plane  of  the  axial  section  A  CD  passing  through  the  point  of  tangency 
M  (since  OiM  is  perpendicular  to  the  common  tangent  plane  to  the  cone  and  the 
ball,  and  the  plane  of  the  axial  section  ACD  is  perpendicular  to  this  tangent 
plane).  Hence,  the  plane  ACD  intersects  the  balls  0,  and  04  along  their  great 
circles,  the  element  AC  being  the  common  tangent  to  these  circles.  Consequently, 

AC  ||  0i04  and  /,0\0K0  —  /.ACD  —  ~  (a  is  the  required  angle  at  the  vertex 


C  of  the  axial  section). 


tr  •  a  00i 

Hcn“'  smT 


But  0t04  =  2r,  and  the  line- 


segment  00!  (the  radius  of  the  circle  circumscribed  about  the  triangle  010203) 
.  ,  .  0J02  2r  .  a  1  „  a 

is  equal  to  -p .  We  get  sin  —  —  .  Hence,  cos  a  —  cos2  -r*  — 

V3  V3  2  V  3  2 

.  „  a  1 

“Sln  2=T- 


Answer:  a  — 2  arcs  in  —  arccos  -4- . 

V3  3 

775.  The  plane  bisecting  the  dihedral  angle  at  the  edge  AyAz  (Fig.  237)  of 
the  frustum  of  a  pyramid  passes  through  the  altitude  0,02  and  is  perpendicular 


Fig.  237a 


to  the  face  BiC\C«Bz  (prove  it!).  The  same  thing  is  with  the  other  two  lateral 
edges.  Therefore,  the  centre  of  the  sphere  touching  the  faces  of  the  pyramid  is 
situated  on  the  altitude  (namely,  at  its  midpoint,  since  the  sphere  is  also  in 
contact  with  the  bases)  and  the  point  K  of  tangency  of  the  sphere  and  the  face 
BiC\CzBz  lies  on  the  slant  height  DiDz  of  this  face.  The  same  is  true  for  other 
lateral  faces.  We  have 


vs 


(«1+ al)-T  3 


(flj  -i-Grt)  l 


(a,  =  B\Ci  and  a2  —  BZCZ  are  the  sides  of  the  bases  and  l  —  DtDz  is  the  slant 
height  of  the  lateral  face).  If  rj  =  OtD j  and  r2  =  0202  are  the  radii  of  the  cir¬ 
cles  inscribed  in  the  bases,  then  <ii  =  2r,  V3  and  a2  —  2r2  V3.  Therefore 
Spy,  =  3  V3  (r;  +  i)  +  3  VS  (r,  +  r.)  I 
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In  the  same  way  as  in  Problem  754  we  find  that  rt- 
Then  we  get 


Answer:  Slph:Spir  = 


p„  =  6V3(J*-^)  = 
2n  sin2  a 


3V5( 


4  r2 
sin2  a 


=  /  and  rf-f  r|  —  l2- 

_r2) 


2r2. 


3  "1/3  (4— sin2  a) 

776.  Denote  the  radius  OL  of  the  cylinder  (Fig.  238)  by  x,  and  the  radius  OB 
of  the  base  of  the  cone  by  R.  Since,  by  hypothesis,  ML  =  R ,  the  surface  of  the 

cylinder  S  =  2jtz2  -f-  2 nxR.  By  hypothesis,  2nx-  -f-  2jwi?  —  n/i2  or  x 2  -f- 


3  /?  3 

+  Rx  —  ~  R*  =  0,  whence  x  —  -rr  (the  negative  solution  x  ~  —  —  It  is  not 

4  l  & 

suitable).  From  the  triangle  LMB  we  find 

LB  R—x  1 

tan  ^  ~  ~ur  ~  jr~~  ~  t 

Answer,  9 —  arc tan  ~  . 

777.  The  centre  O  of  the  inscribed  sphere  (Fig.  239)  lies  on  the  altitude  of  the 
Pyramid  and  the  points  A,  L,  M,  N,  at  which  the  sphere  touches  the  lateral 
faces,  are  found  on  the  slant  heights  EKi,  ELlt  EM\t  EN  t  (cf.  Problem  775), 
*he  quadrilateral  KLMN  is  a  square  which  is  the  base  of  the  pyramid,  whose 
volume  is  to  be  determined. 

Through  the  radii  OM  and  ON  draw  a  plane  SOM  which  turns  out  to  be 
Perpendicular  to  the  face  DEC  (since  it  passes  through  the  line  OM  perpendicular 
to  the  plane  BEC)  and  also  to  the  face  DEC  (since  it  passes  through  ON).  Conse¬ 
quently,  the  plane  NOM  is  perpendicular  to  the  edge  EC. 

Bet  P  be  the  point  of  intersection  of  the  plane  NOM  and  the  edge  EC.  Then 
the  angle  NPM  is  a  plane  angle  of  the  dihedral  angle  a.  In  the  quadrilateral 
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OMPN  two  angles  (namely,  at  the  vertices  M  and  X)  are  right  ones.  Conse¬ 
quently,  /  NOM  =  180°  —  a.  Hence 

a = NM  =  2-  OM- sin  i80^  =  2r  cos  — 

From  the  triangle  OOtM,  where  0^1=  —  ,  we  find 

h=00t  =  y0Ar—0tM2=  r  1—2  cos2™ 

Answer.  V  =  i.  r>  cos2  j/l  -  2  cos^  -2. = i.  r3  cos3  V  -  cos  o. 

.  778.  \Ve  cau  draw  two  planes  perpendicular  to  the  given  element  of  the  cone 
{IA  in  Fig.  240)  and  tangent  to  the  inscribed  sphere,  the  points  of  tangency  (N 
™  ^i)  lying  on  the  diameter  NN\  parallel  to  CA.  Let  us  first  take  the  plane 
j\D  touching  the  sphere  at  the  point  N.  The  quadrilateral  ON  DK  ( K  is  the  point 
of  tangency  of  the  element  CA  and  the  sphere)  is 
a  square,  hence  DK  —  ON  —  r.  By  hypothesis 
CD  =  d.  Consequently,  CK  =  d  -f  r.  From  the 
triangle  KOC  we  find 

CO—  V  (d-p  r)2-f  r2 

Hence, 

//  —  CF  =  OF  -f-  OC  =  r  -J-  ~\/  (d  -j-  r)2  —  r2 

From  similarity  of  the  triangles  AFC  and  KOC 
we  find 

AF :  H  —  OK :  KC 

whence 

ft  __  -u  OK’H  __  r  ( r  -f-  ~j/(d  -f-  r)2  —  r2] 

KC  d-f-r 

If  we  take  the  plane  NxDly  then  d=CDx,  and  we  get  in  the  same  way 
H  =  r-f  V(d  —  r)2  -p  r2 

and  = 

d  —  r 

Answer : 

t/_nr=[r+lAd+r)2  +  r2)3  _  ,,  nr=  [r+ V(d-r)2-ril3 

3(d+r)2  3(d=7j5 - • 

779.  The  centre  0  of  the  sphere  (Fig.  241)  lies  on  the  diagonal  AB.  Indeed, 
the  point  0  is  equidistant  from  the  faces  AA,N,N  and  A  A ,(/,(/.  Hence,  it  lies 
on  the  plane  bisecting  the  dihedral  angle  at  the  edge  A  A,.  Similarly,  the  point  0 
must  lie  on  the  plane  bisecting  the  dihedral  angle  at  the  edge  .4jV.‘  And  the  two 
planes  intersect  along  the  diagonal  AB. 

Let  C  and  D  be  the  points  of  tangency  of  the  sphere  and  the  faces  AXUQ 
and  .U,AVV,  and  r  the  radius  of  the  sphere.  Then  OC  --  OD  —  r,  and  the  plane 
ODGC  is  perpendicular  to  the  edge  /l.V,  and  also  to  the  edge  BO,. 


C 
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Since,  by  hypothesis,  the  edge  BQ\  is  tangent  to  the  sphere,  the  plane  ODGC 
intersects  the  edge  at  the  point  E  of  its  tangency  with  the  sphere;  consequently, 
OE  ~  r.  On  the  other  hand,  the  point  £  is  a  vertex  of  the  square  FGKE  obtained 


in  the  section  of  the  cube  by  the  plane  ODGC:  hence  the  quadrilateral  MOLE 
\OL  and  OM  are  the  extensions  of  OC  and  OD)  is  a  square.  Consequently.  OM  ~ 


=  y|.  Since  OM  -f-  OD  =  AID 


whence  r  =~(2 —  Vl)  a. 


D 


The  portion  of  the  surface  area  of  the  sphere  found  outside  the  cube  is  made 
J*P  of  three  equal  segments,  EZTL  being  one  of  them.  The  area  of  this  segment 
18  equal  to 

2 nr-LZ  ~  2nr  (CZ  —67.)  ~  2 nr  (2 r  —  a) 

* r  ~  (2  —  \'i)  a\  S  »  0;i«=  (10  -  T  Vi). 

,  The  centre  of  the  sphere  contacting  the  edges  of  the  tetrahedron  ARC'D 

'r,g.  242)  coincides  with  the  centre  of  the  tetrahedron  (i.e.  with  the  point  O 
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which  is  equidistant  from  the  vertices  A,  B,  C ,  D),  and  the  points  of  tangency 
o!  the  sphere  and  edges  are  the  midpoints  of  the  edges.  For  instance,  the  point 
of  tangency  N  is  the  midpoint  of  the  edge  AD.  Indeed,  all  six  isosceles  triangles 
AOB,  BOC ,  CO  A ,  BOD.  COD  and  AOD  (only  the  triangle  AOD  is  shown  in 
the  accompanying  drawing)  are  congruent  (having  three  equal  sides).  Conse¬ 
quently,  their  altitudes  OM ,  ON,  etc.  are  equal.  Therefore,  if  a  sphere  of  radius 
ON  —  r  is  described,  it  passes  through  the  midpoints  L,  M,  N,  Q,  K,  R 
of  the  edges  and  is  tangent  to  them  at  these  points  (since  ON  l  AD,  and  so  on). 

Through  the  altitude  of  the  tetrahedron  DG  and  edge  AD  draw  a  plane  ADG 
which  is  perpendicular  to  the  edge  BC  (the  proof  is  given  in  Problem  652)  and 
intersects  this  edge  at  its  midpoint  M.  The  section  yields  an  isosceles  triangle 
AMD  {AM  —  MD).  Draw  the  altitude  MN  of  this  triangle  {N  is  the  midpoint 
of  AD).  The  centre  0  lies  on  MN  (since  it  is  equidistant  from  A  and  D).  Conse¬ 
quently,  MO  =  NO.  Hence,  r  =  •  The  altitude  MN  is  determined  from  the 

triangle  .4  N M,  where  AN  =  y  and  AM  =  (as  the  apotbem  of  an  equilate¬ 
ral  triangle  ABC).  We  have 


Hence, 


MN 
2  = 


:  2  y  2 : 


1V2 

4 


The  portion  of  the  sphere  situated  outside  tetrahedron  is  made  up  of  four 
equal  segments  cut  off  the  sphere  by  the  faces  of  the  tetrahedron.  Consider  one 
of  the  faces— BDC.  The  circle  LMK  serving  as  the  base  of  the  spherical  segment 
is  inscribed  in  the  equilateral  triangle  BDC  (since  the  sides  of  the  triangle  are 
tangent  to  the  sphere;  hence,  they  are  also  tangent  to  the  small  circle  LMK 

2J/3 

6  * 


contained  in  the  plane  BDC).  The  radius  of  this  circle  FM 
Consequently, 

V 


OF  =  YOM 2  -  I'M*  =  V r~—FM 
Hence,  the  altitude  of  the  segment 
h  —  FE=:OE —OF 


N±\\ 


4  ; 


±Hr 

6 


t  2  VO 


2  V  2 


•  V6 


«V2 


The  volume  of  one  segment 
h  \ 


V 


segri 


=  a  Ifi  |  r 


->["#«•-  w»M 

The  required  volume 


a  1/2 
4 


«  V  2  1 
36  1 


*— V3)J  = 


(3  —  1/3) 


a«*  \/l  (9-4 1/3) 
432 
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Note.  The  circle  LKM  inscribed  in  the  triangle  BCD  is  depicted  as  an  ellipse, 
which  is  readily  constructed  without  any  French  curve,  if  in  addition  to  the 
points  A,  A,  M,  another  three  points  are  marked  respectively  symmetrical 
to  them  about  F  which  is  the  point  of  intersection  of  the  medians  in  the  triangle 
BBC. 


Answer’,  r  - 


ay  2 


V«- 


a3  yo( 9_4  V3) 


CHAPTER  XI 

TRIGONOMETRIC  TRANSFORMATIONS 

781.  Express  secants  in  terms  of  cosines  to  get  in  the  left  member 
1 


Since 


•(t 


-  a  |  cos  I 


-) 


cos(T'i'“)  =  sin[T_(T  +  a)]  =  sin(T-'a) 

the  left  member  is  equal  to 

2  2  _  2 

"  cos  2a 


2  sec  2a 


2sin(-5--a)cos(i-a)  ,sin(-^-2a) 

782.  Reduce  the  left  member  to  a  common  denominator  and  bring 
2  sin  a  cos  (a  +  p)  to  the  form 

sin  (a  +  (a  +  p)j  +  sin  |a  — (a  +  P)l  ~  sin  (2a  1  P)  -i-sin  (—  P) 

783.  The  left  member  is  equal  to 

2(1+ cos  2a) _  2-2  cos2  a_  ^  2  CQt  a 
sin  2a  2  sin  a  cos  a 

To  pass  over  to  the  angle  —  ,  use  the  formula  cot  2q>=  "2cot<p"  (^ie  au^° 


’  is  denoted 


by  f  j. 


We  obtain 


cot2 


2  cot  a  —  2  - 


2 


2  cot -+ 


784,  Dividing  ,bolh  tho  numerator  and  denominator  of  tho  fraction  in  tho 
left  member  of  the  equality  by  cos  a.  wo  get 


cos  a  +  sin  a  1 4  tan  a 
cos  a  — sin  a  1  —  tan  a 
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Since  l  =  tan45°,  let  us  represent  the  obtained  expression  in  the  form 

1-f-tan  g  tan  45° -{-tan  a 

4-tan  a~i  — tana-tan  — tan ("*5  +ot> 
which  completes  the  proof. 

785.  Multiply  both  the  numerator  and  denominator  of  the  left  member  by 

cos  a  -r  sin  a.  After  simplifications  we 'net  sin  2g  or 

cos  2a 


1  .  sin  2a 

■JS2T+7^2^=scc2a  +  tan  2« 


786.  Since  sin2f=- — ™S  2? ,  let  us  represent  the  left  member  as 
1-cos  (^-  +  2a)-4.rcos(|-- 2a)  cos  (-1  -  2a) -cos  (-f-  +  2a) 


Using  the  formula  for  a  difference  of  cosines  (or  representing  the  expressions 
cos  ^  2a  j  and  cos  i-  2a  j  by  the  formulas  for  the  cosine  of  the  sura 
and  the  difference,  we  get 


2  sin  sin  2a 
4 
_ 


sin  2a 

V2 


787.  The  numerator  is  equal  to  cos  2a;  the  denominator  is  transformed  to 
the  form 


2tan(i-a)sitf[|~(i--a)J  =  2tan(i_«)cos2(i-a) 

With  the  aid  of  the  formula 


we  get 

2 sin  (j  — a)  cos  -  a)  =  sin  -  2a) 

this  expression  is  equal  to  cos  2a,  hence  the  left  member  is  equal  to  1 

788.  We  have 


tan=(£_a)  = 


sin2 


08S(t-“) 
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Considering  the  angle  a  as  half  the  angle  y  — 2a  and  using  the  half¬ 
angle  formulas,  we  obtain 


tan2 


/»_  \  >-^(T-2a)  i  — sin  2a 

U  U>  ,+Cos(*-2a) 


1  -•  sin  2a 


789.  Expressing  tangent  and  cotangent  in  terms  of  sines  and  cosines,  we  get 

.o  .  „  cos  2a 

cot-  a  —  tan-  a  =  — r~x - ^ — 

sin2  a  cos2  a 

Substitute  the  obtained  expression  into  the  denominator  of  the  left  member, 
then  the  left  member  yields 

.  ^  ,  4  sin2  a  cos2  a  1  .  , 

sin2  a  cos2  a  — - - —  y  sin2  2a 


790.  Replace  sin  a  by  cos  —  a)  am*  cos  a  by  sin  —  a  and  use 

the  formulas  for  a  sum  of  cosines  arid  a  difference  of  sines. 

791.  Replace  (in  the  numerator)  unity  by  sin'2  a  -f-  cos2  a,  and  sin  2a  by 

*  sin  a  cos  a.  We  get  in  the  numerator  (sin  a  j-  cos  a)2;  the  denominator  being 
equal  to 

cos2  a  —  sin2  a  —  (cos  a  sin  a)  (cos  a  —  sin  a) 

Reducing  the  fraction  by  cosa-i-sina,  we  obtain  tos  a  ;  "I11-- .  Dividing 
*  cos  a  — sin  a  w 

both  the  numerator  and  denominator  by  cosa,  we  find  .  As  is 

1  —  tan  a 

shown  in  Problem  784,  this  expression  is  transformed  to  tan  -j  a  j  . 

792.  In  the  same  way  as  in  Problem  790,  transform  (he  left  member  to 
the  form  cot  — y j  .  Now  apply  the  formula  cot  —  -• — ■—  ^putting 

*  cc  \ 

4  y — - -  1  .  We  obtain 

t  I- cos  (| -2,,)  ,  .  sin,(y 

■  in  \  cos  2j 

S,tt{2  -ilJ) 

793.  Expressing  the  left  member  of  the  given  identity  in  terms  of  sine  and 
cosine,  performing  subtraction  of  the  obtained  fractions  and  using  the  formula 
or  a  difference  of  squares,  we  get  the  left  member  in  the  form 

(sin  a  cos  ft  —  sin  ft  cos  a)  (sin  a  cos  ft  -f  sin  ft  cos  a) 
cos2  a  cos2  ft 

this  expression  yields  immediately  the  right-hand  member. 
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794.  Use  the  formula 


tan  - 


(putting  j— j-=y)  '  We  get 


sm<p 
1-j-cos  <p 


tan 


'  _ a_\  _ 

i  4  2 


sic(f-ffi) 

l  +  cos(|—  a) 


cos  a 
1 4- sin  a 


and  then  the  left  member  is  transformed  into  the  right  one. 

795.  Solved  in  the  same  way  as  the  preceding  problem. 

796.  Replace  2  cos8  a  by  1+ cos  2a;  then  the  numerator  takes  the  form; 
2  (sin  2a + cos  2a).  Group  the  terms  of  the  denominator  in  the  following  way; 
(cos  a  —  cos  3a)  +  (sin  3gc  —  sin  a)  and  use  the  formula  for  a  differen¬ 
ce  of  cosines  and  sines.  Taking  2  sin  a  outside  the  brackets,  we  obtain 
2  sin  a  (sin  2a  4-  cos  2a).  On  reducing  by  2  (sin  2a  -j-  cos  2a)  we  get  the  right 
member. 

797.  Transform  the  numerator  of  the  fraction  in  the  left  member  of  the  iden¬ 
tity: 


sin  a  +  sin  5a  —  sin  3a  =  2  sin  3a  cos  2a  - 
Carrying  out  similar  transformations 


sin  3a  =  sin  3a  (2  cos  2a— 1) 
the  denominator  w'e  get 

cos  3a  (2  cos  2a  —  1). 

798.  Transform  the  sum  of  the  first  two  terms  in  the  left  member  of  the 
identity  using  the  formula  for  a  sum  of  sines,  and  consider  the  third  addend 
sin  ( b  —  c)  as  a  double-angle  sine.  We  get 

.  b — c  b — c 

sm  — = —  cos  — s —  = 


.  2a—b—c  b—c 
2sm - s - cos 


2 


0  b—c  f  .  2 a  — b—c  ,  .  b  —  c  1 
=  2 cos -■■,)■■■  j  sin - r> - { -sm— y—  J 

Now  apply  the  formula  for  a  sum  of  sines  to  the  bracketed  expression. 

799.  Considering  the  expression  sin0  x  -f  cos6  x  as  a  sum  of  cubes,  factorize 
it  and  take  into  account  that  sin2  x  -f  cos8  x  —  i.  Then  the  left  member  of  the 
equality  is  brought  to  the  form 

—•sin4  x  —  2  sin2  x  cos2  x  —  cos4  x  -f  1  =  1  —  (sin3  x  -f  cos2  x)2  =  0 


800.  Transform  the  sum  of  the  last  two  terms  as  a  sum  of  sines.  We  get 

sin  (a  +  ^)  +  sin  («  +  -y)  =  2si« (Jt+a) cos -2~| 


sin  a  = 


-sin  a 


Hence,  the  left  member  is  equal  to  zero. 
801.  Taking  into  account  that 

1  — cos  2a  1  — cos2p 
sin2  a  — sm- p— - ^ - 2 - - 


cos  2^— cos  2a 
2 


=sin  (a-f(l)sin  (a~P) 
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the  left  member  of  the  equation  can  be  represented  in  the  form 
sin  (45°  +  a  +  30*  —  a)  sin  (45*  +  a  —  30°  -fa)  —  sin  15*  cos  (!5:  -f  2a) 


and  since  sin  75*  =  cos  15°,  the  expression  takes  the  form 
cos  15°  sin  (15*  -j-  2a)  —  sin  15°  cos  (15°  -f-  2a)  = 

=  sin  (15°  -f  2a  —  15*)  =  sin  2a 

which  completes  the  proof. 

802.  Transform  the  numerator  of  the  left  member  as  follows 

(sin2  q>  -f-  cos2  <p)  —  2  cos2  <p  =  sin2  —  cos2  ip 

803.  Replace  sin  2a  by  2  sin  a  cos  a  in  the  right  member.  Reducing  the 
fraction  by  2  sin  a,  we  get  in  the  right  member  the  expression  —  equal 

to  tan2  — . 

804.  Grouping  the  second  and  third  terms,  take  outside  the  brackets 
cos  (a  -f-  (p)  =  cos  a  cos  <p  —  sin  a  sin  <p.  The  left  member  takes  the  form 

cos2  <p  —  (cos  a  cos  (p  —  sin  a  sin  cp)  (cos  a  cos  q>  -{-  sin  a  sin  <f ) 
Transforming  the  product  of  sum  by  difference,  we  find: 
cos2  (p  —  cos2  a  cos2  <p  -f-  sin2  a  sin2  <p  — 

=  cos2  (p  (1  —  cos2  a)  -f-  sin2  a  sin2  (p  = 

=  cos2  ip  sin2  a  +  sin2  a  sin2  <p, 

and  this  expression  yields  sin2  a. 

805.  Expanding  the  expression  cos  (a  -j-  P).  we  get: 

sin2  a  -f  sin2  p  -f  2  sin  a  sin  p  cos  a  cos  p  —  2  sin2  a  sin2  p 

Leave  the  third  term  unchanged,  group  all  the  rest  of  the  terms  and  carry  out 
the  following  transformations: 

(sin*  a  —  sin2  a  sin2  p)  -j-  (sin2  P  —  sin2  a  sin2  p)  — 

—  sin2  a  cos-  p  -f-  cos2  a  sin2  p 


Now  the  given  expression  takes  the  form 
(sin  a  cos  p)2  -f  (cos  a  sin  p)2  -f  2  sin  a  sin  p  cos  a  cos  {’>  — 

==  (sin  a  cos  p  +  cos  a  sin  P)2  ==■  sin2  (a  -j-  P) 

Answer :  sin2  (a  +  B).  . 

806.  Transform  the  sum  of  the  first  three  terms  in  the  following  way: 

1  - —  cos  2a  1  —  cos  2p  ,  „ 

•in*  a+  sin*  p  +  sin*  y  -  1  . . — H - 7— V 

Since  by  hypothesis  y  =  jt  — (a+P),  we  have 

ei»!  a  +  sin*  p  +  sin*  y  =  1  —  y  (cos  2a  +  cos  2P)  j  sin*  (a  i  P)  = 

-ii— cos(a  :  (S)cos(a  —  P)  I  |1—  cos*  (a  fP)| 
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or 

sin:  a  +  sin2  p  +  sin2  y  =  2  —  cos  (a  +  f)  [cos  (a  —  P)  +  cos  (a  +  0)] 

But  the  expression  in  square  brackets  is  equal  to  2cos  a  cos  0,  and  since  a  +  6= 
=  n  —  y,  we  obtain 

sin2  a  sin2  p  -f  sin2  y  =  2  -f"  2cos  y  cos  a  cos  fi 

whence  the  required  relation  follows  immediately. 

807.  Represent  the  left  member  in  the  form 

cot  A  cot  B  4-  (cot  4  -f  cot  B )  cot  C 

The  expression  in  parenthoses  is  equal  to  --ln('1  +  i,'i  ,  and  the  factor  cotC, 

sm  A  sin  B 

on  replacing  C  by  an  equal  expression  n-fA-fi?),  takes  the  form -cot  (A -f£). 
Hence,  the  given  expression  is  equal  to 


coWI  cotfi- If  (4  +  gL 
sm  .4  sin  B 

Using  the  formula  for  cosine  of  a  sum,  transform  it  as  follows: 

cot  4  cot  B- ( _sin4sin£s 
\sm  A  sin  B  sxnAsmB) 


808.  Replace  the  factors  cos—  ami 


=  cot  .4  cot  B— (cot  A  cot  B— 1)  =  1 
.  2  r  .  4  it 


by 


and 


2  sin 


2rt 


respectively.  Then  the  left  member  takes  the  form  sin  ~  :  4  sin  —  .  And  si 

ft 


.  4n  . 
sm  ~  =  sin  1  n  - 


—  sin  ~  ,  the  left  member  becomes  4- . 


809.  Transform  the  left  member  using  the  formula  for  a  sum  of  cosines. 
We  get  2  cos  -y  cos  ~  .  Then  proceed  as  in  the  preceding  problem. 

810.  Since  1  -f  cos  a  =  2  cos-  -y ,  the  given  expression  takes  the  form 
2  cos"  y  ~r  cos  y  or  2  cos  y  |  cos  y -f-  —  j  .  Write  cos  603  instead  of  yj 


we  get  2cos-^-  |cos  -2--j -  cos  60°  j  . 

Answer:  4  cos  y  cos  |  30°  j  cos  ^  ~ — 30°  j  . 

811.  Transforming  the  given  expression  as  in  the  preceding  problem,  wo  get 

2  cos  a  |  cos  a  — •  Instead  of  write  cos  45°. 

.  ,  .  45°4-cc  .  45°  —  a 

Answer:  4  cos  a  sin - - - sin - - - . 
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812.  Rewrite  the  given  expression  in  the  form  cos2  (a  -f  |5)  —  sin2  (a  —  P), 
the  latter  expression  is  reduced  to  a  form  convenient  for  taking  logarithms 
in  the  same  way  as  in  Problem  656. 

Answer:  cos  2a  cos  2p. 

813.  Group  the  terms  as  follows: 

(I  +  cos  a)  +  (tan  a  -f  sin  a) 

and  take  tan  a  outside  the  brackets  in  the  second  group.  We  get  (1  -f-  cos  a)  X 
X  (1  -j-  tan  a).  Instead  of  1  -j-  tan  a  write 


tan  45°  -f  tan  a  — 


sin  (45° -f  a) 
cos  45°  cos  a 


2  ~[/2  cos2  sin  (45°  -f-  a) 

Answer:  - - — .  . 

cos  a 

814.  Using  the  formula  1  —  cos  a  —  2  sin2  and  sin  a  -  2  sin  cos  -3-  , 

we  get  in  the  numerator  2  sin2  —  +  2  sin  “Cos—-  ^  2 sin  —  ^sin  -2- -f  cos  ~  j  . 
The  expression  in  parentheses  is  equal  to  sin  -fr+ sin  |003 — ,  Making 
use  of  the  formula  for  a  sum  of  sines,  reduce  it  to  the  form  "V  2  cos  ^  45tf _ _  j . 

Answer:  2  V  2  cos  (  45°  -  )  . 

815.  The  given  expression  is  equal  to  a  ~  ^  n  a  !  1  .  The  numerator  is 

transformed  to  2  V2  cos--  sin  ^45’  — j  (see  the  preceding  problem).  The 
fraction  can  be  still  simplified  by  representing  the  denominator  in  the  form 
sin  (90*—  a)  “2  sin  ^45J—  —  ^  cos  ^45°  — -2-j 

~[/ 2  COS  -7f- 

Ansiver:  - 2 -  , 

cos  (<5°  y) 

816.  Since  cos  a  —  cos  3a  2  sin  2a  sin  a ,  we  have 

2  sin  2a  sin  a  -j-  sin  2a 2  sin  2a  ^sin  a  -f  ~  j  =2  sin  2a  {sin  a-j-sin  30  ) 

Answer:  4  sin  2a  sin  15c  j  cos  —  15c  j  . 

817.  The  given  expression  is  equal  to 

tan  q-f  1  tan  a  —  1  4  tan  a  .  2  tan  a 

1  — tana  '  1-j-tana  1  —  tan  2  «  '  ,,e'  2  i  —  tan*  « 

Answer:  2  tan  2a. 
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818.  Replacing  sin2p  by  2  sin  (5  cos  £  and  reducing  by  2sinP,  we  get 


— •  applying  the  formula 
1 4-  cos  p 


tan  - 


—  COS  ft 


-  COS  ft 


we  obtain  tan2-? 


Answer :  tan2  4- . 

819.  Transforming  the  sum  cos  a  4- sin  a  in  the  numerator  V2~ 
—-(cos  a 4- sin  a)  ana  the  difference  sin  a  — cos  a  in  the  denominator  in  the 
same  way  as  in  Problem  814*  we  get 

0  .  a— 45° 

t/2[l  — cos(a— 45a)l  2 _ 


"\/2  sin  (a  — 45°) 
a -45° 


2  sin  • 


-45°  a -45° 
- —  cos - - - 


Answer:  tan 
820.  Transform  the  sum  of  the  last  two  terms: 

cos  2a  4-1  2  cos2  a 


cot  2a  4- esc  2a  = 


sin  2a 


i  sib  a  cos  a 


=  cot  a 


Answer:  2  cot  a. 

821.  Replace  cos  2a  by  cos2  a  — sin2  a,  and  sin  2a  by  2  sin  a  cos  a. 

Answer:  1. 

822.  Replace  2 sin2 a  — 1  by  —cos 2a  and  represent  the  given  expression 


in  the  form  2  (^-sin2a  —  •jcos2ot 
“i 

sin  30°  instead  of  -j  . 

Answer:  2  sin  (2a  —30°). 

823.  The  numerator  is  equal  to 


1 


j  .  Wri 


rite  cos  30°  instead  of 


V3 


and 


cos  2a  cos  a  4-  sin  2a  sin  a  _  cos  (2a  —  a)  __  1 

cos  2  a  cos  a  ~  cos  2a  cos  a  ~  cos  2a 


The  denominator  is  equal  to 

sin2  a  4“  cos2  a 


sin  a  cos  a 


-  sin  2a 


{ 

Answer:  tan  2a. 

824.  The  given  expression  is  equal  to 
2  2 


24- 


sin  4a  sin  4a 


(14-  sin  4a) 
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(see  the  preceding  problem).  The  expression  in  parentheses  is  equal  to 

1  -7-  cos  (90° — 4a)  =  2  cos2  —  ^ 

.  4  cos2  (45° — 2a) 

sm  4a 

825.  The  last  addend  is  equal  to  cos2  x,  thus  the  given  expression  can  be  writ¬ 
ten  in  the  form  (tan  x  —  1)  (1  —  sin  x )  -f-  cos2  x.  Replacing  cos2  x  by  1  —  sin2  x 
and  taking  i  —  sin  x  outside  the  brackets,  we  obtain 

(1  —  sin  x)  ((tan  x  —  1)  -j-  1  +  sin  *1  = 

—  (1  —  sin  x)  (tan  x  -f  sin  x)  — 

—  (1  —  sin  x)  tan  x  (1  -j-  cos  x) 
The  first  factor  is  transformed  in  the  same  way  as  in  the  preceding  problem. 
Answer:  4  tan  x  cos2  •—  sin2  ^45°  —  —  ^  . 

826.  The  numerator  and  denominator  of  the  fraction  are  equal  to 
(1  -J-  cos  2a)  •+  (cos  a  -f-  cos  3a)  —  2  cos2  a  -j-  2  cos  2a  cos  a 

and 

cos  a  -f  cos  2a,  respectively. 

Answer:  2  cos  a. 

827.  The  given  expression  is  equal  to 

(1  —  sin2  (i)  —  sin2  a  cos2  a  —  cos4  a  =  cos2  p  —  cos2  a  (sin2  a  +  cos2  a) 

We  get  the  expression  cos2  p  —  cos2  a,  which  is  transformed  as  in  the  solution 
of  Problem  650. 

Answer:  sin  (a  -f  P)  sin  (a  —(f). 

828.  Reduce  the  given  expression  to  a  common  denominator  cos  x  cosy  cos  z. 
The  numerator  will  be 

sin  x  cos  y  cos  z  -f-  sin  y  cos  z  cos  x  -f- 

4-  s*n  z  cos  x  cos  y  —  sin  ((x  -}-  y)  4“  zJ 

The  last  term  is  equal  to  —sin  (x  -[■  y)  cos  2  —  cos  (x  4-  '/)  sin  2.  The  sum 
of  the  first  two  tenns  and  the  term  —sin  (x  4-  y)  cos  2  are  mutually  annihilated, 
and  the  numerator  takes  the  form: 


sin  2  cos  X  cos  y  —  cos  (x  4-  y)  sin  2  —  sin  2  (cos  x  cos  y  —  cos  (x  4-  </)) 

Expanding  the  expression  cos  (x  4~  y)-  "e  hi  the  numerator  sin  2  sin  x  sin  y . 
Answer:  tan  x  tan  y  tan  z. 

829.  The  given  expression  is  equal  to  2  sin  y—  cos  — 4-(sin  y.  But  by 
hypothesis  y=  180°  —  (a  4  ?>)'*  hence,  wc  get 


2  sin  a  ~~  cos  q  2  £  4  2  sin  a  ^  ^  cos 


2 


24* 
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Take  2 sin  -2yJ-  outside  the  brackets  (or,  which  is  the  same,  2 sin  — ^ —  = 

=  2cos-~j  .  The  bracketed  expression  becomes  cos  -f  cos  ,  which 

is  transformed  according  to  the  formula  for  a  sum  of  cosines. 

,  .  a  5  v 

Answer :  4  cos  -y  cos  cos  —  . 


CHAPTER  XII 

TRIGONOMETRIC  EQUATIONS 

830.  After  simplifications  we  get  sin  5x  —  sin  3x  =  0.  Using  the  formula 
for  a  difference  of  sines,  we  have  2sin  x  cos  4x  =  0,  and  the  equation  is  reduced 
to  the  two  equations:  sin  x  =  0  and  cos  4x  =  0.  From  the  first  one  we  have 

x  =  mi  («  is  any  integer),  from  the  second  4x  =  2 jin  ±  y  — y  (4n  ±  i),  i.e. 

The  expression  4 n  ±  I  comprises  all  odd  numbers  (the  numbers  —3,  1,  5,  9,  13, 
etc.  are  yielded  by  the  expression  4m  +  1;  the  numbers  —1,  3,  7,  11,  15,  etc., 
by  t he  expression  4m  —  1).  Therefore,  instead  of  4«  ±  1  we  may  write  2m  -j- 
-f  1  (or  2m  —  1),  where  n  is  any  integer. 

Answer:  x==nn;  x~—  (2m 1),  where  n  is  any  integer, 
o 

831.  Transform  the  left  member  of  the  equation  in  the  following  way: 
sin  x -f  sin  2x -f  sin  3x -j-  sin  4x  =  (sin  x  -■  sin  3x) -f  (sin  2x sin  4x)  — 

sss  2  sin  2x  cos  x  -j- 2  sin  3x  cos  x  =  2  cos  x  (sin  2x -f-  sin  3x)  = 

,  .  5x  x 
=  4  sm  cos  cos  x 

The  equation  takes  the  form 

.  5x  x 
sin  ~  cos  cos  x  —  0 

and  reduces  to  three  equations: 

SJn~™0;  cos-£-  =  0;  cosx=0 

Answer:  x  -•  72°n:  x  —  180- {2h  4-1);  .r-90;  (2m-F  1). 

832.  Perform  the  following  transformations: 

cos  (x  +  00')  —  cos  190°  —  (30°  —  x)]  =  sin  (30°  —  x) 


and 


1  -f  cos  2x  —  2  cos2  x 
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The  equation  takes  the  form 

sin  ( x  -{-  30°)  -{-  sin  (30°  —  x)  =  2  cos'-  x 
Apply  the  formula  for  the  sum  of  sines;  this  is  the  result: 

sin  30°  cos  x  —  cos2  x  =  0  or  cos  x  —  cos  x  j  —  0 
Answer :  x  =  90°  (2«  -f  i);  x  ~  60c  (6«  ±1). 

833.  Transpose  all  the  terms  of  the  equation  to  the  left  side  and  group  them 
in  the  following  way: 

(sin  x  -f-  sin  3x)  —  (cos  x  -{-  cos  3x)  ~f  (sin  2x  —  cos  2x)  —  0 
Transforming  the  first  two  groups,  we  get 

2  sin  2x  cos  x  —  2  cos  2x  cos  x  -\-  (sin  2x  —  cos  2x)  —  0 

or 

(2  cos  x  -f-  1)  (sin  2x  —  cos  2s)  =  0 
This  equation  is  reduced  to  the  following  two: 

2  cos  x  -f  1  ™  0  and  sin  2x  —  cos  2x  =  0 
t  2 

The  first  one  yields:  cosx--^— i  =  2«b±  Dividing  the  second  equa¬ 
tion  by  cos  2-r ,  we  get  Ian  2x-~  1,  whence  2x  n»i  . 

2n 

Answer :  x  ~  ( 3«  ±  1 ) ;  s  =---•  -rr  (4«  -f  1 ) . 

3  o 

834.  Perform  the  following  grouping: 

(cos  2x  -f  cos  (ix)  —  (1  -j-  cos  Sx)  =  0 

Using  the  formula  2  cos2y  =  ;  1  -r  cos  a  and  transforming  the  sum  of  cosines, 
we  obtain 

2  cos  4x  cos  2.r  —  2  cos2  4x  =  0 

Take  2  cos  4x  outside  the  brackets  and  transform  the  difference  of  cosines 
cos  2x  —  cos  4x.  We  obtain  the  equation 

cos  4x  sin  3x  sin  x  —  0 
It  is  reduced  to  the  following  three: 

(1)  cos  4x  =■-  0;  (2)  sin  3x  —  U;  (3)  sin  x  =  0 
No  consideration  may  he  given  to  the  third  equation,  since  all  its  solutions  are 
covered  by  the  solutions  of  the  equation  sin  3x  -  0.  Indeed,  if  sin  x  —  0, 
then  also  sin  3x  —  3  sin  x  —  4  sin3  x  —  0. 

Answer:  x  (2«  -»■  1);  x  2l!L  . 

o  o 

3x  3x 

835.  Represent  the  right  member  in  the  form  2  sin  cos  —  (instead  of 
sin  3x).  The  equation  lakes  the  form 


2 
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Answers  and  Solutions 


Write  the  bracketed  expression  in  the  form 


Hence,  the  given  equation  is  reduced  to  the  following  three: 

(1)  sin-—-— 0;  (2)  sin  ( -|~ry)  =0;  (3)  sin  (x--|- J  =0 

Answer:  x  —  »  x=-y(4 n  —  i);  x  — -~(4 

836.  The  right  member  is  equal  to 

sin  190°  —  (x  -j-  30°))  =  sin  (60°  —  x)  =  —sin  (x  —  60c) 

The  equation  takes  the  form 

sin  (x  —  60°)  =  —sin  (x  —  60s)  or  sin  (x  —  60°)  —  0 

whence  x  —  60°  =  180°/i. 

Answer:  x  =  60°  (3 n  +  1). 

837.  Replacing  2  sin2  x  by  1  —  cos  2x,  reduce  the  equation  to  the  form 
2  sin  3x  cos  2x  —  cos  2x  =  0.  This  equation  is  reduced  to  the  following  two: 

(1)  cos  2x  =  0;  (2)  sin  3x  =  y .  Since  ~  is  sin  30°,  the  second  equation  yields 

3x  =  mQn  -f  ( — l)n  30° 

Answer:  x  =  45°  (2 n  -f-  i);  x  =  60°n  -j-  ( — l)n  lO"1. 

838.  Rewrite  the  right  member:  3  {sin  x  cos  x  —  sin2  x  +  1)  ** 
=ss  3  (sin  x  cos  x  -f  cos2  x)  —  3  cos2  x  (tan  x  -f-  1).  The  given  equation  is  reduced 
to  two  ones:  (1)  tan  x  +  J  3  0;  (2)  sin3  x  —  3  cos2x  =  0.  From  the  second 
one  we  get  tan  x  =  ±  V3- 

Answer:  jx  =  (An  —  1);  x  =  (3 n  ±  1). 

839.  We  have  the  equation 

cos  4x  ~f*  2  cos2  x  —  0 

Since  2  cos2  x  =  1  -f-  cos  2x,  the  left  member  is  equal  to 
(1  -f  cos  4x)  *f  cos  2x  =  2  cos3  2x  -{-[cos  2x 
We  get  the  equation 

cos  2x  (2  cos  2x  -}-  1)  =  0 

which  is  reduced  to: 

(i)  cos  2x  —  0  and  (2)  2  cos  2x  -f-  1  =  0 

The  second  one  yields  2x  =  360°n  ±  120°. 

Answer :  x  —  180aft  do  453j  x  =  180“ n  do  60°. 
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840.  Multiplying  both  members  of  the  equation  by  sin  x  and  replacing 
unity  in  the  right  member  by  sin2  x  -f-  cos2  x,  we  get  the  equation  sin  x  cos  x  = 
=  cos2  X. 

Note.  Multiplying  both  members  of  the  equation  by  sin  x,  we  introduce  no 
extraneous  solutions,  since  sin  x  never  vanishes  at  either  of  the  found  values 

of  x. 

Answer:  xx  =  -~(2n-\- 1):  x2  —  y  (4«-f-  1)- 

841.  Rewrite  the  equation  in  the  following  way: 

sin  3x  —  sin  — 2xj=0 
It  is  reduced  to  the  following  two  equations: 

(1)  cos  ^  y-{~y)  =°  and  (2)  sin  (y  — 

The  first  one  yields  y-j-y  =  y (2/»-f- 1),  whence  x  =  y  (4n-f- 1).  The  second 
gives  x  =  -~(4n  +  l). 

Answer:  x  =  y  (4n  4- 1);  x  =  (4n  -f  1 ). 

842.  Add  2  sin2  y  cos2  y  to  both  members  of  the  equation;  then  in  the 
left  member  we  have 

sin4  y  +  2  sin2  y  cos2  y  H-  cos4  y  =  (  sin2  y  -f  cos2  y  j  =1 
and  the  equation  takes  the  form 

1  a=  •—  -}-  2  sin2  y  cos2  y  or  2  sin2  y  cos2  y  —  y 


Multiply  both  members  of  tlie  equations  by  2  and  apply  the  double-angle 

.  ,  ,  2x  3  .  .  2x  ^  V3 

formula  for  sine.  We  obtain  sin~y  =  y  whence  sin-y  =  ±  . 


Answer:  x  =  -y  (3«  ; 


1). 


843.  Represent  the  equation  in  the  form  3  tan2  x  —  (1  -]  tan2  x)  =  1,  whence 
tan  x  i  1 . 

Answer:  x  =  45°  (2n-\  1). 

844.  Replace  !-j-cos4x  by  2cos22x. 

a  nn.n  nn  .  n 

Answer:  x  —  y  -f-  y  I  *  =  y  4  ( —  »)n  y  • 

845.  Add  2  sin2  x  cos2  x  to  both  members  of  the  equation.  We  get  (sin2x-f- 
-f-  cos2  x}2  cos  4x  -('  2  sin2  x  cos2  x  or  1  —  cos  4x  ~~  y  sin2  2x. 

Answer :  x  =  -—  n. 
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846.  Replace  sin  2x  by  2  sin  x  cos  x  and  divide  all  the  terms  by  cos2** 
It  is  obvious  that  no  roots  are  lost.  Indeed,  if  cos  *  =  0,  then  sin  *  =  ±1* 
but  these  values  do  not  satisfy  the  given  equation.  We  get 


whence 


3  —  tan2  x  —  2  tan  *  =  0 
tan  *  =  i  and  tan  x  —  —3 


Answer:  x  =  nn  x  ~  nn  —  arctan  3. 

847.  Write  sin2x-f  cos3*  instead  of  unity  and,  dividing  both  members 
by  cos2  *  (see  the  solution  of  the  preceding  problem),  we  get 

tan2  *  4- 1/3  tan  x  —  0 

whence 

tan  x  —  0  and  tan  *  =  — 1/3 


Answer ;  x  =  nn;  x  =  ~-  (3n  —  1). 

848.  Replace  2  by  2  sin2  j  -j-  2  cos2*  ,  and  then  the  equation  is  solved  as 
the  preceding  one. 

i4«su;er:  x  =  nn-f  -r* ;  r  ~  nn  —  arctan  -r . 

4  4 

849.  Answer:  x  =  {An -f  I);  x  =  nn  -j-  arctan-—  . 

850.  Replace  1/3  by  c°l  30°  (we  introduce  an  “auxiliary  angle"  30c).  Then 
the  given  equation  becomes 

cos  30° 

sin  x  -T-  — ; — rsrr  cos  x  =  1 
sm  dO* 


or 


sin  x  sin  30°  cos  x  cos  30° 


sin  30° 


cos  (x  —  30°) : 


Hence,  x  —  30°  =  360° n  ±  60'. 

Answer:  x  =  360c«  -f-  90v  —  90°  (An  1);  x  =  360c/i  —  30£  =  30c(12n— 1). 
851.  The  left  member  can  be  represented  in  the  form  of  a  product: 
1/2  cos  (x  —  45").  Then  we  get  the  equation  cos  (x  —  45°)  —  ;  it  yields 

x  _  45°  =  360°«  —  45°  and  x  —  45c  —  3C0/n  -f  45',  i.e.  x  —  360cn  and 
x  =  360ch  -f-  90",  or  x  —  90"»4rc  and  x  —  90“  (4n  -f  i). 

Alternate  method.  Squaring  both  members  of  the  equation,  we  get 

siu2  x  -j-  2  sin  x  cos  x  -f  cos2  x  --  i 


or  sin  2*  —  0.  This  equation  has  the  solutions  x  90'n,  but  among  them  there 
are  extraneous  ones  (compare  with  the  preceding  result). 

Extraneous  solutions  have  resulted  from  squaring  both  members,  whereby 
we  introduced  one  more  equation  (in  addition  to  the  given  one):  sin  x  -f  cos  x  = 
=  —1  (which  also  yields  sin  2x  ~  0).  To  reject  extraneous  roots  we  have  to 
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accomplish  a  check.  At  n  —  0  we  have  x  —  0C  and  the  given  equation  is  satis¬ 
fied.  It  is  also  satisfied  at  n  =  4,  8,  12  and,  in  general,  at  n  =  4 k  (i.e.  at  x  — 
—  90°. 4A*  —  360°A*).  At  n  —  1  we  have  x  —  90c;  the  given  equation  is  satisfied 
once  again.  It  is  also  satisfied  at  n  =  5,  9,  13  and,  in  general,  at  4A-  4-  1  {i.e.  at 
x  —  90°  (4A-  -f*  1)  —  90°  360°fc).  But  at  n  =  2.  6,  10  (in  general,  at  n  = 
=  4A  4-  2),  the  same  as  at  n  =  3,  7,  11  (in  general  at  n  —  4A-  4-  3)  the  given 
equation  is  not  satisfied  (instead,  the  equation  sin  x  4-  cos  x  **  —  1  is 
satisfied). 

Answer:  x  —  90° -4n;  x  —  90c  (4«  4"  !)• 

852.  Transform  the  right  member: 


1  4-  sin  2x  —  sin2  x  4-  cos'-  x  4-  2  sin  x  cos  x  ~~  (sin  x  4-  cos  x)~, 
now  the  equation  takes  the  form 

sin  x  4-  cos  x  —  (sin  x  4-  cos  x)2 

or 

(sin  x  4-  cos  x)  (sin  x  4-  cos  x  —  1)  —  0 


The  latter  is  reduced  to  two  equations: 


(1)  sin  x  4*  cos  x  =  0 

(2)  sin  x  4-  cos  x  —  1  =  0 

Solving  the  first  one,  we  find  x  —  ~  (4«  —  1).  The  second  one  is  solved  in 
the  preceding  problem. 

Answer:  x  —  —  (4n  —  1 );  *  —  4r  (4»  4  1);  x  ~  ~  •  4n. 

4  * 

853.  Solved  in  the  same  way  as  Problem  851. 

Answer:  x  ~  15°  (8 n  4'  *)■ 

854.  Using  the  formula 

sin  a  sin  (I  --  y  (cos  (a  —  p)  —  cos  (a  •••*■  P)j 


we  get 

-i-  (cos  (x  —  lx)  —  cos  (x  4-  7x)|  =  (cos  (3x  —  5x)  —  cos  (3x  4  5x)| 

or,  after  simplifications,  cos  6x  —  cos  2x  -----  0.  This  equation  is  reduced  to  the 
following  two:  sin  4x  —  0;  sin  2x  O,  all  the  roots  of  the  second  equation 
being  among  the  roots  of  the  first  one. 
nn 

Answer:  x  —7—  . 

4 

855.  Apply  to  both  members  of  the  equation  the  formula 
sin  a  cos  p  =  y  (sin  (a  j  p) 4*  sin  .{a  —  P)  j 


.  nn  Jl 

Answer:  x  —  —rr  ;  x  -rr  (-"  *r  1  >■ 
l  o 

856.  We  have 

4  sin  x  sin  2x  sin  3x  —  sm  2  (2x) 
sin  2x  (2  sin  x  sin  3x  —  cos  2x)  —  0 
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Replace  2  sin  x  sin  3x  by  cos  2x  —  cos  4x  {see  Problem  854)  to  get  the  following 
equation 

sin2x(cos2x  — cos  4a:— cos2x)=0  or  sin2xcos4x  =  0. 

Answer:  x=-^  ;  s  =  (2n-f  1). 

2  o 

857.  Replace  sin2x  by  1— cos2  a:;  we  get 

5  cos2  x-f- 4  cosx— 3=0 


whence  cosx  = 


V19-2 


.  The  other  root  cos  x  = 


y i9+2 . 


is  not  suitable, 


since  its  absolute  value  is  more  than  unity. 

,  „  1/19-2 

Answer:  x  =  2nn  ±  arccos  — — - . 

858.  Using  the  formula  cos  2a  and  expressing  cosine  through  sine,  we  get 
10  sin2  x  -r  4  sin  x — 5  =  0. 


Answer:  x  =  nn-f(— l)n  arcsin 


~2±  V54 


10 


859.  Applying  the  formula  for  tangent  of  a  sum,  we  get 

1  -p  tan  x 


tan 


(tH-£ 


tan  x 


and  reduce  the  given  equation*  to  tan2x— 4tanx-f  1=0. 
Answer:  x  =  Jin  -f  arctan  (2  ±  ~\/Z). 


860.  Since  tan2 


1  — cosx 


1-j-cosx 
8  (1  —cosx) 


and  sec  x  = 


1 

cos  X 

1 


we  have  the  equation 


- =  1  + - 

l~-cosx  cosx 


which  is  reduced  to  the  form 


9cos2x  —  6cosx-j-l=0  or  (3 cosx  —  l)2—  0 
1 

Answer:  x  =  2 Tin  ±  arccos  • 

861.  The  left  member  is  equal  to 

/  ji  \  XX 

cos  _ — x  .  2sm— cos-^- 

\  2  /  sinx  2  2  t  x 

— - —  - - = - —  tan  -r- 

1-4- COSX  1-pCOSX  n  .  x  2 

2  cos2  — 


*  When  getting  rid  of  the  denominator  one  should  be  careful  not  to  introduce 
extraneous  solutions,  but  we  do  not  conduct  analysis  in  the  next  three  problems 
(since  they  have  no  extraneous  solutions).  Beginning  with  Problem  865  much 
attention  is  paid  to  such  an  analysis.  See  also  Problem  867. 
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The  right  member  is  equal  to  sec2  y  —  1  =  tan2  y  .  We  obtain 


tan  -TT-  —  tan2 


x 

T 


Answer:  x=2nn\  x  =  -^-(4n-fl). 

862.  Since 

,  .  n  4-  x  x 

cos (ji — i)  —  —  cos z  and  sm — ^ — —  cosy 

we  have 


l4-cosx4-cos-|- —  0  or  2cos2~t-cos  -^-=0 

4n 

Answer:  x  —  Ji(2n4-i);  x=—^~  (3n  ±  1). 

863.  Applying  the  reduction  formulas 

sin  /4~  —  x)  =  —  cos *  an(1  tan  —  y  )  =cot  y 

we  get  the  equation 

2  (1 4-cosx) —  1/3 cot  y =0 


Let  us  make  use  of  the  formula 


1  -f- cos  x 


then  the  obtained  equation  is  reduced  to  the  following  two  equations: 
(1)  1 4-cos x  —  0  and  (2)  sinx~-3y 


Answer :  x  =  Ji(2«4-l)»  x  —  nn-\-(—  l)n  y  • 

864.  Replacing  COS2 x  by  1— siu2x,  after  simplifications  we  get  3siux*f 
4-  cos  x  —  0  or  tanx= — * 

Answer:  x~nn  —  arctan 

865.  The  left  member  is  equal  to 

cos  X  sin  X  __  cos  x  -j- cos2  a  4- sin2  x  _  t  4-cosx 
sin  x  ^  ft  4-cosx  “  sin  x(l  4-cosx)  sin  x  (1 4  cos  x) 

Reduce  the  fraction  by  1 4-cosx,  assuming  that  1 4-cosx  4  0.  We  get  the 

equation _ - _ =  2,  i.e.  sin  x  -  ~  (at  this  value  of  sin  x  the  quantity  cos  x  is 

sin  x  2 

not  equal  to  —1). 

Answer:  x  =  Jin  4"  ( —  *  )n  y  • 
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Answers  and  Solutions 


866.  According  to  the  reduction  formulas 

cot  (x — si)  =  —cot  (si  — x)  =  cotx 
The  given  equation  may  be  rewritten  as 

2  cot x— (cosx 4  sin  x)  ( -4 - - — \  =4 

\  sin  x  cos  x  } 

On  reducing  the  left  member  to  a  common  denominator  this  equation  takes 
the  form 


sin  x  cosx 

whence  sin  x  cos  x  —  —  or  sin  2x =-— . 

Answer:  x  =  y  JL. 

867.  The  right  member  is  equal  to 

i 

- cosx  . 

cosx _ 1  —  cos-  x  sm2x 

2  sin  x  2  sin  x  cos  x  2  sin  x  cos  x 

Reduce  the  fraction  by  sin  x.  It  is  assumed  that  sin  x=s=0,  should  we  obtain 
such  a  solution,  for  which  sin  x  —  0,  it  would  not  be  suitable.  The  given  equa¬ 
tion  (after  applying  some  reduction  formulas  to  its  left  member)  takes  the  form 

sinx-  tanx— —  tanx  or  sin  x-f  —  tan  x  =  0 

This  equation  may  be  represented  in  the  form 

sin  x  — Wo 

\  2 cosx  / 

and  it  is  reduced  to  two  equations 

sin  x  =  0  and  1  — — - —  =  0 

2  cos  x 

But  the  first  equation  yields  extraneous  solutions,  since  we  reduced  the  fraction 
by  sinx  before.  To  get  a  better  understanding  substitute  sin  x  —  0  into  the 
right  member;  then  instead  of  cosx  we  have  to  substitute  1  or  —1.  In  both 

cases  we  get  the  indeterminate  form  —  . 

2n 

Answer :  x=^— j-(3n  ±  t). 

868.  The  left  member  is  equal  to 

1  —  tau  ~  tan  4  (  1  —  tan  4  ) 

| - 1  —  tan  4 
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Reducing  by  1  —  tan  —  (we  assume  that  i  —  tan  —  ==  0,  see  the  solution  o! 
the  preceding  problem),  we  get  —tan  ~ ,  and  the  equation  takes  the  form 

—  tan  j^2 sin  ~  or  sin  y  ^ sec ~ -|- 2  j  =  0 
It  is  reduced  to  two  equations: 

X  X  1 

(1)  sin-y — 0  and  (2)  cos  —  =  — -  — 


From  the  second  equation  we  find  ~  —  360an  ±  120"  and  get  the  solution 
x  =  720e'n  ±  240°.  The  first  equation  yields  only  extraneous  solutions 
(x  =  360°«),  though  for  another  reason  than  in  the  preceding  problem.  Namely, 
the  quantity  cot  —  ,  entering  the  given  equation,  loses  sense  (“becomes  equal 

to  Infinity’*)  at  x  —  360V,  hence,  the  whole  left  member  of  the  equation  has 
no  (direct)  meaning. 

Answer:  x  ~  240°  (3 n  ±  1). 

869.  Using  reduction  formulas,  we  obtain  the  equation  sin  x  —  tan  x  -= 

=  sec  x  —  cos  x  or  sinx—  — — - cos  x.  Multiply  botli  members 

cos  x  cos  x 

of  the  equation  by  cos  x  (or.  which  is  the  same,  reduce  it  to  a  common  denomi¬ 
nator  and  then  reject  it).  It  is  assumed  that  cos  x  sp  0,  since  if  cos  x  0, 

then  the  expressions  and  — lose  their  meaning  (“become  infinitely  great”). 

*  cos  x  cos  x 

We  get  the  equation 

cos  x  sin  x  —  sin  x  —  sin2  x 


which  is  equivalent  to  the  following  two: 

(1)  sin  x  =  0;  (2)  cos  x  —  sin  x  —  1 


The  second  one  may  be  rewritten  as  y'l  -  cos  (45'  4-  x)  —  i  (cf.  Problem  851), 
whence  x  3 604»  and  x  --  3G0'n  —  90'.  The  solution  x  -•  360  «  is  found  among 
the  solutions  of  the  first  equation  (x  -  180  «).  and  the  solution  x  ~  360  n  —  9()'J 
is  an  extraneous  one,  since  we  have  cos  (360c«  —  90")  0. 

Answer:  j:  180  V 

870.  Use  the  formulas:  sec2  x  —  tan2  x  -=  1  and  cos  2x  =  cos2  x  —  sin2  x. 
We  get  the  equation 


1  —  tan  x  — 


cos-  JT  — Sill-  x 
COS2  X 


which  is  reduced  to  the  form  tan2  x  —  tan  x  —  0. 

Answer:  x  =  nn;  x  =  (4n  -j- 1 ). 

4 

871.  Rewrite  the  equation  in  the  form 
sin3  x  (sin 


cosx)  ,  cos3  x  (sin  x cos  x)  - 
- --( - - - ■ - —  COs2  x  —  sill2  x 


SID  X 


cos  x 
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Answers  and  Solutions 


Assuming  that  sin  x  =£  0  and  cos  x  #  0,  reduce  the  fractions,  transpose  all 
the  terms  to  the  left  side  and  take  sin  x  -}-  cos  x  outside  the  brackets.  We  obtain 

{sin  x  -f*  cos  x)  (sin2  x  -f  cos2  x  —  cos  x  -j-  sin  x)  =  0 
Replace  sin2  x  -j-  cos2  x  by  i .  The  equation  is  reduced  to 

(1)  sin  x  -j-  cos  x  =  0  and  (2)  cos  x  —  sin  x  =  1 

The  first  equation  yields  x  —  ~  (4n  —  f );  the  second  (see  Problem  869)  has 

two  solutions  x  =  2nn  and  x  =  (4 n  —  1).  Both  of  them  are  extraneous,  since 

at  x  =  2jtn  we  have  sin  x  =  0,  and  at  x  =  ~  (4n  —  1)  we  have  cos  x  =  0. 

Answer:  x  =  ~  (4«  —  1). 

872.  Use  the  triple-angle  formulas: 

sin  3x  =  3sin  x— 4  sin3x,  cos3x  =  4  cos3  x— 3  cos  x  * 


The  left  member  is  transformed  to  the  form 

3  3 

3  sin  x  cos  x  (cos2  x— sin2  x)  —  —  sin  2x  cos  2x  =  —  sin  4x 
2  4 

1 

and  the  given  equation  takes  the  form  sin4x  =  — . 


Answer :  x  =  - 


-tin  — 

;  24 


873.  Rewrite  the  given  equation: 

tan  2x  —  tan  3x  - 


tan  x 


and  divide  both  members  of  the  equality  by  1  —  tan  x  tan  3x  to  apply  to  the 
right  member  the  formula  for  tangent  of  a  difference  of  two  angles.  We  get 

tan  2x  .  -  . 

=  tan  (3x  — x), 


whence 


1  -•  tan  x  tan  3x 


tan  2.r  —  tan  2x  (1  -f  tan  x  tan  3x) 


tan  x  tan  2x  tan  3x  =  0 
Consider  the  following  three  equations  separately: 

(1)  tan  3x  =  0;  (2)  tan  2x  =  0;  (3)  tan  x  = 


The  solution  of  the  first  is  x  =  ~  .  The  third  equation  yields  nothing  new 
since  all  its  solutions  (x  —  am)  are  found  among  the  solutions  of  the  first  equa- 


*  If  they  are  not  familiar  to  the  reader,  it  is  easy  to  reduce  them  using  the 
formulas  for  sine  and  cosine  of  a  sum  of  two  angles:  2a  and  a  and  then  the  formu¬ 
las  for  sine  and  cosine  of  2a. 
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tion  (at  n  —  3m  we  have  y  =  nm).  The  second  equation  yields  x  —  .  At 

even  n  these  solutions  again  yield  nothing  new  (at  n  ~  2k  we  have  ~  =  nk); 

with  odd  ft  (n  =  2n'  -f*  1)  they  are  not  the  solutions  of  the  given  equation. 
Indeed,  the  quantities  tan  x  and  tan  3x,  entering  the  equation,  lose  their  meaning 

(“become  infinitely  great”)  at  x  ~  ~  (2 n'  -f  1).  Therefore,  the  second  equation 

should  be  rejected. 

,  nn 

Answer :  x  —  — y  . 

874.  Applying  the  formula  for  cosine  of  a  difference,  reduce  the  right 
member  to  the  form  *1/2  ^cos  y-fsin  -“-j  .  Therefore,  express  the  left  member 

through  the  argument  y.  We  have 

(1  -f  cos x) -f sin x  =  2 cos2 y -f  2 sin  y  cosy~2cos  —  ^cos  ~-f sin 
Transposing  all  the  terms  to  the  left  side  we  get  the  equation 
(cos “-4* sin  y)  ( 2 cosy- 1/2)  =0 

equivalent  to  the  following  two  equations:  one  yields  x  —  3G0S«  —  90',  the 
other  x  =  720°ft  ±  90°.  In  the  latter  expression  the  double  sign  may  be  replaced 
by  the  plus  sign,  since  all  the  quantities  720'«  —  90°  are  among  the  quantities 
360°n  —  90°  (if  in  the  expression  360  w  —  90*  we  take  only  even  n  i.e.  if  we 
put  ft  =  2n',  wc  get  720°w'  —  90c). 

Answer :  x  =  3G0°w  —  90c;  x  —  720 °n  90°. 

875.  Rewrite  the  given  equation:  sin-  2x  —  sin  3x  -f-  sin  x;  hence,  sin-  2x  = 

~  2  sin  2x  cos  x.  Transposing  all  the  terms  to  the  left  side  we  get 

sin  2x  (sin  2x  —  2  cos  x)  —  0  or  2  sin  2x  cos  x  (sin  x  —  1)  0 

The  equation  is  reduced  to: 

(1)  sin  2x  =  0;  (2)  cos  x  —  0;  (3)  sin  x  =  1 
Equations  (2)  and  (3)  are  of  no  interest,  since  all  their  solutions  are  among  the 
solutions  of  the  first  one.  (We  have  sin  2x  —  2  sin  x  cos  x  ~  2  sin  x~\/ i  —  sin'-x, 
so  that  if  cos  x  =  0,  or  if  sin  x  =  1,  then  sin  2x  0.) 

Awjsu.Tr:  x  —  90°w. 

87G.  The  left  member  is  equal  to  2  cos2  x  —  3  cos  x.  The  right  one  loses 
its  meaning  at  x  =  y  n,  since  cot  2x  “becomes  infinitely  great".  Therefore, 

we  consider  that  x  y«.  The  denominator  of  the  right  member  is  equal  to 

cos  2x  cos  x  (2  cos2  x  —  1)  — 2  cos2  x  _  —  t 

sin  2x  sin  x  2sinx-cosx  2sinx-cosx’ 
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thus,  the  right  member  is  equal  to 

—esc  (Jt— x)-2sinx«cosx  =  — 2cscx-sin  x*cosx 

The  product  cscx-sin  x  j  can  be  replaced  by  unity,  since  the 

values  of  x,  at  which  the  fraction  -1°  x-  would  turn  into  the  indeterminate  form  ^ , 
sin  x  0 

are  rejected.  We  get  the  equation 

2cos2x— 3cosx=  — 2cosx  or  cosx  |cosx  — —  j  — 0 


whence  cosx=0  or  cosx  =  -|-*  In  the  first  case  we  obtain  the  values 
x_JL(2fc4-l)i  which  were  rejected  above. 

Answer:  x  =  ~  (6 n  ±  1). 

877.  The  left  member  is  equal  to 

(cos  x  -f  sin  x)2  -f- 1  :?=  2  4-  2  cos  x  sin  x, 

the  right  member  is  equal  to  ~2  cos2x,  assuming  that  sinx  =£0. 

The  equation  takes  the  form 

2  (1  —  cos2  x)  -r  2  cos  x  sin  x  —  0  or  sin2  x  -j-  sin  x  cos  x  —  0 

It  is  equivalent  to  the  two  equations:  sin  x  -f  cos  x  —  0  and  sin  x  —  0,  but 
at  sin  r  —  0  the  right  member  has  no  (direct)  meaning. 

,  ’  n  , 

Answer:  x  —  — 

878.  The  right  member  is  equal  to 

2sin|~  j  xj  cos  *  J  —  sin  2xJ  =  cos  2x  =  cos2  x  — sin2x 
Then  proceed  as  in  the  preceding  problem. 

Answer:  x  — — i);  x  =  n«. 

879.  The  left  member  is  equal  to  2— sin3x,  the  right  one  to 

l-2coS(^-f)sin(4_^)  =  i-sia(4-3x)  =  ,_co,3x 
The  equation  lakes  the  form 

cos  3x — sin  3x  -*1—0 


Solve  it  using  the  (first)  method  of  Problem  851,  transforming  cos3x— sin  3x 


lo  V’siu  (-2--3x)  .  We  obtain 


yi 
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Consequently, 

3 x — ^-  =  (  — 1)«  —  -f  Jtn,  i.e.  3x  =  -^-  [1  -f-{ —  l)n]-j- nn 

At  even  n  the  expression  in  square  brackets  is  equal  to  2,  and  at  odd  n 
it  is  equal  to  zero.  Therefore,  if  we  put  n  —  2n‘  («'  is  an  integer),  we  get 

3x  =  -~~ {-2nn',  and  if  we  put  n  =  2n'-fl,  we  get  3x  =  ji  (2n'-f- 1). 

Alternate  solution.  Besides  the  alternate  method  indicated  in  Problem  851 
(which  introduces  extraneous  roots),  we  can  use  here  (as  also  in  Problem  851) 
the  following  method.  Getting,  as  above,  the  equation  cos  3x  —  sin  3x  -f  1  ~  0, 
use  the  formulas 

1  -f  cos  3x  =  2  cos2  and  sin  3x  =  2  sin  cos 
We  get  an  equation  which  is  reduced  to  the  following  two:  one  ^co«-~-  =  o| 
yields -y-==-^-(2n-H)*  i.e.  3x=  n  (2/«-{- 1).  The  other  ( cos—  —  sin  0  j 
yields  =  nn,  i.e.  3x  =  ~  +  2nn. 

Answer:  x  =  (2n-f  i);  x~~jr  (4n  +  1). 

880.  Represent  !  -f  sin  2x  in  the  form 

(cos2  x  +  sin2  x)  -t-  2  sin  x  cos  x  —  (cos  x  sin  a  )2 


and  replace  tan  x  bv  •  Reduce  all  the  terms  to  a  common  denominator 
cos  x 

(cos  x)  and  then  get  rid  of  it,  assuming  that  cos  x  0.  We  get  the  equation 
(cos  X  —  sin  x)  (cos  x  -f-  sin  x)2  —  (cos  x  +  sin  x)  —  0 
which  yields  two.  equations:  the  first  one 

cos  x  -j-  sin  x  =  0 

has  the  solution 

,  =  (4«  — 1), 


the  second 
has  the  solution 


cos8  x  —  sin2  x 


=  0,  or  cos  2x  —  1 


Answer:  x  =  (4n  —  1);  x  —  nn. 

881.  Represent  1  —  sin  2x  in  the  form  (cos  x  —  sin  x)2,  and  cos  2x  in  the 
form  (cos  x  -f  sin  x)  (cos  x  —  sin  x).  Reduce  the  fraction  by  cos  x  ~  sin  x, 
assuming  that  this  quantity  is  non-zero.  We  get  the  equation 


cos  x  -j-  sin  x  = 


cosx-f-sin  x 
cos  x  —  sin  x 


•/a  25-0 1 3 38 
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Getting  rid  of  the  denominator  (under  the  same  assumption),  we  obtain 

(cos  x  -f  sin  x)  (cos  x  —  sin  x)  —  (cos  x  -f  sin  x)  —  0 
or 


(cos  x  —  sin  x  —  1)  (cos  x  -f-  sin  x)  =  0 


Solving  the  equation  cos  x-f  sin  x  =  0,  we  find  x  =  jin  —  The  equation 
cos  x  — sin  £  —  1=0  can  be  solved  in  the  following  way  (see  Problom  879)* 
Represent  it  in  the  form  V^sin  — xj=l,  i.e.,  sin  ^x — j  ~  . 

Hence,  x — -jr  ~  ( —  l)n  ^ With  even  n  =  2m  we  have  x —  Tin  — 

=  2 Jim.  With  odd  n  (  —  2m  —  1)  we  have  x=as~--f-jtn  (4w  — 1). 

Apply  the  other  method  from  Problem  879. 


Answer:  x  =  -y  (4/t  — 1);  x  =  2nn;  . 


-  (4n  —  1). 


882.  The  right  member  is  equal  to  cos2x,  and  the  left  one  to 
(cos  x-f  sin  x)2  (cos  x — sin  x)  = 

—  (cos  x  -\-  sin  x)  (cos2  x  —  sin2  x)  =  (cos  x  -f  sin  x)  cos  2x 
Answer:  x  =  — -(2a-fl);  x—2 nn\  x=-y  (4« -j- 1). 

883.  The  left  member  is  equal  to 


1 


4  sin2  x  cos2  x  1 

-  —  — sin2  x 


4  cos2  x 


(assuming  that  cos  x  0).  To  the  right  member  apply  the  formula 

1  1 

sin  a  sin  |S  =  y  [cos  (a  —  0)  —  cos  (a -f  ft].  We  get  y  (cos  GO0  —  cos  2*1  = 


![i-(l-2si»**)]  = 


- 1  -f  4  sin2  x 


.Now  the  equation  takes  the  form 


•i-  — sin2r=  —  (y  — sin2*) 

„  1  1  1 

whence  sin- x  =  -^- ,  J.e.  sin  x  =  y  or  sm x— The  two  solutions  x  = 

=  180° /i  f  { —  l)n  30°  and  x  =  180°n  —  ( —  l)n  30°  can  be  represented  by  one 
formula:  x—  180° n  ±  30°. 

Answer :  x  =  30°  (Gw  ±  1). 

884.  The  left  member  is  equal  to  sin  60°  cos  x;  the  right  one  to 
tan  x  cos4  x  -f  cot  x  sin4  x  =  sin  x  cos3  x  +  cos  x  sin3  x 
(assuming  that  cos  x  =£  0  and  sin  x  0).  This  expression  is  equal  to 
sin  x  cos  x  (cos2  x-f-  sin2  x)  —  sin  x  cos  x 
The  equation  is  reduced  to  the  form  cos  x  (sin  60°  —  sin  x)  =  0. 
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It  is  reduced  to  two  equations,  one  of  which  (cos  x  =  0)  yields  an  extraneous 
root. 

Answer:  x  =  180°/i  -f-  (— l)n  60°. 

885.  Using  the  formula  tan  — - .•  C-°?  T- ,  we  get  the  left  member  $ec2x— 

2  sin  j 

—  1— tan2x  (reducing  by  sin  a:  we  assume  that  sinxsp=0).  The  left  member 
is  equal  to 


sin  (x  —  30°) -f  sin  {x  4- 30°)  _  2  sin  x  cos  30° 


-  V  3  tan  x. 


The  equation  is  reduced  to  the  form  tan  x  (tan  x — 1/3)  — 0  and  is  equivalent 
to  two  equations,  one  of  which,  namely  taux  — 0,  yields  extraneous  solutions 
(since  if  tanx  =  0,  then  also  sinx=0). 

Answer:  x  =  60°  (3«  -f- 1);  x  =  2jui . 

886.  The  expression  tany-fcot  y  is  transformed  to 

_  1  2 
.  x  x  ~  sin  x 


We  get  the  equation 


1/2  sin  x 


1/2  sin  x 

Answer:  x  =  y  (2/i  -j- 1). 

887.  The  left  member  is  equal  to  2  l/2-~-  (sin  x  4  cos  x);  the  right  one 


2  cos2  x  2(1  —  sin2x) 


—  2(1—  sin  x).  We  get  the  equation 


t~}-sinx  1  -i-sin  j 

2  (sin  x-f cosx)  —  2(1—  sin  x)  or  (1  — cos  x)~ 2sin  x -0 


2 sin2  - — 4  sin  y  cos 

Answer:  x~2nn;  x—  2(rm-farctan  2). 

888.  The  fraction  in  the  left  member  is  equal  to 


V3 


(sin  2x  —  cos  2x  tan  x)  cos2  x 


. . (sin  2x  cos  x  —  cos  2x  sin  x)  cos  x  =  — —•  sin  x  cos  x 

1/3  V3 

The  right  member  is  equal  to 

(cos2  x  -f*  sin2  x)  (cos2  x  —  sin2  x)  —  cos2  x  —  sin2  x 
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(double  angles  are  of  no  use  here).  Write  the  equation  in  the  form: 

2 

(i  — cos2  x)-j-sin2x - —  sin  x  cos  x  =  0 

V  3 


2sin2x - —  sin  x  cos  x  =  0 

1/3 

Answer:  x  —  180°n;  x  =  180°n  -1-  30°. 

889.  The  left  member  is  equal  to  3  sin  x  —  4  sin8  x,  and  the  right  one  to 
4  sin  x  (1  —  2  sin2  x).  We  get  the  equation 

sin  x  (4  sin2  x  —  1)  =  0 

A  newer:  x  —  180°«;  x  —  180°/i  ±  30°. 

890.  The  right  member  is  equal  to 


sin  x  +  cos  x  coty= 


sin  x  sin  y-f  cos  x  cos  y 


The  numerator  of  this  expression  is  equal  to  cos  |x— ~  J  =cos  - 
get  cot  -f-  in  the  right  member.  The  left  member  is  equal  to 


.  ,  2  cos2  -Z- 

1  -f  cos  x  2 


The  equation  takes  the  form 


2  cos2-^ 


thus,  we 


Taking  cot  outside  the  brackets,  we  obtain 
x  (  2  COS  y  sin  y  \ 

col"2  l - COST - i)=0’  cot -i  (tail  x—l)=0 

Answer:  x==vTn-f~jr ;  X”2n«  +  n. 

891.  The  denominator  of  the  fraction  is  equal  to 

sin  2x  cos  x  —  cos  2x  sin  x  sinx  tanx 

cos  x  cos  2x  ~  cos  x  cos  2x  ~  cos  2x 

The  whole  fraction  is  equal  to  sin  2x.  The  equation  takes  the  form 
sin  2x  —  2  sin  (45°  *f  x)  cos  (45°  -f-  x)  =  0 
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or 


sin  2x  —  cos  2x  =  0 


whence  tan  2x  =  i. 

Answer:  x  =  90°n  -j-  22°30'. 

892.  We  have 


tan  (x  —  45°)  tan  (x  -f  45°)  =  tan  (x  —  45c)  cot  (45s  —  x)  =  —  t 
it  is  assumed  that  x  45°  (2n  -f  i),  since  otherwise  one  of  the  factors  vanishes, 
and  the  other  becomes  infinitely  great.  The  denominator  of  the  right  member 
is  transformed  to 


x  x  sinx 

sin  y  cos  y 


it  is  assumed  that  x  =?s=  180 °n,  since  then  either  tan  y ,  or  cot  y  loses  its  meaning 

(becomes  infinitely  great).  We  get  the  equation 

4  cos2  x 
—  tan  x  =  — x—7 — 

2  cot  x 


which  (assuming  that  x  ^  180°n)  is  reduced  to  the  font)  tan  x  cos  2x  ==  0. 
The  last  equation  has  the  solution  x  =  180°/t  and  x  =  45s  (2 n  +  1),  but  they 
disagree  with  the  above  assumptions. 

Answer :  The  equation  has  no  solutions. 

893.  The  right  member  is  equal  to  -  tan  x  (see  the  preceding  problem). 
Let  us  represent  the  left  member  in  the  form: 

y  (tan (x  +  450)— cot  (x-f45°)]  = 

fjjillz  =  _ cot  (2x  +  90”) 

2  sin  (x  +  45  )  cos  (x-f  45  ) 

We  get  the  equation 

tan  2x  ~  —tan  x 
It  can  be  written  in  the  form 

tan  2x  —  tan  (— x) 

wherefrom  we  conclude  that  the  angles  2x  and  — x  differ  by  180 and  from  the 
equation  2x  =  — x  +  180°/i  we  find  x  —  60’n. 

Answer:  x  ~  60s n. 

894.  The  left  member  is  equal  to 

sin2x _ s>n 

cos  <*  4-  a)  cos  (I  -  a)  ^  (co9  2a  +  cos  2x) 

We  get  the  equation 


cos  2a  -r  cos  2x 
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Using  the  formulas  sin2x  =  2sin  xcosx  and  cot  x  =  ,  reduce  the  equa- 

&  sin  x  * 

tion  to  the  form 


The  equation 


cos  x  (2  sin2  x  —  cos  2x  —  cos  2a)  —  0 
2  sin2  x  —  cos  2x  —  cos  2a  =  0 


with  2  sin2  x  replaced  by  1  —  cos  2x  yields 

2  cos  2x  =  1  —  cos  2a 


whence 


cos  2x  ~  sin2  a 

Answer:  x  =  -^- (2/1  +  1);  x  —  nn  ±  y  arccos  (sin2  a). 

895.  The  left  member  is  equal  to  1  —  sin  x;  the  denominator  of  the  right 
member,  to 


tan  - 


2 

This  expression  is  reduced  to  the  form  .  We  get  the  equation 

1  —  sin  x  —  sin  x. 

Answer:  x  ~  1 80°  m  -f-  (— l)n 30°. 

896.  The  left  member  is  equal  to  tan  x.  The  right  one  (cf.  Problem  894), 
to  1  +  2  tan  x. 

Answer,  x  —  45°  (4«  —  1). 

897.  We  have 

■  i  ,  •  <>  /  1  —  cos2x  \2 

sin4  x  — (sm2  x)“— ( - - - J  ; 

analogously, 


("t)- 

"  1  —  cos  | 

(*+t) 

n 

2 

/  1 -f  sin  2x  \ 

. 

2 

j 

l  2  ) 

The  equation  takes  the  form  1  —  cos  2.r  -f-  sin  2x  ~  0,  or 
2  sin2  x  f  2  sin  x  cos  x  —  0 


A  nswer:  x  —  jim;  x  —  nit  — y  . 

4 

897a.  Represent  the  equation  (see  the  preceding  problem)  in  the  form 


/  1  —  cos 2x  \2  ( 

1  4  sin  2x  \2  / 

1  —sin  2x  \- 

\  2  /  4 

2  )  4 

2  / 

After  algebraic  transformations  we  get 

3  — 2cos 2x 4  cos2 2x4-2 sin2  2x  =  -^- 

Replacing  sin22x  by  1  — cos22x,  we  obtain  the  equation 
cos2  2x  +  2  cos  2x  —  —  0 
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a  bo¬ 


lt  yields  cos 2x  —  —  1  -f  ^ cos  2x  —  —  i — is  rejected,  since  its 

lute  value  exceeds  unity  j  , 

Answer :  x  =  nn  ±  ~  arccos  ^  — - 1 4-  «  j  , 

898.  Represent  the  left  member  of  the  equation  in  the  form  -i  (cos .r-f  cosy). 
Solving  the  system,  we  find  cos  z~  ~ ;  cos  y~~. 

Answer ;  x  —  Ink  ±  ;  y  =  2 nl  ±  . 

899.  Since 

cos  (x  —  u)  —  cos  (x  4-  u) 
sin  x  sin  y  — - 

the  second  equation  can  be  written  in  the  following  way: 

cos  (x  —  y)  —  cos  (x  4  y)  =  2m 
But  x  -f  y  =  a;  consequently, 

cos  (x  —  y)  =  2m  4  cos  a 

whence 

x  —  y  —  2 Jin  ±  arccos  (2m  -f-  cos  a) 
and  the  given  system  is  reduced  to  the  following  two  systems: 


and 


r  x  y  —  cz 

\  x  —  y  —  2nn  j  arccos  (2m  -}- 


cos  a) 


Answer: 


{ 


z+y  —  a 

x  —  y  =  2 nn  —  arccos  (2m  j-  cos  a) 


1 


j  J(=M  +  Y  ~2  arceos  (2m  r  cos  *) 

I  ct  1 

I  f/i  ==  —Jt«  4-~2 — y  arccos  (2m  4  cos  a) 
^  x2  •■=  nn  -j-  —  -L  arccos  (2m  4  cos  a) 
y2  _  an  -f  ~  arccos  (2m  -j- cos  a) 


300.  Using  the  formula 


tana+ta„p  =  ii^±fi> 


cos  a  cos  fi 
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write  the  second  equation  in  the  following  way:  cosine o'/y"  ~m'  ^eP^aCi*D^ 

,  cos{x-f  w)4-cos(x— y)  ,  ,  . 

cos x cosy  by - - -  and  x-fy  by  a,  we  get 

2  sin  a 

- - - - - -~  =  m 

cos  a  -f  cos  (x— y) 

or 

,  ,  2  sin  a 

cosfx — y)  = - cos  a 


Hence,  we  have  either 


.  ,  /  2  sin  a  \ 

x— j/  =  2nn-}-arccos  I — — - cos  a  1 

.  ,  /  2sina  \ 

y — x  =  2nn  -f-  arccos  I — - - cos  a  1 


Either  of  these  equations  should  be  solved  together  with  the  equation  x  +  y  =  a. 
By  Die  way,  of  the  two  systems  obtained  one  differs  from  the  other  only  in  that 
the  unknowns  change  their  roles,  therefore  it  is  sufficient  to  solve  one  of  the 
systems. 

,  ,  .  a  ,  t  /  2  sin  a  \ 

Answer,  xj  ( —  y2)  =  «« -t-  -y  +  —  arccos  I  — - - cos  a  1 

,  a  1  /  sin  a  \ 

yi(  —  x2)—-—  n n -- — y  arccos  i  — ~ - cos  a  1 

901.  Solved  as  the  preceding  problem. 

Answer: 


902.  Since  1  =  2°  and  4  =  162,  the  given  system  may  be  rewritten  as 

{sinx-J-cos  y  =  0 
sin2x-f  cos2  y  =  ~ 

whence 

1  1  11 
fi)sinx=y,  cosy=— y  and  (2)  sin  x  =  — ,  cos  y  =  ? 

Answer:  xj  ~  180°«  4- ( —  l)n  30°,  yj  =  360°rc  ±  12G5 
x2  =  1 80°n  —  ( —  l)n  30°,  y2  =  360°n  ±  60° 

903.  The  second  equation  can  be  written  in  the  form 
sin  x  sin  y  1 
cos x cosy  ~~ IT 
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where,  by  virtue  of  the  first  equation,  sin  x sin  y 
system  of  equations: 

3  .  .  1 

cos  x  cos  v  =  1  )  sin  x  sin  y  = 1  _ 

cos*  cosy- 4y2  y  4yj> 

Adding  and  subtracting  them,  we  get 

cos  (x—y)  = — ~  and  cos(z-fy)  = — - — 
V2  2*1/2 


4*1/2  * 


We  get  the 


whence 


x  -j-  y  =  2nm  ±  arccos  - 


t 


—  ,  x  —  y  -~  Ink  ±  - 


2  1/2  ’  ~  *  “  ^  4 

where  m  and  k  are  arbitrary  integers.  In  each  of  these  equations  we  can  take 
any  sign. 

Note.  The  numbers  m  ■+•  k  and  m  —  k  are  also  integers,  but  not  completely 
arbitrary  (if  one  of  them  is  even,  the  other  is  also  even;  and  if  one  of  tnem  is 
odd,  the  other  is  also  odd). 


Answer:  (1)  x  —  nn  arccos — —=•  + 

2  21/2 

+  i  arccos 

1  1 

(2)  x  —  nn  -f  y  arccos  — =-  ■ 


j  =  n(  +  Tarccos-^7=-  + 


(3)  *  =  *„_! arccos +  ^ 


-nt  — —  arccos - —  - 

2  2V2 


(4)  x  =  nn- 


—  arccos - —  • 

2  21/2 


8 


»  =  «_■ 1  arccos  +  f 

where  n  ~  m  ~\-  k\  t  —  m.  —  k  {m  and  k  are  any  integers). 

904.  Square  both  members  of  each  of  the  given  equations  and  then  add  them 
by  terras.  We  get 

1  =  4  sin2 y -f  ~  cos2  y  or  1=4(1—  cos2  y)  +  ~-  cos2 y 

,41  2 

whence  cos2 y  —  and  sin2y=-^-.  In  each  of  the  expressions  cosy  =  ± — — 

1  V5 

and  sin  y  =  ±— =-  either  sign  may  be  taken  (thus,  in  the  interval  between  0 

V  5 

28-01338 
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and  360°  the  angle  y  can  have  four  values).  Substituting  these  values  into 
the  given  equations,  we  find  that  the  angles  x  and  y  satisfy  one  of  the  fol¬ 
lowing  four  relationships: 


(1)  COS*: 

(2)  cos  z  = 

(3)  cos  *  = 

(4)  cos  2  = 


cos  y  = 


1  .  2 

sinz= — — , 

V5  1/5 

1  .  2 

7=- ,  Sin  2= - —  ,  cos  W  — - 

1/5  1/5  y  1/5 

i  2 

sinx=— — cos  y 


1/5 

2 


sin  y~ — — 
1/5 


sin  y=  — 


Vs 


i 


Vs  ’  """‘ys 


V'5  '  VI 

W  si”I=H7T’  cos^-t75*  •to»— w 


Consider  the  first  of  them.  If  we  take  separately  the  equality  cos  2— — - — 

1/5 

then  it  yields  2  =  2n«  ±  arccos  .  But  (by  the  definition  of  the  principal 

V  5 

value  of  arccos)  the  angle  q>  =  arccos belongs  to  the  first  or  second 

V  5 

quadrants,  where  the  function  of  sine  is  always  positive.  Hence,  the  plus 
sign  should  be  retained.  Indeed,  from  the  equality  z  =  2rrn±<p  it  follows 

that  sin  2  =  ±  sin  (pi— i  *—7='  ■  But  in  the  first  relationship  sin  x—  — 
V5  r  1/5 

,  2  v 

| but  not—  •  The  same  with  the  angle  y,  thus  in  case  of  relationship 

(1)  we  get 

1  9 

x  =  +  arccos  — — ,  j,  =  2itn,  -f  arccos  — 2^- 

yo  V  5 

where  n  and  n,  are  any  integers.  Reasoning  in  the  same  way,  we  find  that 
for  the  second  relationship 

1  2 

2 = 2nn  —  arccos-—  ,  y  —  2nnx  —  arccos . 

V  5  yb 

The  third  and  fourth  relationships  are  considered  analogously. 


Ansiver:  x  —  2nn  +  arccos 


(*£) 
y  =  2nnt  ±  arccos  |  ±  7^=-  j 

where  the  signs  in  parentheses  are  the  same  for  z  and  for  y  and  the  signs  before 
arccos  ore  also  the  same. 
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INVERSE  TRIGONOMETRIC  FUNCTIONS 


905.  We  have 


.  /  V3\ 

sin  (  2  )  = 


arccos  — —  =  -r- »  arccos  ( —  i )  =  jt 

1/2  4 

a  5ji 

Answer :  - . 

u 

906.  The  angle  9  =  arccos  x  is  found  in  the  interval  between  0  and  180° 
(by  the  definition  of  the  principal  value  of  arccos).  Hence,  sin  9  is  positive 
(or  equal  to  zero).  We  have  cos  9  =  x,  whence  sin  9  =  -f-  ~[/ 1  —  x2  (the  radical 
is  taken  only  with  the  plus  sign).  Consequently, 

yr=^2 

tan  9  =  ' - , 


1/  I  — 

tan  (arccos  x) =— - — - - 

which  completes  the  proof. 

907.  See  the  solution  of  the  preceding  problem. 

908.  Let  us  put  arccot  ^  thus  c°t  ==—  ~  .  The  angle  9  is  in 

the  interval  between  90°  and  180°  (since  the  principal  value  of  arccot  is  contai¬ 
ned  between  0  and  180c).  It  is  required  to  find  sin  .  Let  us  use  the  formula 

9  ,  /"  1  —  cos  9 

sin  -j  -±  y  2 

where  out  of  the  two  signs  only  the  plus  sign  is  taken  (since  the  angle  belongs 
'to  the  first  quadrant).  First  we  have  to  find  cos  9  using  the  formula 


zt  V 1  +  cot2  a 


V  '  16 

(the  radical  is  taken  with  the  plus  sign  only,  since  9  belongs  to  the  second  quad¬ 
rant).  Now  we  find  _ __ 

9  i  /  1  —  cos  9  1  /  *  ^  5  2 

sin  T-y  2  '  2  “  i/s 
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Answer:  sin  j^—arccot  ^  . 

909.  Put  arcsin  |  ■ 


2V2\ 

3  ; 


vb 

,  hence  sin  q 


2*1/2 

— 2 — .  The  angle  9  is  in 


the  interval  between  -90*  and  0*  (since  the  principal  value  of  arcsin  is  con¬ 
tained  between  — -90*  and  -f- 90°).  It  i 
is  negative.  Therefore  in  the  formula 


tained  between  -90*  and  +90°).  It  is  required  to  find  sin-|-.  This  value 


Y^ 


“  2  ~-r  1 

only  the  minus  sign  is  to  be  retained.  We  get 

3i“T=-/' 

where 


1— cosq 


cos  9 


we  take  the  radical  only  with  the  plus  signl). 


1 

■  V3 


Ansuitr:  sin  /arcsin  |  — 2^  2  j  j 

910.  The  angle  cp  =  arccos  (— y)  is  contained  between  90“  and  180°  (see 
the  solutions  ot  the  two  previous  problems).  Hence  cot  i  is  positive,  and 

cot -1  = /IS 
2  V  1  —  cos  9 

(the  radical  is  taken  only  with  the  plus  sign).  Substitute  coscp=— y  into 
this  expression.  ^ 

1/33 


Answer:  cot  arccos  (  )  J  = 


11 


911.  Since 


and 


we  have 


arctan  J—-  —  ~ 
arcsin 


/-  n  1  n  \ 

'  (5___>T)  =  tan 


3n 

“4*: 


Answer:  —i. 
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912.  We  have 


arctan  '\/3  =  ~ 

and 

1  n 

arccosT=T 

Then  proceed  as  in  the  preceding  problem. 

Answer:  — 

2 

913.  Answer :  —• . 

914.  Let  us  put 

arctan  (3 -f- 2  V2)  —  a  (1) 

1/2  c 

arctan  -  =  p  (2) 

It  is  required  to  prove  tiiat 


Find  tan(a-p): 


with  the  aid 


tan  (a  — p)  = 
of  (1)  and  (2)  we  get 


tan  a  —  tan  ft 
1  -f  tan  a  tan  P  ’ 


(3) 


(3-r2  1/2) — 

tan(a  •— P)  = - —7=-  =i  (4) 

l+(3  +  2V2)-%=- 

°n  the  other  band,  it  is  obvious  from  (1)  and  (2)  that  either  of  the  angles  a 
flod  p  lies  between  0  and  y  ,  and  a  >  p  ^  since  3  +  2  ]/2  >-— consequen* 

tly,  the  angle  a—  p  a  priori  lies  between  0  and  —■ ,  hence,  from  (4)  we  get  a—  p=.- 
—  n 

completes  the  proof. 


Note.  To  prove  that  the  angle  a  —  p  is  just  equal  to  ,  i.e.  to  45°  .{but  not 

0Ik°  “-*35°  and  so  on)  we  can  make  use  of  the  corresponding  tables  to  find 
ectjy  the  angles  a  and  p.  Here  we  may  confine  ourselves  to  rough  approxima- 
Jons  (for  instance,  taking  into  account  only  degrees).  Thus,  putting  y  2  &  1.4, 
%e  find  a  «  arctan  5.8,  which  corresponds  to  about  80°  /  the  error  a  priori  does 
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not  exceed  -y j.  In  the  same  way  we  find  (3 «  arctan0.7,  which  corresponds  to 

about  35®  |  the  error  is  a  priori  less  than-yj.  Consequently,  a— fi  does  not 

differ  from  45°  by  more  than  1°,  and,  hence,  is  exactly  equal  to  45°. 

915.  Put 

,/ 2 

arccos  y  y — a 

- V6+< _ 


so  that  cos 


a-j/^ j  and  cos(!  = 


21/3 

1/6+1 

21/3 


.  Either  of  the  angles  a  and  J3 


belongs  to  the  first  quadrant**.  It  is  required  to  prove,  that  a— (3  =  y  • 


Find  sin  (a— |3),  but  first  compute 

sina  =  Vl  —  cos2  a 


and 


(each  radical  is  taken  only  with  the  plus  sign,  since  a  and  {3  belong  to  the 
first  quadrant).  We  find 


sin  (3  =  ~Z  \  —  cos2  (3 
lus  sign, 

.  -j/5-2  ye 

mp=y— it- 


hence, 


sina  = — r=r  and  sin 

V3 


sin  (a  — P)  = 


1  1/B+ 


V3  21/3 


M_7/T  ,  /5H2 
3  V  3’  v  1! 


21/0 


Let  us  prove  that  the  found  irrational  expression  is  equal  to  .  To  this  end 


transform  the  “double  irrationality”  V  5— 2  Vf>  =  J^S  — 1/24.  It  can  be  per¬ 
formed  with  the  aid  of  the  formula 


Va-v*  -  j/OgE: 


*  This  problem  may  be  solved  without  introducing  auxiliary  quantities  a 
and  f$  using  the  method  mentioned  in  the  note  to  the  preceding  problem. 

**  The  principal  value  of  arccos  lies  between  0  and  n. 
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<at  A  =  5,  24);  we  obtain 


But  it_ is  simpler_to  represent  the  radicand  5  —  2]/6  in  the  form  3  +  2— 
—  2  V2-l/3  =  (V3— V2)2,  and  then  we  have 

K5-2V6=[/'n/3-y2)2=:V3  - 1/2  * 

Since  either  of  the  angles  a  and  p  lies  within  the  interval  between  0  and  - 

the  angle  a  —  {5  undoubtedly  lies  within  the  interval  from  — to  *f4jr  * 

then  from  the  equality  sin  (a— p)=-~  it  follows  that  a  —  p  =  -~-,  which 
completes  the  proof  **. 

916.  Let  (see  the  two  previous  problems) 


.4  .  5  0  .16 

arcsin-r-  =  a,  arcsm-— r-  =  p,  arcsin  —  v 
5  13  65  ' 


Then 


Hence 


sin  p  = 
sin  v  = 


5  ’ 
5 

13  ’ 

iii 

65  ' 


5 
12 
13 
63 

cos  Y  =  Tic- 


cos  (1  - 


/  .  q .  4  12  3  5i  63  .  16 

sin  (a  +  P)  =  y —  +  —  —  and  cos  (a  +  p>  =  ^ 


p°i^,angles  a  and  p  belong  to  the  first  quadrant;  therefore  the  angle  a  +  6 
lies  between  0°  and  180°,  and  since  cos(a  +  p)  is  positive,  a  +  p  belongs  to 
tne  first  quadrant.  Furthermore,  cos(a  +  P)=sin  y  and  sin(a  +  P)  = 


-(T-t)- 


**  ?r^6  num^er  1/3— 1/2  is  positive. 

If  cos  (a  —  p)  is  computed  instead  of  sin  (a  —  p),  we  would  find 

cos  (a  —  p)  =  1—2;  between  —  ^  and  +  ~  we  would  have  two  values  of  «  —  pt 

namely,  —  —  and  +  ~;  therefore  we  would  have  first  to  establish  that  a  >  p, 
i-e.  that  cos  a  <  cos  p. 
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Therefore,  a-fP  and  y— y  may  differ  only  by  2  nn,  and  since  -y— -y  also 
belongs  to  the  first  quadrant,  we  have  n~0.  Consequently,  a-j-p  — — yt 
i.e.  a-fp+Y  — y  which  completes  the  proof. 

917.  We  have  arccos  —— y ;  let  us  denote  arccos  |  ~i-|  by  p,  so  that 

cos  p=  —  y  •  The  angle  p  is  contained  between  —  and  n  (see  the  three  pre¬ 
vious  problems).  Therefore 

sin  P=  +j/^1-(y)  [but  not  , 


sing=-|- V® 

We  find 

C0S  (t+^)=cosTcos^~ sin-j-sinp  = 

2  V  7  /  2  7  Vi-  TX 

To  prove  the  validity  of  the  given  identity  we  have  to  make  sure  that  the 
angle  y +  p  belongs  to  the  second  quadrant  £  since  the  angle  arccos  |  — —-j 

in  the  right  member  lies  in  the  second  quadrant  J  .  The  angle  p  =  arccos  |  ~~  J 
is  contained  between  -y  and  ji;  consequently,  the  angle  y — f- p  lies  between 
— g-  and  *y .  But  it  does  not,  however,  follow  from  this  estimate  that  the 


angle  y-j~P  belongs  to  the  second  quadrant  | since  the  angle  -y-  is  already 
found  in  the  third  quadrant)  .  But  taken  into  account  that  and 

that,  consequently,  arccos  (  — -i)  <  arccos  (  — y)  ,  i.e.  arccos  (  —j'j  < 
<  ~y~  -  it  follows  that  —n-arccos  (  — <  ;t.  And  since  this  angle  is  more 
than  -y ,  it  lies  in  the  second  quadrant.  Hence,  the  given  identity  is  proved. 

Note.  The  fact  that  the  angle  y+P  belongs  to  the  second  (and  not  to 
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the  third)  quadrant  can  also  be  demonstrated  in  a  different  way:  we  have 

— 

3 


sin  —  sin  -5- cos p  +  cos sin  | 


1/3 


(-t)- 


7  4  V3=^V3 


Since  this  number  is  positive,  the  angle  — |--fp  belongs  to  the  second  quadrant. 
918.  Put 

1  1 
arctan -^-  =  a  and  arctan  ~  =  P 

whence 

tan  a  = -7-  and  tan  6  =  4- 
5  4 


Compute 

First  find 

and  then 


tan  (2a4-p)  = 


2- 


tan  2q-f  tan  ft 
1  —  tan  2a  tan  p 

1 


tan  2a  =  - 


1  \2 


■(t) 


_5_ 

12 


tan  (2a  +  P)=- 


±+± 

iO  ‘  A 


1- 


32 
:  43 


The  angles  a  =  arctan  ~  and  p  =  arctan  belong  to  the  first  quadrant,  but 

it  does  not  yet  follow  from  this  fact  that  the  angle  2a  ~f-  P  belongs  to  the  first 
(and  not  to  the  third)  quadrant.  But  if  we  take  into  consideration  that  either 

of  the  angles  a  and  p  is  less  than  ^  (since  their  tangents  are  less  than  unity), 

it  proves  that  2a  -f  P  is  less  than  and  since,  furthermore,  tan  (2a  -f-  p)  =  ~ 

is  positive,  2a  -f-  p  lies  in  the  first  quadrant,  i.e.  2a  -f  P  —  arctan  which, 
completes  the  proof. 

,  In9tca<^  °*  proving  that  the  angle  2a  -f-  P  remains  within  the  limits 

oi  tne  first  quadrant,  we  can  find  this  angle  approximately  with  the  aid  of  the 
corresponding  tables  (see  the  note  to  Problem  914).  We  get:  a —  arctan 

-g-ssli®,  P  =  arctan  ~-ss:  14* ,  hence  2a  HP  =5?  36°. 
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919.  Put 

1  1  1  1 
arctan -5-  —  a,  arctan arctan -=-=y>  arctan-^-  — 6 
•3078 

and  first  find 

i+i 

tan(g+P)=-  3.t  5t  =A, 

1_T*T 

then 

A+i 

taa  [(g+fl)+Tl - -  \  =j 

1— T'T 

and,  finally, 

i+l 

tan  [{cc  -f-  p  -f-  V)  -f-  =  1 

1 — -.-1 
9  8 

As  in  the  preceding  problem,  prove  that  the  angle  a  +  0  -f  y  -f  6  lies  in  the 

first  quadrant.  Consequently,  a-fP  +  v-f-fissiL, 

4 

920.  We  have  arctan  (x2  -  3x  -  3)  =  j ,  whence  x2  -3x  -  3  =  tan-, 

i.e.  x2  —  3x  —  3  =  1.  Hence,  x,  =  4;  x2  =  —1.  + 

Answer :  Xj  —  4;  x2  —  — -1. 

Note.  If  instead  of  the  equation  arctan  (x2  ~  3x  -  3)  =  —  we  would  have 
the  equation  arctan  (x2  —  3x  —  3)  =  —  — ,  then  the  latter  would  have  no  solu¬ 
tion,  since  the  principal  value  of  arctan  cannot  be  equal  to  -  If  no  atten¬ 
tion  is  paid  to  this  circumstance,  we  can  obtain  the  same  equation  x2 _ 3x _ 3  = 

=  U  but  the  roots  of  the  last  equation  are  not  suitable. 

921.  We  have 

arcsin  (x2  _  6x  -f  8.5) 

6 

whence  x2  —  6x  -f  8.5  =  0.5. 

Ansu/er:  xt  =  4;  x2  —  2. 

922.  Taking  tangents  of  both  members  of  the  equation  and  remembering 
that  tan  (arctan  a)  ~  a,  we  get 

(x-f-2)  — (x-f  1) 
l-f{x-f2)(x-fl)  -1 

whence  x,=  — 1;  x2=—  2.  Check  these  roots.  If  x=—  i,  then 

arctan  (x  -f  2)  =  arctan  1  =  4* 

4 
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and 


arctan  (x  +  1)  =  arctan  0  =  0 


thus  the  given  equation  is  not  satisfied.  We  prove  in  the  same  way  that  the 
second  root  is  also  not  suitable. 

Answer:  =  — 1;  xg  =  — 2. 

Note.  Why  such  a  check  is  necessary  is  clear  from  the  following  example. 
Consider  the  equation 

arctan  (x  2)— arctan  (x-fi)= - y- 


■which  differs  from  the  given  one  only  by  the  value  of  the  constant  term.  It  is 
impossible  to  state  beforehand  that  it  has  no  solutions  (cf.  Problem  920).  If, 

say,  arctan  (x  -f-  2)  is  equal  to  — y ,  and  arctan  (x  -f  1)  to  ^  (these  values  can 
be  principal  values  of  arctangent),  then  the  left  member  would  be  equal  to  — y . 


Taking  tangents  of  both  members  of  the  equation  under  consideration,  we  again 
get  the  equation 

(x  +  2)-(*+l)  _1 
l-H*  +  2)  (x  +  1) 

but  now  neither  of  the  roots  xj  =  — 1,  x^  —  — 2  is  suitable.  See  also  the  Note 
to  Problem  925.  . 

923.  Take  tangent  of  both  members  of  the  equation.  First  find  (see  the  preced¬ 
ing  problem): 

9.JL 

i  \  2  4 


‘(2- 


tan  (  2  arctan  - 


and  then  we  obtain 


-m2 


4x 


The  root  of  this  equation  is  x  =  it  should  be  checked  (see  the  Note  to  the 
preceding  problem).  Substituting  x  =  y  into  the  left  member  of  the  equation, 
we  get  2  arctan  - - arctan  —  *  The  angle  a -  arctan  lies  between  0  and 

it  j 

^ since  tan  a  ~~  <  1  The  angle  p  =  arctan  y  lies  within  the  same  range. 
The  angle  2a  belongs  to  the  first  quadrant,  and  the  angle  2a  —  |)  lies  between 
— y  and  ~ .  But  tan  (2a  —  P)  =  1,  hence,  2a  —  p  —  nn  -j-  -y  .  But  u,|ly 
at  n  =  0  the  angle  2a  —  p  turns  out  to  lie  within  the  found  boundaries.  Conse¬ 
quently,  the  given  equation  is  satisfied. 

Answer:  x  =  y. 


•H  a 
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924.  Let  us  take  sines  of  both  members  of  the  equation.  We  can  put 

2  ,  , _ 

arcsm  —  g  and  arcsin  p i—x=ft 

3y* 

(see  the  solution  of  Problem  915),  but  we  can  do  without  them  making  use  of 
the  formulas  sin  (arcsin  z)  =  x  (which  immediately  follows  from  the  definition 

of  arcsine)  and  cos  (arcsin  x)  —  V 1  —  x2*.  Consequently,  sine  of  the  left 
member  is  equal  to  n  v 

and  the  given  equation  takes  the  form 

3  Vi  Vl“TyT  ^=3 

Solving  it,  we  find  i  =  y .  This  root  should  be  checked  (see  the  Note  to 
Problem  922),  i.e.  we  have  to  prove  the  identity 


arcsin  j/* arcsin  arcsin ~ 

It  is  proved  in  the  same  way  as  in  Problem  917. 

Answer:  z  =  , 

925.  Taking  tangents  of  both  members  of  the  equation,  we  get 
a  a—b 
b  a-\-b 


*  +  n 


a  —  b 
b  a-\-b 

whence  i  =  1.  This  value  should  be  checked  (see  the  Note  to  Problem  922). 
Substituting  x  1  into  the  given  equation,  we  get 

-b 


arctan  arctan  - 

b 


=  45° 


(1) 


Introduce  the  following  notation 


arctan  y=<p  (2) 

Here  the  angle  q>  (the  principal  value  of  arctangent)  lies  between  —90°  and  90° 
_  -90°  <  <p  <  90°.  (3) 

This  formula  is  deduced  in  the  following  way.  Put  arcsin  x  —  a.  Then 

,T  x  a?d  cos  a  “ .  V  1  —  **.  The  radical  is  taken  only  with  the  plus  sign 
since  the  angle  a  ==  arcsin  *  lies  between  -  90°  and  -f  90°  (the  Drincinal  value 
of  arcsmel).  Substituting  arcsin z  fora,  we  get  the  required  formula?* 
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Using  this  notation,  we  have 

„  a — 6  6tana)~6  . 

arctan  — —■ •= arc  tan  — — =  arctan  tan  (<p  —  45°)  (4) 

a  +  b  6  tan  9-4-6  ^  '  '  ’ 

and  so  we  have  to  check  the  equality 

9  —  arctan  tan  (<p  —  45°)  =  45°  (5) 

This  equality  is  true  if  and  only  if 

arctan  tan  (9  —  45°)  =  <p  —  45°  (6) 

And  the  equality  (6)  holds  true  when  the  angle  9  —  45°  (the  principal  value  of 
arctangent)  lies  within  the  following  interval: 

—90°  <  9  —  45°  <  90°,  (7) 

i.e.  when 

-45°  <  9  <  135°  (8) 

Taking  into  consideration  (3),  we  get  a  more  narrow  interval  for  the  angle 
—45°  <  9  <  90°  (9) 

From  (2)  and  (9)  we  find 

y  =  tan  9  >  tan  (—45°), 
i.e. 

T>-‘  <10> 

Conversely,  for-^->  —  1  the  anglo  9  satisfies  inequality  (9).  Consequently, 

the  given  equation  has  a  solution  (j  — 1)  for  —  1.  For  ~  <C —  1  there  is 
no  solution. 

For  example,  at  a=  —1/3,  6  =  1  wo  have 

arctan  arctan  (  — 1/3)  =  —  GU° 

arctan  =  arctan - ~  arctan  3.732  =  75" 

a  +  6  -V3+1 

thus,  the  left  member  of  the  given  equation  is  equal  to  —135°,  and  the  right 
one  at  x  =  1  is  equal  to  45°. 

Answer :  i=l  for  ~  > — 1;  the  equation  has  no  solution  for  ~  <  —1. 

926,  Let  us  take  cosines  of  both  members  of  the  cquatiou.  We  get  1/ 1  —  9jts— 
““i*  (see  Problem  924).  This  equation  has  only  one  root  x—  -g- .  Let  us  check 

It.  The  angle  a  =  arcsin  3z  =  arcsin  •—  belongs  to  the  first  quadrant;  the 
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angle  p  =  arccos  4*  =  arccos  ~  also  belongs  to  the  first  quadrant.  Here 
sin  a  —  ;  lienee,  cos  a  =  .  On  the  other  hand,  cos  p=-|-  ;  hence,  a  —  p. 

Answer:  x=-i  . 

927.  Let  us  take  the  sines  of  both  members  of  the  equation.  We  get  (see 

Problem  924)  2x  l/i  — x2=-~p  ,  whence  xj=0,  x2=-j--j~,  x3—  — .l— . 

Check  these  roots. 

Answer:  x=0. 

928.  From  the  first  equation  we  find 

.  /  v  2d 

tan(x-fy)=-j— r, 
i.e. 


tan  x-f  tan  y  _  2a 
1  — tan  x  tan  y  ”l~a2 

Taking  into  consideration  the  second  equation,  we  get 
tan  x-f- tan  y  2 a 

1  —  a2  ~T— a2 

or 

tan  x  -f  tan  y  —  2a 
From  the  system  of  equations 

tan  x  4-  tan  y  —  2a 
tan  x  tan  y  —  a- 

we  find  tan  x  —  a\  tan  y  —  a.  Hence,  it  follows  that  x  =  180°n  -f  arctan  a, 
y  180°to  -f  arctan  a,  where  n  and  m  are  integers.  But  only  one  of  them  may 
be  taken  arbitrarily,  since  according  to  the  first  equation  the  quantity  x  -f  y 
must  be  contained  between  —90°  and  +90°  (as  the  principal  value  of  arctangent). 

To  identify  suitable  values  of  n  and  m  substitute  the  found  expressions  into 
the  first  equation.  We  get 

1 80°  (n  -f  m)  -f  2  arctan  a  =  arctan  (A) 

1  — a2 

Since  by  hypothesis  |  a  j  <  1,  the  angle  arctan  a  lies  between  —45°  and 
+45°,  i.e.  2  arctan  a  lies  between  — 90°  and  +90°.  The  angle  arctan 

(the  principal  value  of  arctangent)  lies  within  the  same  range.  Consequently, 
these  two  angles  differ  by  less  than  180°.  Therefore,  the  equality  (A)  holds  true 
only  at  n  -f  m  =  0. 

Answer :  x  =  lSO^n  -{-  arctan  a,  y  —  — 180°n  -j-  arctan  a. 
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